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f^JI ^j-JI *oftjlxNj . WIS" ULjVI Jfr LJl«J1 s^-JI J**, j l^lzi g 
^jJuJ! j>kJI sojitoJI oULl^^lj oU>JI Jc f^WU ^.Ull 

C^Ux* IjJaj jl. C**Si li* jij Jui U) 

^ j iJb^^Jl LXkJ ijO^JLaJt 



-^IjjIj olij-** *«rU*; J-«>J1 <**U -f,*l«Jl aJS" 

. JUll ^lSCij v bS31 li» ^ ^ 'ojJJo ^ 
a-jaUJI j (tlji ^iljljl JysJl ij* .x— o jl 



(JUjJt MUA4 



- . 

iJj^Jt UiUdl oVjUJI j J^i! _^J1 

U» fU»*J j^Cmj . fJ WV, 2Lo^JI cUS" t| tuljlj WliJI ilb^Jt 

. LUll cAJjjJI LXk) Uoi^ Li,* 

J^Ltll oL~~£ U JsL cx.j^J *>UJ1 oLUclJI 

. <p-^J1j Sjl^JI ^iU. cASl&il jjU, ^ 

^1 Xjajj^JI ^1 JJU. v U£)l U* (Jjl^JI j\ 

j oVU- JaJ i*jall» ^ij* Vl?^ J ' cAijJaiJI j l^jUUsC-Y 

. sj^ji <uuj ^ ^uji ^.jy dJis'j . j^lji j». ^ 

. ^JJuJI j^jajl ^j^j ^.^Y O^Lij*J Jk^-jJ . dUi J! iiUVL 

JLksU VI ,w iijli>JI J^Jl ^ji Ukl! *5iUjJ> 

cJj ^ oUil, Jl j Xjjljjj olw ^jLic-lj . UUiJI ^ .jj^j 

. J-ai^. j5Cio J^Jlj 5»->Jlj Sj^sJl 

ijdjU; jjij . 750 . ^j^I ^ 

^j^i (3 Siyy^ *£^>»Jl Oi-A*"^ U^ . J-oi ijl^ (3 Sc^i» 

. V U£N 

JuL. J-ai AJatfr vU5^l >. •^JjJj jU^-^ 1 

. ( 3 ) J-oi)l j ( 5 _ 1 ) a>J\ ( 2 ) J-oiJl -i ( 3 — 1 ) j^J! . ( 1 ) J^uJl, 
.(4)j(2j1) a>J! .( 4) J-aiJI ( 3 _1 ) a >Jl) 

V 



^ li/*"^ <»4-Jl eiUJ tij^r^-^j • Jji*^-' (3 -^^J ^r>^l> ojl^sJl 

Xj\ . ( 1 ) J^uijl 

. 4 J^iJ! , jlJI . 3 J-aill ( 11 ) j ( 10 ) cA*~Mj ( 2 ) J^'j ( 9 ) 

( 1 ) J*oi)|- : <4^> oli <-A^M li* Jjlo JkS, 

_ ^ JiU* Jj*. ( 7 _ 9 ) jjJl ( 2 ) J-^L Jp- ( 7 _ 4 ) 

, ( 5 ) J^i ,y IjuiJ dJJjS, . ( 4 ) j± , ( 3 ) J-i , 

. i5jj^ i-p-U!l . jJ^J cAjJjJ^j J— -j Jlji Jp- ( 5 _9 ) JjlJ-l 

. Lij^Til! LJjxJ) Jp ^a\jJ> XJJaJI ^*- U£ ' 

i^UpVt Uildl oViUJl oU>Jj J>«3\ >-» ^ 

.-.jUj oLi} , Jj^l J^iJ! ^ ( 7 ) JUJI S]jSj J, J Jlja Jp- >JI 

1987 



A 
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<~Ml ^ U«J! oV^UI . 2 
( ) AjajjbJI JJL*. . 3 

JIja . 5 

JjVI J^ult 

^jj^ J-^L-j JjjjjJI JljjJI . 1 
tiJiil J^jL^-Vl 5 j^jjj! . 2 

J—^L- 4_JjliJ 

Ajjy c£U£j J^^L Jc oUuJm . 11 
j^oaj oUuLaj . 1 2 

icjll^t jl*J . 13 



3 
4 

. 5 
. 6 
. 7 
. 8 
. 9 
10 



fcuill cAj^I 5,1 oUj , *&>\ . 3 
J**J1 , Jit. . 6 

cj^>^ - f <3^ — * • 7 

JLlUH JljjJl J-^L. _p . 8 
<C-L» j^c- uw>i . 11 

j,itlA»J CjVaJjW , 1 2 

if-jll* jIaj . 1 3 



j^y su\ . 1 
j^h do yL. . 2 

o^k . 3 
j*J ok X^jLl *J^U . 4 



YAT 
T'i 



rvr 
rvr 
r\v 
tf 
rn 
rr» 
rrv 
rtr 
r©\ 
rov 
m 
nv 



rvo 
rvo 

TAN 
TV 

i» 
i'A 



Axs*S\ Zz> Jo juj^Jj i^^^l iJjsWJl oViUli t a.,; , «tJ . 5 



t\ . 1 



^a*JI oli SjljJl SJiU. jUtAl • 2 
(J— «*J aJisIjm . 5 

cAiuUi . 10 




li^ Sal** . 4 
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l\0 



trv 



iliUc . 3 

jdLuj oliLU" . 6 



*d J >N c*lM oUUI 



\a/\a/\a/ q I L^ottoh f*/~\m 



fcaLx**! U^UsJl oVaUJI 

ORDINARY DIFFERENTIAL 
EQUATIONS 



HOMOGENEOUS LINEAR EQUATIONS 

UL« , iJjJI JLUUtfi o^l*J1 JjUs OxS^ U» ^ jji^ 

4jjJ . S^Ltl UiU" oVaL, J1 U^Ul oVjUJI J^i J^ij 

LaU^I UiUzJl ctfaUl! jjUbJl" <>J *U~L L; j,^ 

4 1 t 

( 2 ) j ( 1 ) o^uji j . xjwi 

* 

f = W)«+/(0, (1) 

^2 + ^(0— + P(/)H = /(/). (2) 

* 

y^ji & . ^uu «(o - o ^ ^ w _ ^ ^ ^ j 
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* 



FIRST-ORDER EQUATIONS ^ J| oV.sU* _ i 

— = k{t)u. (3) 



du 
dt 



- 

- — = k(t) 
u dt 

ln|w| = \k(t)dt + C 

u(t) = ± e c e^' = ce fki,)dt (4) 

SJ^IjlJJ (Jj^ jjb ^>-V^ ij\ (3^*^ y^4*J^ 

. iSjJl lup.^ li! ((initial condition^ ^| ^\ 



dt 



«(/) = c<T ,2/2 

= 5) J, ^sj\ u ^ ^ 0j \^\ 

— = fc„, M (r) = C A - (5) 
at 



/ 
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oU-l j ti^jj qr-Vl j^Jl ^ Ij* . I i^J juljj ^ Jjjj M (f) 



SECOND-ORDER EQUATIONS 



d 2 u 



du 



(6) 



Mj . (i^v y*. ^-L ^ i^ji oVUji ^ ^ ^ , dii ^ 

Prindpfe of Superposition. J; JjUdl Iju* 
tf1 cA* . (*) LjUcJi iuk^iii iisUJJ 6^ "2(0 j«j(0 W 

«(0 = C,«!(f) + C 2 « 2 (0- 

ALU « » C*J»t! . l^-UI . OjJ! e ift 

. U>JI UiLdl oViUJJ IjuJI (s^V f ji^lj (Jj- 



(6) L^UiJI U^l ?bUJd uj& . JiJb jU^ j^jj 



«2) 



MO w 2 (0 
"1(0 "2(0 



(7) 



. 1 jjL,d (3jLo V 



So 
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Constant coefficients . Ssj&l <S»3U\*J1 . 1 

dr 2 dt • 



m 



V + fcme m ' + pe m = 0, - 

,2 + km + , = o ^ W 



. ( 8 ) iJwsliJ\ itaUJi) ( polynomial 

f U **~A> ^ ^ . (9) s>Jl XhUM jj^J cVU dtfi 

. ( 8 ) JJjVjuJJ (general solutioa 



0-1 JjOs;- 



«(/) = c x e m >' + c 2 te m >< *, =« 2| X^U. . iJLJ^ 

h(0 = C|e a 'cos pt + c 2 <r a 'sin pr m, = a + /p, m 2 = a - i'P 



^ i exponential form ) LJ 4i>Jl j* 

n 
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(complex conjugate > ij^Jl l&\ ^j^Jl ^ ^| , 

. S-Xl*JI JjisJI (ja Jl m = a ± ifi 

✓V* ^e-* " (10) 

e°" cos 3/, e al sin 3/. (H) 

+ X « = (12) 

"' 

u(t) = cj cos X/ + c 2 sin X/. (!3) 

,2 

- K 2 u = 0. (14) 



fUl J»JI 0^ . 3*^0 JjVl iiUil x > c-itf lilj 
11(f) = c,e Kf + (15) 

cosh, sinh -LaSl^l JljJl . <i>l iwx> JsJI XjV^" u^o jj, 

sinh A = ^e A -e~ A ), cosh A = ^</ + ^ - ' 4 ). (16) 

«(/) = c\ cosh X/ + C2 sinh X/ 

W 
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Cauchy Eufer Equation - SJaU* - 2 



dt 2 dt 



SjA\ Ijrf $ ^ ^ J- ^-A* ^-5^ 

.^^(17) 



/Vm - l)r" -2 + fa mf" + p*" 1 = 0, or 

m(m - 1) + km + p = i(p,k ) • ^ (18) 

US' J»J1 W~ Ujj^ S«~J»j ' ( 17 ) i^j-^ qr* oi * 

. (0_2.) Jj^JU^ 

skujt - ^£ aJjUJ jl^ji xu^ii 

■ 

dt dt 

m(m - 1) + m - X 2 = w 2 -\ 2 
, . _ 2 JjJlJI <>. JjVl JJUN oVi.^^J « = ±^W>j 

«(f) = c/ + c 2 r x (20). 



: oui UwJi ^ 
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d 2 u 



du 



# + W)~ d - + P(t)u = 0, 



sili a»i s^i_ i^j jy&y ^ p(o ji «o ^ U u 

. iijAi^ SJiUftiJ ( singular point ) 
. i5>^ V-U <>j . 4iil^> J^iaj cilo5 j£ JyjbJi , SjaiJl oJ* Jl» 

tj-JtaJl Ids' ^ SilS. i,k£ *o CsllS" 

« - /„)*(!) ami (I - l„)'p(() (21) 

ty*-^ *o 0^ < (, Taylor series expansions ) J^\3 aLJl, Sj&u. tg 

~ u£>£ iljU* JjJj ( regular singular point, ) <Jai^. Sili <Lu 

. ^£51 SJAjlJ g-i^Jo ^jid oi* L->J» Jji»«M ^ji-j 



rf2 ( - 2 ) Jj^fc. 



u(t) = 




^ ^2 <jLjLH^- 




.«(/) = 


c.r 1 + c 2 (ln m, 






«(/) = 


c,/"c°s(0 In t) + c 2 Ain(0 In /) 










m, = a + ip, /n 2 = a 


- * 











Other Equations j ^ o^iU* _ 3 

(5jS31 J-JiL. <GxJjj Ljliil S-JjJ\ ^ (3 oVal** 

jjt jl ,(iL I*!*- ,J ^1 ^iVl <J\ Jd-^ • ( P° we r series ) 



f 4 ^ ^ = Q (22) 



Xi, jiu l^ip- t 3Sl» J . ( theory of beams ) h c3 qr^J 

t = -, m(0 = -v(z). 

z 

, ^ ( 22 ) 6^ ■ o\^uJ\ 



^ + \ 2 v = 0. 



S^UoJ ^ ^ ^ ' ^ ^ ^ ^ 

u(0 = / (c, cos(X/0 + c 2 sin(X/r)). (23) 
SECOND INDEPENDENT SOLUTION . J5i-Jt JaJl-C 

■ 

^ + W)j t + P(t)u = 0. (24) 

ojSi, ^ v(0 J ^*J> . SJaUJJ J^" 2 (/) = v(0«,(0 ^ 

.-, + vh'i' + Jt(0(v'«i + VHj) + p(f)VHj = 0. 
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«,v" + (2u[ + A:(r)u,)v' + («',' + kiOu'i + p(t)ui)v = 0." 

Ml v" + (2«; + k(t) Ul y = o, { 2 5 } 

, iJjUJI , ^LJ . c^LlScll J*u JJVju JsV\ , ; a u.» 
(1 - ?V - 2/«' + 2« = o, 



(1 - r) (v'7 + 2v') - 2/(v'f + v) + 2v/ = 0. 
(1 - t 2 )tv" + (2 - 



v_ _ At 2 - 2 -2 _ _J_ _ 1 
v' ~ /(l - r 2 ) ~ / J - r 1 + / 



In v' = -2 In / - ln(l - t) - ln(l + /). 



„' - 1 _ 1 , 



« 2 (0 = vt = - 1 + -r In 



1 + f 



1 - f 



Summary i^^Jl 



«(<) = a cosh kt + b sinh X.f 
«(0 = c t e Xt + eve'" 

?xf + /«' - \ 2 u = 
«(f) = c/ + c 2 /" x 





du , y , . 

— = ku (k is constant) 

m(0 = ire"' 

£ + x>» - 
«(0 = a cos + & sin kt 



XT 
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2 



dx\ dx — ' 

I£[ r «2) / =0 it. ' TZ? + T + * " = 10 



~ - u = .c . ^ _ .b d 2 * ft a 



. ( Co IS 'A ) UiliJI oV^UJJ 



^ 4. 



d*U 



_ X 4 a 



= 



= 



13 
}l4 



j4 j2 

— T 2\ 2 — 2 + X « = 
dx dx 



d u ^ du. 2 n _ a( 
— 7 + 2a ~— + au = 0, m,(/) = e 



d^ji 
dt 2 



du •> 

+ (I - 2^— + fc 2 M = 0, H»(0 = 



fife 



cos x 



' 16 
17 
18 




21_19 CjiJ^ J 



d I 7 dR\ , , 
rfp\ P 5p~/ + * P * = °. *(P) = «(pVp 

^(p-j + * = o, 4>(p) = v( P yVp 

7 d 2 t< . du 



dt 2 



.19 



20 



21 



mass-spring-damper system) 



d u du , 

— T + fr— + 00 2 W = 0, 

rfr eft 

u(0) = M , ^ (0) = v . 
<3? 
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characteristic) ^J^**)! (jUA^j co 2 j b o"iL»l*Jl ) 

j£j UlJCo^l S^Jl SjL* ( . ,> oj>^j (constants 

, sUi! C~JI (parameter) 



(i) 6-0, 



0) 



(ti) < b < - (iii) A 



\ \ \ \ \ \ \ \ \ 



0) CO 

2' A (iV) " > 2 



lijLoV SJb«(r) cuilS' W .23 



^ = Colj >0. 



«(0 ^ 0, / f~» ^ u ' {t) = b 
"'(0 ^ o "(0 * 0. x 



To 
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NONHOMOGENEOUS LINEAR EQUATIONS 

/(0 ^inhomogeneity ) jj-j^ja^Ul ^ ll*>^i •Ui?- > )Ulj ^jJjJI ^yj 



«(0 = |/(0A + c (2) 

J 

"(0 = I JU)dz + c. (3) 



. ^IjujV^ ,y>J\ S^lp J*l£JJ juSllj . ^JuU 'upper limit.) 



lt{t) = U p (t) Ikyaili OJ^i J* 1 ' 

. I*) SLViJI LjUiJ 5JjWJ f Ul 
^UrtJL Uito iULJ ^U- " P 2(0 j "pi(0 u^" W 2 fc*^ 
JLUidl *bU)J ^U- j>*M P >(0 +*2«p2 cM . t> /2(0 j /i(0 



—j + u= l- e'. 
dt 2 



'.2 



+ M — 



J 2 M 



^pSU^Allj iJoUJJ ^oUll J^JI = c, cos r + c 2 sin t. <J^ ^ cf^l* 

</ 2 « ^ /.(') .= i, 

dt 

1 -, 

i-jUelJl ^-p itaUJJ t>»UJI J^JI u^* • 2 Ob^-Jl ^Ji^L-lj j" P 2(0 - y> 
fUN JjJ\ (1) Oo^rr^ {\j*£->\jj , \j«±-\up(t) = \-^e~'y, sUaiuJI 

w ( f ) = 1 - + ci cos / + c 2 sin t. 



• ^** u c(t) ^-Jj . sUa*Jl iJusliJl <bUJd CJ[ lS3l JsJl Jlsw yr^"^ 
2LU>Uj SJjUJ LaWl JjL*M I4J Ju*j J jiJJ UfeUil Jp»i . o^J 



UNDETERMINED COEFFICIENTS 



jUjI ^ (trivals solution ) qp-j^pdl J#J1 dr^> li*- ^iv^ 

J^JJ iwJl AWj Jjj&l ^WjIUI j l^^- fJu; (o_3) 

oli . 2 ^JaJl <j a s* 0. j« = jtf lil 3LJ SJU ujS^, jl a = 0, ^IS" Ijl 

f 



( b - 3 ) Jja* 
Sao*** ^ o^UIm 



(of + fl,/" -1 +■ • •+ a n )e a ' (V + '+••• + A> a ' 
(flof +* • '+ oJ^'cos p? + (Aof +• • •+ A„)e°'cos p? + 
(V + • ■ ■ + fr> af sin pf (gog + ■ ' • + fl„y sin p; 



d 2 u 

1? 



+ 5« = 



6A =1 ( f( r r oj,U. ) 



6A, - 2A = ( c^V~ ) 



■jMA^j A, = 1/18., Ao = 1/6 Osd^ us^i^J 



i i\ ., 



i 

&\ tSj*, 0^ W 0^ l> ytfL*^ ^ ^ <> 

du - t 
— =■ — u = te 

dt 2 

j» u " - u =0, iLUJI LjUiJI *JjA*J1 ols - iS>Y 



u c {t) = c { e' + c 2 e '. 
w p (f) = f(A f + Ai)e"' = (A ? 2 + A,0e - '. 



<ft 2 dt 



J2 



w c (f) = c y e~' + c 2 te~'. 



VARIATION OF PARAMETERS oUa*^ jit jjvJu . 3 



First-Order Equations . ^ OlfaUi . 1 



^LjUcu^ itaUJJ J^- y> u c (t) q\ J°j& 

* = k(t)u. (5) 
di 

- *(0" + /(0 (6) 

SJaUJI j Xi^oJI oi^j w p • u p {t) = v(Ow f (0 6^ u°j^ 

- Mc + v-f- = k(t)vu c + f(t). (7) 
at at 

■ 

<fv dv fit) 

ju c =f(t), or ^ = («) 



: Lj\j»CUJl itaUJI JjUw (J»j-» , AijUl SijjiaJI JUU 



r. 
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du r 

— = 5m + t 

dt 



J^y^j u' = 5u *kljJJ J*- e 5t oi «p(0 = v(/) • e 5 ' ii~a!\j 



- • e 5 ' + v 5e 5 ' = 5ve 5 ' + t, 
dt 

rfv _ 5 . 



J; 



-5r 




M| ,(0 = v(0 • e 5 ' = - (jf + ^ 



Second-Order Equations cr - - 2 



d 2 u . rfw 



-2 + *(/)— + p(f)« = /(*), (9) 

^ + + P(0« = 0. (10) 
df 2 dt 



u p (t) = v,(0«i(0 + v 2 (o« 2 (0 



( 11 ) 



(12 



+ V 2 « 2 + V,Mi' + V 2 W 2 = V,Hi' + V 2 W 2 

Mp = v\u\ + V 2 U 2 + V lU '{ + V 2 ul, 
■ 

( 9 ) *JA*J! ^ ( 11 ) iJ.Uji ^ ^-UJI ij^Ujlj 



(13) 
(14) 



v[u\ + v 2 'u' 2 + 



< 



v,(«'/ + k(t)u\ + p{t)m) + v 2 (w 2 ' + k(t)u' 2 + p{t)u 2 ) = f{t) 

. ( 10 ) L^UiJi ibUJI « 2 J «, oV 



simultaneous 



( 12 ) 



v[u l + v' 2 u 2 = 



v\u\ + V 2 U 2 = f(t) 



(15) 




" 2 =W, (16) 
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* 

. v 2 j v, J L-JL dUiSj , v£(r) j v ',(/) J J*Jl 

— 2 + U = COS «/, 



«V>\f ) = V] cos t + v 2 sin f, 



£LUJt A^LcJl o^iz— cos t j sin I . 



w » + u = 0. 



vj cos / + v' 2 sin / = 0. (17) 



^ ( 12 ) SJjI*J1 i^i 

i sin t — i 

jA* W^j .(15) flaUJ] (equivalent ) WK. . <bUJl 

-v', sin / + V2 cos f = cos oof. (18) 

au*v y ( 18 ) j ( 17 ) ^^uji . 

vj = - sin / cos tor, v' 2 = cos / cos tor (19) 
( 15 ) j ( 12 ) j^aLJI ^ U.jUolO^d v 2 (/) j v,(/) ^ 



"2/ , «l/ om 

v, = , v? = — . (,/U) 

1 W 2 W 



v ' J/o Wfz) ^ W(z) 

, ^\ JS^JU *^ c£-d 



« (0 = «,(/) ——dz + h 2 (0 <fe. 

^ Jro W(r) -''o W(z) 



Ji-ls UjSCj ^ 0^. "2(0 J «i(0 o\* • (i 1 ^^_> 

^ + *(0^ + Pit)u = (H) 



uJt) = f G(t,z)f(z)dz 
y Jiff 



<af 2 « , . du 
dt dt 



2 + it(r)— +p(0« = /(0, (NH) 



^V^ 1 (J Green' s function ) oiJ ^ y» G p 1 ^ 



G( '' Z> = ^ • (22) 
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dt 

d 2 u . 

~7J + u = cos <*t (to * 1) . 4 ™ + aM = e -« . 3 

^2 - 7 2 (« - £/) = .6 ™ + u = cos t .5 

m 2 d/ 
(t/, 7 are constants) 

r d/ r ^ ~ 1 • B ^2 + 3- + 2« = cosh r • 7 

— = -1 .„ I d ,<tu 



A(0) = *o, ^(0) = 0. 

( ajkji ooU' = /r . yji-jVi = g > . Mi = w ) 

i-teA7M = 0.1 j T U / fJtS 32 = g JiAj . <)Ljl Ja- 
IjL Ja-UI qrijjWI u«jUI j <k£J «(0 As^jVI oi^jJ . 12 

SJLcj VI l^sll yL*j ( _ 2 jSCi ) 2L»-jU- 



—2 + fr— + ftTtt = /o COS |Af, 

«(0) = 0, -i0) = 0. 
at 

( . *^jWI ojj&\ Aju. £• Ajllj / ,J*»IaJ\ . 1 JCj 22 ,V *»lJI Ja^-V ) 

. n = co . /> = o(hj< 6 = o (i)" -lm &w oVuji js3 yLj\ 

To ■ * > (iii) 



1 



\\\\\\\\ 



V 



\\\\\ \\ \ \ 



^jUJJ ^USl J»JI jUjV Jaw^l j±z fj*cJ .19 _13 ^jUiJl c3 



— + au = e~ m \ u c (t) = e~ a ' 
dt 

du 

t—= -1; u c (j) = 1 




dx 



^ + ^ = tan x; y { (x) = cos x, y 2 (x) = sin x 



dx 

Su 
dt 



2 + y = sin x; y^x) = cos x, y 2 (x) = sin x 
2 ~ -1; «,(/) = 



) = f 



1 d du 

2 d u du 

1 ~d7 + 1 Jt ~ u = 1; = " 2(r) = llt 



. 13 
. 14 

. 15 

. 16 

• 17 

• 18 
. 19 



,22 - 20 ^djUdl j 
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d 2 u 3 



dt z 



+ 7 " = fit) 



1 (' 

u(t) = - sin -y(f - z)f(z)dz 

-yJo 



+ aw = fit) 



<^ 2 



- 7 " = /(O 
If 



M.(r) = - sinh^(? - z)f{z)dz 
p -yJo 



20 



. 21 



. 22 




jlO .( - 3 ) JiA 



BOUNDARY VALUE PROBLEMS 



J^j t_»J— yj^J "J^*^ 

rv 



1 



oVaUw ( elasticity ) j^JU i^UJI JjLJI , £ ji-VI Ls-UI 

. J*. V W 

, JJj^_0 l^ylo- ^~^>_J 

{jjXS Jauo gJUu XJI U^ij 

THE HANGING CABLE <$Wi1 iUJl 

. <^r**^ lSjZ~> 3j* "(JC) Afclijjl "UxJjj i—ii^j 
(jj^j ojj^> fUil-Aj ijjUaJI LLiAiJl iJiU^JI (0—3 ) 

Oja SXJ\ o\ <j>jA> . ( _4 JiCi )jc + Ajrj ^ ^ dUJl ^ UU) 

^j^y j . iiXi — !J Ll** oj$J(0 - 4) J^Jjl j i*Jaiil J*. Sjji-JI Jii]l (Jji jjl 

t j ; JjlAjl <5.ij**H (^-jiUj^l j tijiJI 

- - 

-TW cos a + 7Xjt + Ajt) cos p = (1) 
-7"(j:) sin a + T(x + Aar) sin - /(*) Ax = 0. (2) 

j* fix) J\ Ja^^Li . i3iUJI ij . oUsI i|l j - Jr^* J^Jd ^ 

. vfiLjl iUjai Je. ( J> SJ^j J£) 5ji ) JiJjl 



www.alkottob.com 



T(x) 




T(x + Ax) 



f (x)Ax 



*At Sjjjjt ij2S\ ^ OUJI ^ gJO. ( _4 ) JS^ 



, c_-lSO ( 1 ) l^J oi\£-\j , 



T(x) cos a = 7(0: + Ax) cos p 



T T 

T{x) = , T(x + Ax) = -. 

. cos a cos (3 



-T tan a + T tan p = /(x) Ax. 

ulj . tan a = «'(x) ^ (3^ • * £ &U\ J^. ^» tan a , ^Vl 

: ii-rfJlj S^o-Vl itaUJl Ll^" Silt I liDJbjtan p = u'(x + Ajt) 



7\u'(x + Ax) - w'(jc)) = /(x) Ax. 

s ^t. Ax (Jf- ^^kJI AtM.i.j j 

h'(x + Ax) - «'(x) 



Ax 



^Vi .jiLaH ^ Ax ( Hmit ), fV^ f 

• 11 J ^ 2LiLLjl Ct^i -r-i^ ti -^ J1 4 ^ 



ax 



(3) 



(J,\ dUjI j^-jj, il^. o < x < ai$ju!l j . * j£J j^c; 

«(0) = /i , n(a) = h x . 

(4) 



i> w J* J SU\ J%\ ^j^i , /(x) JitJI U 

: ( 2 ) 5j.jUJI j ijjCt 



/(x) Ax = w ^ Ax 



Sjlc. l^j As/Ax : o^* i> Ax 




Ai / 
lim — = I + 
a^o Ax V 



= fc , «(«) = A,. (6) 



oUcVl j flkoU JiiJl dlO jwWj Ujc& ^jja; cs iJU- 

. j US' . ^Vl 

/(x) Ax = w Ax. 
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t Cf* « S^*d 



5?" r 0< * <fl m 

w(0) = Ao, 11(0) = A,. 



BUCKLfNG OF A COLUMN 

jot- js~ oU>jlj ( moment ) 



J£ J*** *>** . ( - 3 ) JiA 




. fJj-Nj gWU . ( -6 ) JSA 

(internal bending moment) Aj^VI <»> J (_>jj*Jl t> 

: *U*JU ,la«j> JjajJ^ j ( *pU1 i~>j& lt^c Jj^d ) 



* 2 
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j^Ji j»> j* I j ^Young's modulus ) ^Jd J- 1 ** c** E o' 
S^^ijJI^Uuu tfjjl i^ii'd - fe 4 /i2) . yji^JI f^Lj] J^LJ ^-UJI 



-Pu, 0<x<a 




M (0) - o, «(a) = Or 



(10) 

. u (x) iiui ij^j 



dx 2 



+ \ 2 u = 0, < jc < a. 



(ID 



«(jc) = c, cos Ax + c 2 sin Kx 



■ u(x) = c 2 sin \x W-!J c i = J^** '"(0) = 

«(a) = c 2 sin \a = 
Ju*i iJUl aJ* j,j . c 2 = jj. JLo-j)l Jl*i3-Vli sin \a 0^ 

w(x) = 0, < x < a. 



• (axial load ) drjj*^ d**^ iSjr^i ' jV*i ^ 0^-*dJ 

^ tt j Ajjj-aJI Aj-t^^t^Jl jIj^VI o^j • <^ •• sin 2tt = j sin tt = Cyl 



a = tt 



P = £/(- J , 



( Euler load ) ^Ljl Ji5 (critical load) £^ 



CONDUCTION OF HEAT : 

ijj^] **JaL.j JiCiJl ,Jx^. JjjJp V^jJ 6^" ^ 

.(0-7 JS^IJ^V) .tf^l^Ul Jfc- 

■ 

• ^ ( <t L~l£J^ SjljjJ^ tijl—J oijiajl Sjj^pJl » ) liAr*^ 

U 
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x+Ax 



^II , <7 Sjl^sJl o^j- 0^ ( _8 jSCi )x + Ajcj x ^ 

t/(x)A + g(x)A Ax = q(x + Ax>4 (12) 



. (jjjjjaj^ J^U- J~*»>^ t> t£j*-\ Jj^JJ 




q(x) 




q(x + Ax) 



\ >• ^Uli ( — B ) J&£ 



, / ^L^i" jU XJaJjj ipu^iJI j sjJjiJI Sjl^pJI oils' IS! « 

g(x)A Ax = e/ 2 /? Ax (13) 

cj* 0J 4?-^ Sj^-j J53 L->yAfl]lj (resistance) S^jli. ^ R 

SJlj^^XJl AjUaJI oWj ^ (factor of conversion) Jo^^dl J-.lt 

Ja-jjl J*jJIj <_~Jm1J (cylindrical surface) ^IjJx-VI ^vkJl JUi- 



g(x)A ^x = ~h(u(x) - T)C Ax, (14) 



Ax 



: (_^c- (JmO^u JjUJI C»lfl— JaJ ^Ji9tZ_>ljj 

£ = ««■ (15) 

experimental) 4j^d1 ^sli, ^JJIj ^UN \i , 

d^ij^ J-^** 6^ <J^ (Fourier's law) o_y^ jM'law 

« " -"S; (,6 > 

. sj jUI B jUJI Jiu; oj\y*&\ C>\ iijasjl iJLJ! iJS$ 

iA^\j£i\ <3jIaJI ( 16 ) j ( 15 ) il*Jl 

-K^4 = g(jT), 0<Jf<fl, ^ 

lyjl c-i>>( K conductivity!) « ^ a 

* 

h(0) = r , «(*) = T x . (18) 
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CyC Oj- (jpjJ^Jt ±> j^JU . ( it. heating coll" 



ox 



^= 0<*<<* (20) 

dx 2 A 

ii(0) = To, «(a> = r o- (21) 



\ a - , , iU-jJu *j 1l~*J^ -k-jJJ 5_Ap- S-r*^ ' J^d,tt* ) 

- 



— 2 - |x z m = 0, < x < a, 
dx 

«(*) = c x cosh |jlx + c 2 sinh \ix. 

u(a) = T = T cosh [ia + c 2 sinh 

c 2 = T (l - cosh jjua)/sinh and, • 

/ 1 — cosh ua . , 

u(x) = T cosh iu: + — — sinh |juc 

\ sinh |xa 



tv 



d]u 

dx 2 



dx 2 
d 2 u 



+ u 


= 0, h(0) 


= 0, «(ir) 


= 




+ u 


= 1, "(0) 


= 0, K(l) 


= 


b 


+ u 


= 0, M(0) 


= 0, u(it) 


= l 


. c 



3 X ^jl 2 oLkju (J^jal«j» ^Jai* *J -^j-o-oJ v^J^ (J-Sj Jip- . 2 

. faS 10 = a . 2 = J ■ / jGjU 30 x 10* = E J ^J* • £^ 

V^J iulUuM L,jjj*JI ^ 6^ x -Kr-jN fe^ • 3 

. „(*) = J»- 



c/ 2 « -> • rf« 

~ + \ 2 u = 0, w(0) = 0, — 
dx dx 



+ \ 2 u = 0, w(0) = 0, ^ (a) = 
+ X 2 u = 0, ™ (0) = 0, «(a) = 
+ \ 2 k = 0, ^ (0) = 0, (a) = . c 



+ \ Z M = 0, — 



«(x) = c' + - cosh (x(jc + c) 



i . ft = w/T. u ) . ( 5 ) LUUdl ibUJJ f Ul J^JI j* 
. ( catenary ) iLJuJl cr»— ; «(*) ( ) 
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• J>J^ 3^ 4 j u(x) c ' j c ^ 

"(0) - A, H(fl) = h. 

. "to ^ . e U ^^jbji ^jui yL. j^- 

#u _ T w Lx - ;t 2 

£/ M ~ "^~r~' 0<j:<1 



«(0) = 0, u(L) = 0. 



( cooling fin ) ^ j „ W 5j ^J1 ^ oitf !i! . 



d2 " hc < n n 

- 2 = - {u -T). 0< x < a 



"(0) = J , ~ K ^(«) = Ku{a) - T). 



^ J^l J^j, ^ -j^j, j^. ^ ^ ^ 

• "to Jb- . r 

J- "to ^ . h^) J| « ^ ^ „ w j ^ 8 
d 2 u hC f R 

2? = TP - »> " <tj. 

"(0) = r, = 7. 

"to J*- 



**J*JI will JiL- 1 / f 



L*l^ ( 21 ) j ( 20 ) ^A*J! j sU«J\ SlLjl 6e 

nop - r cosh ^ " *"> 

cosh(p,a/2) 

SINGULAR BOUNDARY VALUE PROBLEMS 



XUJI ^ • ( ) ^ ( singular point } 5ib ^ V 

. UiUdl *JiUJJ ( re g ular > Juku, sib 2Lk£i ^ x 

u" + k(x)u' + p(x)u = f{x) 
(x - x )k(x), (x - xofpix) 



j\ . p(x) j| , k(x) Cxr <& • x ° J*S^ ^ JL± * ^ 

. Xq Jut j*£- 1^WX>_ 

** 



(1 - x)u" + m' + xu = 0, 
*(*) = — and p(x) = — 

ex - dVWj (x- - W cy ^ 0- j - = i ^ ^ cr-- 

j. >3i ^ • * = 1 A" ^ ^ ^ w 

^ ( boundary point ) h jjJuJI XjaiJl £^ ^* -T^J 

iojJ^ - Jj ( mathematical boundary ) V>^j ^J-*" 
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J\ Jy+j c o^jaS ot-ai tSjfoM o° 'j^ 1 • • ( Physical boundary) 
^\ .0 < r < c <ikJ\ Jiij tiiJlj (>", 6) oUU*-V\o (-i-o^ 

• U°J&\ UJ^ ^^J^ 

J*" lj* cr^ ' ^> ^Jai^ V , sSlsJI iisiJl iJU- j 

ojfc Ujj£j . iAiUJI <UUJI l^i J^g ^1 s jiai\ (ja Uaii j ai^» 

condition)! Lf UJo J»ji Ja^i < S/UM J SiliJl SjaiJl 

J-jJ Jsj^l t£iis ^ oLS" Ji*-^ JliJ^ j . (explicitly 

laftlal HMt Ftow : JutUjyi Sjl^JI 

Ii( r ^ = _//, 0^r<c, x (1) 
u(c) = T, ' (2) 

1 du 

+ _ „ w 

ar x r dr 

OS 
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.| «(0), u'(0) ( 3 ) 



r 2 

u(r) = — //— + Ci In r + c 2 . 



^ r v^r^ U.Uc- Crzsr"** C^y^i ^ r < ££^-»j In r <jlj C] — 



c 2 

h(c) = + c 2 = r. 




W (r) = H { ^-± + 7\ (4) 



5 i^J Ljr^ lz?J Silt.! 1 -LjjJlsJI pJill SjL*» tfJLxju 



■ 
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li^jJoJl J»^iJ5j . LljJ iXtZ t^J «jV , •( semi-infinite) 

SxJu ^ «'(*) j U (x) 0- ^ ^ 5^ . jjj^ j^y V <gV 

: o-jsw M jM ^IjU ij^^ jrllwuj , Jal . x j^j; l^j^ ^ bounded) 

\u(x)\ < Af and |u'(jc)| == M' 

1 gplVl Ji^Jl) Silt (--^J yjKji i> jjjlj 

X —> 20. Uj^C ^IjL-i* i/(x) ««(JC) 

COOLING FflNJ ' i**3(fcbi)V^tf 

SjljsJl JiL^j To CjL 4 Sjl^ i^a l^J 4^,1^ ^1 
A^jA 1SI . JjjaCJI T - 0J \^ -^ jJu LH 

- , r 

AC 

= — (« - r), 0<x (5) 



"(0) = r ( 6 ) 



. is^iJi ^ J Lwl Lit t-cyj « ( JjjJI i^LJI 

. x -» * m(x), m'(x) — ( 7 ) 




«(x) = r + c | cosh fax + c 2 sinh |xx, 



/AC 
kA 



«(0) = r + f , = 7- . 

S-Ulu - ( 7 ) iJaU* , ju^I i^^jl 
c 2 = -c,. 



^\ jli , sinh, cosh -J V^b^ Ail ^ ^ ^r-J 

X -» 00 UjCf. IjUA* UJ^i <3>^ 

cosh pjc - sinh (jlx = 

= T + (T ~ T)(cosh jjlx - sinh |ix). 

*bUJJ f UI J*J\ & j<*> Uj^ . J^J Oj^i -kP ii^J 

( 5 ) UiUI 

u(x) = T + + c^e' 1 ". 

^ ju^-jil J~J1 j»c,' = J UjLa-t S^-> ^ c£*tJ 



f c, cosh jjuc + c 2 sinh juf, / C-itf \-=»\ 



i^JU UV\ oVjUJ\ ^ J* • 1 

m" + feu' + pu = f 



I d( du\ 

rlrVTr)' - ' >c 



u(c) 



^1 JjL. ji*J s^l j «(p) Sjl^Jl 4^ Jti t, Jx^Jl J^i 



P 2 dp\ r dp/ k 



\ d( 2 du\ —H n 



k— (c) = /»(w(c) - 7). 

dp 



f.Jr'l/JsN i> t3 i5*"^ • (Critical radius) ^JaS <. 



XI d I 2 du 



3 p 2 dp\ r dp 



p' — + (* - \)Au - 



, yt\ ^JmJI ( absorption j l^L A J Ji , oLoUdl ^ 

j gjili SJAJJ * « = v/p 3(fc - 1W\ = |x 2 , 

. Kp) 



o o 
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dx 2 dx 

clu{[) - a'u'(D = ( 2 ) 

K (r) + P'«'(r) = ( 3 ) 

[J , ( 1 ) LU>U^ ibUJJ Jx^l! - J*- flj^lj o^.j 

+ k(x)^ + p(x)u = 0, / < x < r. (4) 
tix 2 dx 

a«,(0 - «'«!(/) = 0, ( 5 ) 

p« 2 (r) + P'u 2 (r) = 0. ( 6 ) 

^ ( 1 ) JLUidl JbUU f UI . 2 _ ^ 3 _ i^JI 4— 



r /(*) 

h(jt) = <:,«,(*) + c 2 H 2 U) + I (m,(z)h 2 (jc) - "2(z)«iW)j^^ ( ? ) 
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W(z) = 



M ,(Z) W 2 (z) 
M',(Z) «2(Z) 



(8) 




* 

f * /(z) , 

= Ci u[(x) + c 2 u' 2 (x) + <«,<*)•**> - « 2 (z)«iW)^. 

( J<&\ J»Ju (3 ( Leibniz's rule ) oj&» ^ ) 

. „(x). f Ul JJI J* . ( 2 ) SbU . ^ Jr^ ^ • 



du 



a«</) - aV(/) = c,(a«,(0 - aV,(/)) + c 2 (au 2 (l) - a'w 2 (/)) - 0. (9) 

( 10) 



c 2 {au 2 (l) - a'i* 2 (/)) = 0, 



* 



p«(r) + 0V(r) = c,(pu,(r) + 0V(r)) + | [«i(z) (P« 2 (0 

+ p'« 2 (r)) - « 2 (r) (P«,(r) + 0'"i< r »l = °' (1U 



t * 



0V 



*,(0H,(r) + p'«((r)) - f « 2 (z) 0«,(r) + 0'«i(r))^rfz = (12) 



c > = J, " 2(z W" 



( 13 ) 



CjJ>j^\ (7) ibUJ 3 »(x) c 2 , c x Uj^j jVl 



J' W(z) J/ Wfz) J* VK(z) 



i/z. 



(15) 



JjJut 



(16) 



Gtx.z) 



W(z) ' 
W{z) ' 



l< Z < X, 



x ^ z < r, 



(17) 



( 3 ) j ( 2 ) j ( 1 ) J5U*U 
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Jl Ja^J U ijVju o%.\ iU! CM . J^J 

«(*) = J, G(x,z)f(z)dz. 




^-«= -1, 0<*<1 
dx 2 

H (0) = 0, h(1) = 0. 
u(jc) = c, cosh * + c 2 sinh x. 



11,(0) = tJ -iV\ u>>J\ j ^ o< "iW O^+iJ 

= 0, c 2 = 1 ^ 



V s ?; ^ • M,w = sinhx ^^^J ,;s 



u 2 (x) = sinh 1 cosh jc - cosh 1 sinh * = sinh(l - x). 



W(*) 



= -sinh 1. 



sinh x sinh(l - *) 
cosh jc -cosh(l - x) 

sinh z sinh(l - jc) 



G(jc,z) = 



— sinh 1 
sin h x sinh(l - z) 
-sinh 1 



< z < x 
x < z <T 



. (18) ibUJt <y , JJI /W = _1 . ^Ji J* Sj^j 



u(x) = -G(x,z)dz. 
Jo 



u(x) 



sinh z sinh(l — x) 



'o sinh 1 

sinh(l — x) 



dz + 



I 



sinh x sinh(l — z) 
sinh 1 



cosh z 



sinh * 

+ 

sinh 1 



■dz 
i 



(-cosh(l - 2)) 



sinh 1 

sinh(l - jc) sinh jc 

r— (cosh x - 1) + — — (cosh (1 - jc) - 1) 

sinh 1 sinh 1 ' 

sinh(l - j) cosh x + sinh x cosh(l - x) sinh(l - jc) + sinh jc 



1 



sinh 1 

sinh(l - x) + sinhx 
sinh 1 



sinh 1 



o^C oi-S" ^ \j\ ^ ^ J XJIi sa5U ^ • V-^ "^r^ J-*" cj^ ^ 
Jc Jj^JJ aJU <l> ^ . /( X ) ^Uj^Jl Jc ijuiw ijUl 



u\{x) u' 2 {x) 
au 2 (l) - a'u' 2 ([) 



(19) 



1. 
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Ub> L^a-jSJo ( proportional ) _ ( j~ y JjSj» o^j^i, u ^ x ) . "iW 



^ + )t(*)^ + P {x)u = f(x), Kx<r 
dx ax 

au(l) - ol'u'(I) = (i) 

P«(r) + P'«'(r) = (ii) 

nontrivial) ^ J^. j^^j ^ L, < Jui J^j J-f V 

ijaUJJl solution 




^ + fc(*)^ + />(*)« = 0, /<x<r 
^ . (ii) , (i) i^i 

. ( 18 ) , ( 17 ) ^aVjJV* lj^. ' -^-3 ^ 

3bAjJ*J\ ^ SjLs. . JUL* 



d 2 u 



dx 2 



^ + « = -1, 0<*<ir 
) = 0, h(tt) = 



Ai\j ^ J?- "W = sin * . . Ca^J^ s» . -U?-j J*- V,lT^ 



— 2 + « = 0, < X < TT 

«(0) = 0, h(it) = 0. 



ibUJl j d^iiJi oL*£31 ^j^j diiijj , ( L^j^iw jl ) « 2 (x) = sin* 

. \jk* £,U ( 19 ) 

«(x) = - l + c, cos x + c 2 sin x 
- 1 + c, = , - 1 - c, = 

. *JLJJ J*- j^-jjV sift & , ^jIUljj 

. ( U*^ j\ )x= r j\ x= lx* sili Uaii ( 1 ) UiteSI ii^UcJJ ^ W 
-OUlJ ( 3 ) jl ( 2 ) ti^Jl Js^Ulj . Ujlj 4 j£*j SJb oli 

1 d I du\ 

~T\ X T} = /W, < x < 1 
xin \ ax/ 

SJLi. «(0) «(1) = 0. 

. dijJJ Qlnxyk *k\2J\ ^jU^Ji XbUJd r UJl J*J\ 

"i(x) = 1, u 2 (x) = In x 



1Y 
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G(x,z) = 



z In x, < z =£ x, 



z In z, 



=£ Z < 1. 



d 2 u 



^ = /(*), < x < a 



ax 



M (0). = 0, u{a) = 0. 



<i 2 H 



dx 



2 = /(jc), < x < a 



«(0) = 0, —(a) = 0. 
dx 



- y 2 u = f(x), 0< x < 



d 2 u 
dx 1 

^(0) = 0, «(a) = 0_ 
dx 



I r — I = /(r), < r <c 



I d ( du 
r dr\ dr 
u{c) = 0, u(r) SaJu, r = 0. 



1 



P 4^ =/(p) ' 0Sp<c 

u(c) = 0, «(p) SJ-Li p = 0. 

dV 1 <*H 1 



<ft 2 



+ 



x tic 4x 



;u = /(x), < x < a 



u(a) — 0, w(x) »Ufr SjJU x — 0. 



c/ 2 w 



— - y 2 u = fix), < x 



dx- 
«(0) 



0, m(x) Ujup oJ*1» x 



^f~7«=/W, -oo <j: <oo 5 

U{x) SJui* r -> '± 00. 



«(c) - 0, 

. s^U ibUJ J-^r o^L ^UJ ji^ ^jji jji ^ ^ ^ 

— - y* M = _ _ 0o < Jt <0O 

X —> ± co Ujut aJUi* «(*) 



! 0, < jc < o/2, 
[ 1, a/2 < x < a 



^ jj* V ( e ) ul? . ( *yrjfl ) V tr^ b > ■ 

+ u = 0, h(0) = 0, «(tt) = 0, a - 
«" + « = -1, n(0) = 0, u(ix) = 0, b 
u" + u = tt - 2x, m(0) = 0, u(tt) = 0. c 

v(x) = (j(x,z) , {l< z < r) Uw-j z (ji Joj\ .13 

tiV 1 t^j V"^ 1 u4p^ V V 0* 6* • ( 17 ) N J US' G 

* = /a^,(3),(2) ^aUJt , AjjjJbJl Ja^ v 0) 

r , 

M 



( J* ^Cs^x=z UaSjl )l<x<r..l v (ii) 

(jlj < jc = z» jlIc o v'(iii) 

lim (v'(z + ft) - v'(z - *)) = 1 
a— o 

v" + fc(x)v' + p(i)v = i^UUJI "UiUJI Jisj v (iv) 

z<x<r jl<x<z 



^ + X 2 M = /(jc), < x < a, 



w(0) = 0, h(o) - 0, 

J (eigenvalue) 

,2 

5? + * " °- 

h(0) = 0, u(a) = 0. 




^ - -y 2 H = 0, < x < a .1 
ax 

h(0) = T , M(fl) = T, 

(C-^ C^)^- r = , 0<x<* -2 
ax 

«(0) = y , -(«) = 
ax 



3. —j = 0, < x < a " , 
ax 



"(0) = 7*o, = 

ax 
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dx 2 



- y 2 u = 0, < x < a 



A 



du 
dx 



(0) = 0, ii(a) = r, 



r dr\ dr 
u(a) = 



p, < r < a 



.5 



< r < b 



1 d( du\ 
u(a) = T , u(b) = T x 
P 2 ^P\ P dp) 



< p < a 



7 



u(a) = T 
rdr\ dr) 



0, a < r < « 



.8 



d 2 u 



- -y 2 (« -r) = 0, < * < a 



< X < * 



m(0) = 7* 

^ = 7 2 (« - T ), < x < 
«(0) = T 



.10 



.11 



.12 



u(a) = 0, u(ft) = (Note: < a.) 
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+ e = 0, 0<x<a 
h(Q) = ho, h(a) = hi 



= w, 0<x<a (w ( Colo ) 



t/(0) = 0, m(o) = 0, -^O) = 0, -^(a) = 



d u k n . u . 

77 + — « = Vt\ < X < °° (w ( C-j Vj ) 
or El 



«(0) = 0, -^(0) = 



.15 



osh kx, sinh X(a - x),. sinh >u, jjj^I Jljall 0- ^ tfl C)\ ot& - 16 



<J>" - \ 2 <f> = 0. 



u(x) As- 



—7 = 0, < x < aa j aa < x < a 
dx 



"(0) = r 0> 



du du 
k, — (aa-) = k 2 — (aa + ) 
ax ax 

«(aa — ) = «(aa + ) 




1 

i*.^ s^pj| Jj^. J ^ ^>VI oWiUJi 

x = aa. Xc ^U! ^ tf^ijl 0jJb J| 

. UiUdl ihUJd f UI J=JI j*. .18 



1 d ( , dw\ 

— —I Jr — I + = 



<&\ dx 



f» u(x) = v{x)lx .. ^^Jj ) k = _ p 2 j/- = x 2 UjCt 

JjOjJoJ^ VL~a J^- .19 



x di x du 
dx\ dx 



-I, < x < a 
«(0) = 0, u(a) = 0. 



: SjOjJjJI ^I^Lo. Jj- .20 



\ d ( du . , 
r — ) = -r K , < r < a 

m(0) SJUi. ; j «(a) = 0. 





JEJaIaJI J». .21 



2 = p U, < X < a 

dx 



«(0) = 0, = 1 
M (0) = 1, u(a) = 
m'(0) = 0, u(a) = 1 
u(0) = 1, w'<a) = 
«'(0) = 1, u'(a) = 
u'(0) = 0, u'(a) = 1. 



a 
to 
c 
d 



^ = y 2 (" - I u(x)dxj, < x < 1 



du 

—(0) = o, «(i) = r. 




«(jt) = i4 cosh yx + B sinh yx + C.) 



A 2* tfo 2 n / a. 

^-r^ + r^7 u = (M = JC) 

rf*H 1 - x du 1 „ b< 

-j + — + - « = («i = 1 - *) 

at x tie or 



JUjuJJ (joUJl J^JJ iwajl oi* Jlil , Ja^jJI JoJiJ fJi^lJ .24 



-2 - y 2 u = /(*) 

I \ P/v >s sinh "yC* _ 
"to = L/C*) - W. 

JO •>/ 



«" = UiUI r i^k, ^ 
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«(0) = U, lim u(x) = 



4j JjJjJI 



d 4 M w(x) 

— t = , < x < a 

dx* El 



u(0) = 0, w"(0) = 0, u(a) = 0, u"(a) = 0. . 

jwi hij^ J»j^ • **C^ 

«(0) = 0, «'(0) = 0, «"(o) = 0, u'"(a) = 0. 



FOURIER SERIES AND INTEGRALS 

= 



PERIODIC FUNCTIONS AND FOURIER SERIES 

^ J£J Jiywi /(*) ( 1 ) oil5" lil P s^j oli ajjjj l^L / ilbdj JU 
XlVfl ^ cos* j sinjc ^UJl . x jS3/(* + p) = /(*)( 2 ) * 
cos(2iu//>) j sin(2irx/ i p) jJUJl, . 2tt \ j3> |j ^jjl J^JJ ;U_ H 

• P "JJ- 5 ^iJj-* uj^j 

. £^ ^1 n d^/W=/(x + p)= f( x + 2 p) = - = / (jr + „ p) O'i 
0* j*i>yi ^ . 2tt, 4tt, 6tt, . . ., n ■ 2ir. oljjjJl l^J sin jc ^li ; dUJd 

• ^JiS . /U) = /(-* - P + A>) =/U - p) . x 
/« = /(* - p) = /(or - 2p) = ••• = /(jr - 

vii 4 iuu uii dijij x' (j; J5a ^ j o^. iijjjJi iJUi ' 
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(1_1)J5^JI^) 




. p ijJJ OlS XjjJ* SJtj i 1 _ 1 JJJS 

oi* j^flj qr^Jj acoustic waves ) oU-_jJ! . ^^Us _ ^yjjl 

simple) I)*.,,., ijjjo Jljj aJVju ^L!L»z) ^U^i Jiil J5w> oU-j*)! 
^ . j«JI .. cos 2x , sin 2x . cos x , sin * ,1 ^ periodic functions 



,( infinite series) 



/(jc) = a Q + ^ (a„ cos «x + b„ sin nx). 



(1) 



n = 1 




UJ^b y d! jjjl ^ U ( l ) 

/(*) iUuiil 



4ol (JjV jfl jaj 

^j* ^h*^' 



. ijVW orthogonality) olS^i*]t 



sin auc = 

■ 



cos nx dx 



10, n * 
I 2tt, ai = 

r 

sin cos wjc dx = (2) 

J — "TT 



sin nx sin mx dx 



cos Air cos mx dx 



0, n ^ m 

TT, AZ = m 

r 

0, ai ^ aw 



it, n = m ^ 0. 



^1.(1) aJjUJ\ ^ ^Vl 

. JJU 

( . JU- Ji" Jt 4j! jj-U ^ U^Jj . ojjjj v*-^ oW"^ l/ 1 *; db 
J, _ it ^ J-lSO^ U = cos Or)ColL ( 1 ) ilaUJl lo> W . 0^ 

/"it r-it 00 rn 

j /(*) tic = I a dx + 2 (a„ cos aut + Z>„ sin aut) dx. 
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a = 



2ir 



S^j j /(*) J (mean value), ^ ^ flo | ^ | ) 



( 8^1 



sin 



/(x) sin mx <ix = a sin mx <ix + £ cos « sin "« <** 

» /-IT 

+ s I *. 

fl=l J-™ 



sin mx sin nix i 



^*j*JK index ) -JJj ^ n (jl ^Jj ) . n = m Kj j* b„ o&^c*; 
iHjjJ . OjU JOc .1,2 jljkc^l jwi 



*m = — I /(•*) s ' n /WJf 
IT J i 



J*l5o ^ ( ^ 



ij* m ) cos mx j ( 1 ) SJaUcJl ■ > j j 



✓1 



IT J- 



f(x) cos mx fir. 



V? 



f(x) = a + 2 ( a n cos nx + b„ sin nx) 



(1) 



n= 1 



1 f* 

00 = 2TT J-i/ W ^ 

i r 
i r 

fe n = — /(jc) sin tic. (5) 

IT J -it 

pj JlsJj . {Fourier coefficients.) o^ji c^L.Uw - b n , »„, t Q 



/(*) ~ a + 2 («« cos nx + 



— TT < JC < TT 



i r i r 

a o = z~ f(x)dx = — \ x dx = 

If" If 

a„ = — I /(jc) cos <£c = — I jt cos nx Jjc 

TT J-ir IT J-iT 

1 [cos 
IT |_ n 

If 11 . If" 

— fix) sin nx dx = — \ x si 

TT J-TT IT J-TT 

tt \_ n 



b„ = 



nx x sin nx 

— + 



sin nx dx 



nx x cos nx 




-it 



1 (-2ir)cos «tt 2 „ . , 
_1 '- = -(_iy + 1 , 

tt n n 



to jJ SJIjJI oJj» J^V . LLj, 



f( , v 2(-ir' . 

fix) ~ 2^ sin 

~ 2(sin x - \ sin 2* + 3 sin 3jc - +•••)• 
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2lT. ojji cM hjji J\jjJl g+s? ■ ^JU» £>%>\** . 1 



a. /(*) = x, -it < x < it b. /(*) = l*|> "n<x< 
[0, - w < x < d. f(x) = |sin x\ 



TT 



< X < IT 



/<*) = *, 



- 1 < * < 0, 
< x < 1, 

-TT < JC < 0, 

< x < 2ir 

-TT < JC < 0, 

sin x, < x £ tt, 



/(x + 2) 


= /(*) 


• a 


fix + 2) 


= fix) 


- b 


/(x + 3tt) 


-fix) 


c 


fix + 2tt) 


= /M 


■ d 



. a m J JJiUJl JlSli! (J^»^ . 4 
o_j5^ c ti^ 6^ s JJ a °^ ^ • 5 



rc+p (V 



. ( o^i^ «. b )P SjjJ ok Liu I ijjjJ /W ' j + 



vv 



\A/\A/\A/ qII^ 



fix) = cos 2 JC , a 

f{x) = sin(x - it/6) ( |j 
f(x) = sin x cos 2jc _ c 

• P o jl> j u^ijii^ u^J^ cos(2ir*//j) j sin (2ttx/p) ^ cKi ■ ^ 

ARBITRARY PERIOD AND HALF-RANGE EXPANSIONS 

aJsJjj 2tt ojji oli ijjjAJl SJUN Jji-d ( 1 ) j 

as I tfX3i . Sj^aJI oi^j L~isl ^ J\ (ja ( _ r Jj . aL-L 

^UaJ ia^ Jo-U? ikJjj , Sjjjd AjV J1jJ> Ajj^j aLL. ^-jJ 

P 2a ^J*-) ) • 2a S oli jjj ill* f (j\ JoJu 

a* J£i J* / ^ ^ u^. dUJJ . ( li^V J^^Ll. US' Ul. 

cos(2irx/a). , sin(2irx/a), , cos(njt/ a ) , sin(iT.r/a) , 1 J| jJL Jl 

' 2a, S jjj ota Uj>^».-»- j 

,., . , v , . mrx 

f(x) ~ a + Z, a n cos + b n sin . 

n=i « a a 

«o = ;M /(•*) dx, a„ = i I /(jc) cos— ax 

2a J-a a J-o a ^ 

o„ = - I / U) sin dx. 

a J-a a 

Ijjjs o%,{xa , 1 - 0jJ z oli hjjj , /(*) = |sin itjc| cJS lil : Jli* 

(a = s) ujfc / ilUlj- 

VA 



<*0 



1 



a n = 2 



1/2 2 
(sin ttjc! <±c = — 

1/2 ' 1T 

/•1/2 

I sin -itjcI cos 2/ito: ffcc = - 

J- 1/2 1 
fl/2 

|sin irxl sin 2«itjc cic = 0. 

J- 1/2 



TT 4/1 — 1 



Oj^J <5UJJ *jjt>» iLX. jA* 




sin to ~ 2j Tl 7 

IT IT „ = 1 4/J - 1 



cos 2nirx 



J 



tijju* <lb Ajjy Si-L. iia-ljj Ji*S ^ ^jjj-^ b* ojfii. '°Jt^ 

( periodic extension ) ^ijj*^ . 7 ^» -a < * < <? 

/(jc) = f(x), -a < x < a 

}{x) = f(x + 2a), -3a < x < -a 
J(x) = f(x — 2a), a<x<3a 



i r . 

°° = 2a" J-«^ x) **** 

a n = - n \ . 
a J-a 



fix) cos dx (2) 

i a 

1 r - • «iw , 

*> n = ~ /to sin <ix. 

a J-a a 
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, j^rW C~?--a < x < a I jliJl j iais fix) ^c- 



V* mix . rrux 

f{x) ~ Oq + Zj a n cos sm , —a < x < a. 

n = \ a a 



Sij^i ,kk*, o^-i < *< lSjiilU t*^ fix) = x ^sy , 



«0 



= 0, a„ = 0, = J ^ * 



sin nir* dx 



2 COS 731T 2 (- 1) 



« + 1 



it n 



o^u l^J aj.^ ILL. j o^i»' ^Jl r UJ! u^-j c-^i ol 
ys^Jlyij ,kk^j . ol-UJl iUul j w,l l^J (symmetry) ^UJI 





/ 

/ 




l f(x) 

7 t i/ 




1 


72 


X 




< * < l, /(*) = *.( 1 _ 3 ) J££ 



g(~x) = g(x) W( eve » ) ^rjj V^! *W ^ • ^j*> 



*i 4 ji cS<s>» u"' ^ 1 J sinca j x J x 3 * 

^jj <-u& cjrrjj u-* tfV Wji^. .r ^ cosCUC , j 

/(*) = fax) + /(-*)) + fax) - 

. ^ US' ^ <.a>J1j <&-jJ\ JjjJJ L^Jl 

odd dx = 



r 

even <£t = 2 even dx. 

J-a JO 




AN 



WW1 



UjjJ oj^i ^ >^ g<x) sin(nir.r/o) *ta«Jl • *iV 



1 f° . wirjT , rt 
K = - sin = 0. 

;\ L» . \j* J'l iiU>Vlj . '\Jju>\ t5jLj e-^^ *Jls O^Ll*» jjj**- . J 

oli .J^^j . g(x) cos(rmx/a) J<* « *~rjj S*-*^ ^ 

1 f" nine 2 f niur , 
o n = - £(*) cos <ix = - I g(x) cos dfr. 



. 0^ -a < * <a (3 (g(-x) = Six) \z\ i <i»j-w» 



a„cos , -a<*<a 

00 



****x> IjXi*; o < x < a s^iiTi <3 la <1L31 ^ ^ ^» 

• *i.*J* ^ tr-y ^j-o < x < a 



m = | 



/(-*), 



6^ * j* 3 

(/^ / Aj^(odW extension 

/(*), < x < a 

/(-x), -a<x<0 



< x < a 
a < x < 



JLJtaJI (will jjSj IjyJjO < -'<aO^ -a < * < 0^ ^ ^ 

,j> Sijj** <-vJ*M (3 . ( functional values ). , 











\ 










\ a x 


I 




\ 













(3) 






smjsis (b) . t|*>n g-jsJi fa) . :rsH juuio < x < ui^aiji j z'Omu aui ( 1 _ 4 ) ju 

• tlJJ^ nH-Jjl 1 fc"*^ (d) (|*>N l|JJ>»M fc-jSN <c) ^jjN 



At 
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x ^ httjc 

/ e (x) ~ a + Z o» cos > -a<x < a 

n = i a 



/«,(*) ~ Z ^ sin , -a < x < a, 

«= 1 a 

Jl^ Jlj ^ , (Converge) 0^ 4 *UJI c^tf lil 

. syiJI oJ* j / ^ 0^M=^_ /« J fo ^ ' V^ 3 

oli .0 < a: < a 



fix) ~ a + 2j a n cos—, < jr < a 

n — \ 




At 



f(x) = x. < x < 1. 

. ( 1 - 5 ) <| i^^x. US ^ / SJIjJJ aj OjiJI 5j jjjJI j-^; 

/ aJLIJ (Fourier sine coefficients) Vrr^ jj* o^U 0I3 




ijaai ^ fix) = x J < 2 Jjjj ) ^a^ll ^jjjji ^^Jl . ( 1 - 5 ) 



< j < i 




<J /(,) = v. J ( 2 ijji ) ^ijJl ^jjjJ1 ^jaJI . ( 1 - 6 ) JSJt 

< .v < l 

,1_6 JSLiJl j U5" ^ / aJUIS io- L jjj^ 

<u*Uj l*jJ1 **Ljj* cJ%>\*j»j 



A<5 



a 



= I x dx — - 

Jo 2 

= 2 f jr 
Jo 



cos wux dx 



2 2 

n it 



(1 — cos hit). 



x , — 2 COS HIT . 

> sin hit* ~- ^ 



1^ 

2 



^ 2(1 - cos hit) 

2^ — — ^ COS rtTTX ~S 

n=l 



2 2 

n it 



/(*) = *. < x < 1 

/ (jc) = x, -\<x<\ 

f (x), -00<x< 

/(jc) = x, 0<x<\ 

Mx) = \A, -\<x<\ 

f e {x), -oc<^<oo 



/GO = [x|, -1 < X < 1 
- 1, -2 < x < 



/(*) = 

/« 



1, 



x\ 




3 o^jy 

a 
b 
c 



mx/a) } cos(mrx/a) ^ 



_ Ji^V : £~Jj ) . kii 2a Jl <y Spill J-A&ll f J*£-J 



( . 1 _ .5 



\a/\a/\a/ ^ I Icottoh f*o m 



(? = coshx + sinhx 

. h iji ilbj J-"^" e * Ji*j 

■ ^> Vj i^jj "if hij j\ L^jj Oj5J Jljjjl j> ^1 ^ .5 



/(x) = |x| b fix) = x A 

fix) = arc sin x d /(*) = l^os xj • c 

fix) = x + cos(x +1) fix) = x cos x • e 

^! c$>Vl ^ L. , u<x^a -5^11 j /(x) c^Wi !il .6 

.-«<x< a s>Jl t iybo J 5oJ f(x), ^^l^iCU 

/(x) = 1, -2<x<2 b /(JC) = x, ~| <JC <^ 3 

/to = {*' _ Xt J < x < I C 

i5jLj -a <x < a S^Ajl J* ii^*JI / yiJJ o^LUJI c^lS" lit . 8 

ul* ~a < x < a 3^l J* SjJji /(x) ijtajl C-jl^ Ijl k>\ <Jjj*J\ ^ . 9 
gjiLiVI ^LlJI i»j^JI L. . vjir*^ t> UJ^CJ ^jj^JI IjJuJlm, 

J»d ? \jJu>\ JJjJI io-jjJ! e^JI c^LU. t^SO / Jc 

■■ J'j^ 1 6* crrjjJ 1 ^> ^1 . io 

Si*' ° <J:<fl * -a 
M-smx, 0< x<71 /(x) = si„^ 0<x<l . c 

oljjJ iJjJ (^rTj-jJlj (Jp>JI J-^JI iaia^w 

SjJ^UJS cAjDUJI ^ .12 



AV 



r 
i 



. mix . mux 

sra sin ax 

a a 



mtix nitx 

cos cos dx 

10 a a 



o, 


n 




m 




all, 


n 




m 














0, 


n 




m 




- all, 


n 




m 


* 




n 




m 


= 0. 



^ Jl > . < x < a> ijjft j ij^A f(x) ~M W . 13 

LjjjJI qp* k> s V **r.iiN hjj^ 

. ±a jx = OOj^-d u°^" J^-^ q - h.*^ 



. iijji J-i5U . 3 

CONVERGENCE OF FOURIER SERIES 



ijjji U u^J . obt-Jff sjp V « J^" » US' 6^ ^ **» J^" ^ 

^SC*j sin(/nrjt/a) j cos(niuc/a) ^i-uN ih - * W 

i_>Lo- ,w IJyjj . /. *JU11 ^Jjy 5LL j Ivcii ,w n LfjL-s* 

s /(*) LJU1 U*sN iSjUo ^*>J^ U» J > . aLUI 
"5fjl 2^ . ( 7 _ j ^jViJl u^ji cr^ ) 

ul u-^-i (^ordinary limi^lim^/W 4 — joU^I i-jL^I 
ii^ Sj.1 (3 >«a)l ^ A ^» • lim *>-o/(*o + A) J£iftj 

. x U^JC* / (right-hand limit) d+t ^ - L > 

/(x + ) = lim /(x + A) = lim/(jc + A). 

A->0+ A-»0 



/(*o~) = Hm f(x + h) = lim/(x + A) = lim /(;t - ft)- 

fc-»0- h->0 k-*Q + 

h<0 




Wj- j-.VI o>J! L>j ^Vl ci>J! 2L,li ^ J5- lil 



/(*) = 



-1, 



< JC < TT 
■IT < X < 0. 



(jlliUJI oXt ^jSj qSoJI ^discontinuity) ^IkijVI .1 + 

fc!^ u*-d ■ jJ* ^^Jj <j^rj- Cf*i^J ^J 3 ^ 

( ju/np discontinuity ) 



Jli aUll »i* Ji* i . MiJl dU: j iij*. jvi ^jSi XJIjJI , J&Sj 
Ojli' lil . ( removable discontinuity ) Jjlj ^UaSil l^J jjl XJIjJI tiJUd 
ijVi . i>l*JI (Jl Ij jl— • £waJ l^aj^nj U Jtpj » _ / w jvc. U ijaij Juc ijljjl i_o-J 

Uui V/W = (sin x)/x XJIjJI , it^i . XjoUl dU; j 5 ^ J^. ijljjl 
aJIjJI cjii>f SiUL dUij ^IJaiVI iJljl jC* .jc = OJCt&lj _ flUI 
J*Ui i_>>- 1-kcUi ^ *> /(0) = l jf(x) = (sin x)/x (jc * 0)6j^d 

. U. 1^53 jsyi ^ikiVi 

^ jl Jo- 1 (jjSij UjJx. jyJaJ ^Ij 4jJvp- jiS"! ^Ua&l Ja oVU- dJLjb 
S — « jvc e v * j sin \lx or^ 1 ^ • • i >rj^ XjUJI ^ Jo 

. ( 1 _ 7 JiCiJI Ji^V } . S>1> il'lj C~J ^Ij x = UulJI JUfr 

-VI JjL- (jaiL ( 1 .1 ) JjJLiJI 



AJalJI JCc 4j jl 
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(0) 

ijil* (W fix) - (x - j?W - x) Jllj fcUrfit (a) ( 1 _ 7 ) Jt4 

/« = - ln(l - *) »^ (c) , /W = je(0 < * < I) = * — l (i < 

(1.1 ) JjO* 




... 


/C*6 + ) = /(*>-) =/(*>) 




/(*> + ) =f(x<>-) 




/(*<>+) 


S ^-UaJijl 






- - — _ 


"Bad" discontinuity 



VI iJU) Jli 

x < b 



SjIaJI j (, sectionally continuous ) l-.U;. 
jl ol^ikll <y "C^. jjit Ijf. , s j ^l~. aJUI c-il^lil 

*JU! C*te lil ( uj^l ) Uku 5 *J Wi dj&j ■ *M ^ oUlk^VI 

"M Yd ."h* J> oli ij» ^ j Uku 5>^. 

. ( 1 _ 8 J£iJI ^ ) 



A. 



. « ^O. » W jl OjtaS L-WU 5jrf-i SJIa . ( 1 _ 8 ) JSA 



j i> jaJI ( square wave ) hoj2\ ijcj-jJl _ 1 



JT = «J>Ju C*—J Sjljjl , ^Ja ijaiu ^oll U_?^o 6^ 

. ojj» j 3^L— f 6^ • - 1 < x < 1 - /(*)=* lil • 3 

XJUI d cijj>Jl (j-J Ail aJw-^JUjj,^! . Sj^JI j _ 

, LJai* C~i> aJIjJI jS3j , ^ = 0, ±a iAlJ! Jut Aju^JI <=r>*^ 

Sj^ll j ( sectionally smooth ) L*Jaii tLi* Lil> f SJIjJJ JUL 
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/'(*) J 



•CUji tfjkfc -Ufc 



. MiJl o!a> ^jj . ( Mi^ oi* (| ^ cAiii-J) ( corners) 



^\ s^ji 4 Uu. all c~j v^Jj . yi A /(jc) = |x| ,/2 . i 

. jc -» Ux* (jc)| -> jK , ^j^j- 

, 5 C*—*) lyJL$3j . I .«,laa< *LJu» dj& 4*j jaII 4^>-ja!1 . 2 
,jU . 2a Sjji ota Aj jjjj LjJai. tLlt /(*) ijljjl Oo^S" W - : 



«0 



n= 1 



/ HITJCA . / HTTX 

a n cos! J + b„ sml 



/(jc + ) + /(*-) 



f(x-)j f(x + ) u\* • ^-iJ • S^r* <J^ <3 ( bad discontinuities ) , 

4 dJ yJl \±±, ^Lj / Jj* ^ ■ ^vr^ 1 ^jlt l^-" / ^ ^ 



MlJ\ j /(*) fJ V «Jj-i . SJUU ^r-jy ^yr^ 

J ilJjl Ju-iJI • J-^ ^ O^LU. o/j • Vj^ 1 



f(a) =f(-a) = \{J{a-) +/(-« + )). 

ol< <0<Jt< lj/(-s) = 1 + ^ • • 5_^iJl Ji-li Ji'j 

• /(0) =lob/(±D=1 O\i-._ 1<JC<0 , /w 



/(*) = 



1, < x < 1 
-1, -1 < x < 



1, < x < 1 
- 1, - 1 < X < 
0, a = 0, I, -J 

o\» < /(x + 2tt) = /(x) . -it < x < it . /(*) = |jf 2 iJ\jJJ SL^JU . 2 

V"^J ) • ^*>j Ob _j-~»3^ S>jjZ ,j\ <_*-•*■> '• x *Ja*3 

... 

. ( 
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<> < A4 S J Wd^ ' ^jj* <LU ijjU** <-. J? r l , U-j . 1 



2 ir ito (2Jfc + l)' 

TT 2 , 1 1 



cos(2£ + 1)ttx, - 1 < x < 1 



*2 



J . ... , n I 1, < x < 1 

ir"o2£+l y 1-1, -l<x<0 



IT 1 1 1 

I • I 1 2 V 1 

sin x = X —5 cos 2nx 

TT TT n=l An - 1 

1 = 1 J_ J_ 

2 3 + 15 + 35 + ' ' ' 



b. 



c. 



/(x) 

/to 



TT TT 

X COS X, < x < — K 

2 2 D /(x) = |*| + jc, -Kx < 1 *~ 

0, 1 < x < 3 

1, - 1 < x < 1 

1*, - 3 < x < - r 



/(x) = x cos x, - 1 < x < 1 



. f c*te W / iiUi ^ ILL \J\ yjdl t^ill ^ L. .3 

. ( . » , 1i a,» &LJl«j 

6-* <_r^j M- 5 4^l> *t^r?^ ^-i-J ^J&}\ oUfc^. _/5l . 4 
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UNIFORM CONVERGENCE 



= a + 2, <3 n cos + b n si" J - 



,JacVI til j^iVl f aJIjU 4j ^ 4LU ( partial sum ) ^J*^ &*s*J\ 
ja f(x) -kiaiwj ja)a**A J ^ ( maximum deviation ) 

8* = max\f(x) - Sn(x)\, -a < x < a 



* 



ut\yu,^\ <~>J&\ . J»lij\ ly:,»A> SjiiJl j * J£j ii-£f max* 

JA*J (jli , j»Ua^jL <^>J^A> *iJJ* &» CjlS" lil JjaJI il^-oJJ 

lKj (3 /(*) • ±S lr t y*i . ij-o- Lj^£ ^j-^ Cr ^ 

t-» ^£ ^ ( 1 ) ' ^ period-interval ) SjjJ - Sjli j pUa&L 

. 4Ju«LJl ( a j,».T,...> ) aJIj ^j* s-j^aj (jl ( -r* 5 ! ,i i ( 2 ) ^jlj Sj-»I~«* ilta ^ 

(nonremovable j| jSlj ^ gUdul V 1 ^1 M • ej^J 

. ^UxoL Sj^UlJI L. l^J 0^ ^ (discontinuity) 



J*l J-J^ ) (supremum ) ^ Jj-A-Jmax Jl , #j*a-i ^-A .J Cotf HI * 

■ ( least upper bound ) 




-7T 



to) 



(b) 



* #1-/ ! - <><*< 




/(* + 2tt) = /(x) 




= S 2 (x) = — sin x 




(c! 



1 4 

-*- SM = S 4 (x) = - (sin Jt + J sin 3x) 




St« = 5«W = - (sin * + i sin 3* + i sin 5jc + J sin 7*) 




x 4 

Stt(x) = 5, 2 (jt) = - (sin x + • • ■ + ^ sin lljc). 



(e) 
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VjUJI - 0- ^d^J 6j\~> \f(x) - S«(jr)| * ±w 

( 1 _ 9 ) JS^Jl j olUWJIj ) 

. <£/»-^ 4-*-UJ\ . ( S^iJaJI cjjJ SaIc ^J»j qr^j ( Gibbs' phenom enon) 
(."sawtooth" function ) CJL-JI a3UI oUaiw** <j~j. (1 _ 10 ) jSClJl 

< LJu .J q(jj**M ^»*(*Jlj 



/(*) = |*|, -it < X < IT 






/ 

/ t X 


/(x + 2m) = m 












TT 






S 

\ 

\ 


(a) 

/ 

/ 

/ 

/ 

. f 


IT 

Soto = ^ 




\ 

\ 


— r 

/ 

* 

j £ ~ — — L- — *~ 




-IT 


V 

(b) 



1T 4 

S 2 (jc) = S,(x) = - - - cos x 
i w 



S 3 (jt) = Six) = T ~ ~~ (cos x + 4 cos 3x) 
2 « 




it 4 

S s (x) = S 6 (x) = (cos x + 4 cos 3x + A cos 5*) 

2 IT 



-TT 


W 


_J 


(d) 








(e> 



. \ t-jjlilJI ijj^jjX = *J*iu!\ JJx- Sale jJacVI <_*l ^swVl j^Jaj j 

00 

Aj ^ £L-L ^li . <j jU^. 2 + |&„|) Si-UI ColS \i\ : 1 JLLA j-wO 



«0 



^ /mac . mu 

+ 2/ °n C£)S *i Sln 



. i ^JaJI\ ^\ JS Jb ~ a - * ~ a"ojX\\ (| flkolj 



fix) = \x\, -TT < X < 



TT 2 -1 + (-1 )" 

«o = a n = 2 « *>* = 

2 tt n 



. (1 _io JS^JI'J^V) . tf «JbJl 

jLo-l ikJjj ^j^^i iLU (JallJI o\» c5>-l 

x- JS" (5 /(jc) (> j»lkoU v / J & UJ1 40 j^i XLL. jjli 

j^L»> Ail 'ill , hjji aJIjJI <jj& 0^ J» ^* i> 
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/ W — *. — 1 < * < 1 

K * < ls^uJI j | s>^, Ax) J 6- ^JU 

. «£)U 1*1 / J i^l ^ ^ = ±1 ^ 5 > j f UaU 

<jj& . 2ir Sjjj oli Ai^/Cx) = |sin jcfiJUl Ji . i^UI ( y 

f UfciL v ^ ^1 Wli- . dijjj . Uku , . 

•0^- J* j/(, )(> 

-a<*< a Sj =i)l J* Si^, «U 2 -O^l h\£ ju*^. .^1 



4j 



S^Lw / o^j-a < * < aSjIiJI J* iij** /(*) SJ\jJ\ oils' W . 3 4iA^o 
jji XU- -/(-« + ) = /(a-) . UU. s ixJlaj 

<->j-& ~*LU\ ) -a < x < a ijJl\ j / ^ flkiU / J 

I^Ia-S <r-**» « Sj*i~* ijjjjJI XJUJi g^J 

^symmetric perioa- 8>lzu Sjjj _ s^il U>Ji J»\ld1 =0 2LkiJI 

^jSC^O <* < as^LiJl ^ f-SJbJ XiJjiJl AjjjjJI < • interval) 



/ ol> < * < a S^iJl Ziy^ /(*) iJljJI |i| >4 fcjfc^ 
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fix) = -\<x<\ z. 

f(x) = sinh jc, - it < x < ir b, 

f(x) = sin jc, -it < x < it 

/"(*) = sin jr + |sm x\. - it < or < n 

J\x) = x + \x\, -if < x < it e 

fix) = xix 2 - 1), -\<x < 1 I, 

/(x) = 1 + 2* - 2X 3 , - 1 < x < 1 q 

aJIjJJ *j j^i *L-L. cujtf \s\ .2 

,. . sin x 

f(x) = , - TT < X <~ Tt 

X 

S liU ? Uk^ <_j>j^ uj^d Sjt = tt Jupj S * =0 

/(jr) = sinh *, < x < -n .a 

/(*) = sin x, < * < n . b 

/(*) = sin itx, 0<x<l . c 

/to = 1/(1 + jr), < x < 1 . a 

fix) = 1/(1 + A < jt < 2 . e 



^jjj . ij l^i^Jl /jt n w*** j*<«)^ Cy C^iJ^ j a B Col5" lil . 4 



www slkottob co 



«0 



+ 2 e ""fan cos nx + b n sin nx) 



(a > 0) ^UauiU <^J*> 

. f tkst» ijjliu* £U1 xJ\ j 1 (ji^*; j JJ^LJI ^> w*. .5 

OPERATIONS ON FOURIER SERIES «SL>> ^U** • 5 

Jiyjj JLuJU . 1 n ^ Jj 2a 3 jjjJ^ *»^»»-» gfcJ^ tyVJ 



/(jc) ~ a + E fl„cosn^ + fc„ sin nx 



n=l 



c , coo, ca n ,cb n </(*) • 1 *i*^t* 

. J^lS3! ^ ^ *M iiui^ s^iU i^i ^ *i* 



N.N 
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. S _^~~5" oJjli oli 

f 

: Jcr Jju VftL»\5»J (j^-oJ 

o fix) dx = J a a t& + 2 (a„ cos /tr + b„ sin nx) <£t. (2) 
lj*z~j>gix) cJ6 « L*i»i> Ij*Z~j>j fix) C*j\S 13! .4 j+* 

J a A = I a g(x) dx+ 2 I ( fl „ cos or + sin ^(jr) dir. (3) 

. j^0>V! Jf. fix) J 

(3) (2) (j^ 3 ^ j-i^ J->JI J J^lScJI 
. ( 4 ) j ( 3 ) ^yu* oAi~skJ! oUjI .Ijo 

• 

- ~ 

*to = *. < * < 2ir 



sm 



~ it - 2 2 

11=1 n 



\a/\a/\a/ I L^ottoh f*/~\m 



-j iiyjl /(*) ^ ^ ■ ( 2 ) j ( 1 ) oArt-M 

^ U±Jl- /(*) = lu - g(*)]/2 



sin rax 




iLUI ^ <£JU JJ . ( 3 ) oU > jibj /(*) Sibil 

J^pJ ft *J1 ^ c.">UI 



1 — cos nb 



n = i n 



. /(*) - (it - x)/2 Jfi J-as«3 j 



f 

Jo 



/(x) <& = — - — = 2r 
z 4 „= 1 



1 - COS 



, , < b < 2tt. 



x(2tt - x) _ y J_ V 

4 „ = i n 2 „=i n~ 



cos «x 

— — , < jc < 2tt. 



(4) 



LpjI^» ^r-d^^ '-A/^ (3 ^dJU"^ OJ^t • <Lr^ JTj^*" 



iL-L, ^ ( 4 ) ita 1 




4 n=l « 



COS MX dx 

4 n 



-_\_ 



(5) 
(6) 
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I-21T __,„_ _ ^ 

sin nx <it = 0. (7) 



J_ r* x(2tt - 

TT Jo 4 

5- ( 4 ) ^ . 5 ^L. L»aU» I jCm ( 7 ) J ( 6 ) 6«JaUJl 

sbuji . dXjs ji iiuvu . liuj jji j^-is 1 _ juj j .*jjuUM cArsUi 

IjJlc c~a> gpll (uniqueness property ) ipbis-jjl i^U- 0^ f J 

. ( 4 ) 4Jjb ^JJ o 

<o j^aJI l^dJi-. (jli • o .j *i j^j /W' ^-50^ 

j Lu 1^ ^Js . xanJl ^ Vita ^j- ir 5 ' 5 -^ vl ^ UJI 

/"(*) <i~*- * Uwi J5 1 j /'(X) ^> vj^s /W J ^JJ* l* 1 ^ 



/'(*) ' 2 ( _na « sin + n&„ cos nx). (8) 

n = l 

/(*) = W, -«<Jt<ir 



. U! i,^ <LL ^jLjj UU, »Li.j s>u* subll 



2 ir V 9 T 25 }• 



4 / sin 3je sin 5jc \ 
— I sin x + + + . • . 

w\ 3 5 y 



Ou^Jl _ i^jji *Jb ( 1 .10 JS^ji Jfc-V ) fix) fc^Ji 



f»/ r \ _ J 1. < x < n 
1 W ~ {-I. -*<x<0 




(9) 



^1 *LL o\ c-^ <>* • ^ <> • ( 1 - 9 J^ 1 ^ ) 

ol>i> V^J /'to l^J oj& ^\ J»liJI \at « ( 9 ) iJaUJU 
• **yrj* J? /"to W ojfc Lt^ 

J* Jaii J/i Ar*^ <i>0j>«ji J>j-. . (is-V 

. / cAilL. J-^L- ^ V 5 ol> /'j . . J /** 

<LUL ii ycjl SJIjJI Jj.(j . 

/to = 2 e ™ cos «*. 



/'(*) = s - 



ne sin nx, 



/"(*) = D -n 2 e~ m cos /ix. 



B = 1 



/(*) = 



2 ' 



0<x<2tt 




fw = f m dt. 

JO 

Jjfcj S \^SiLa ^ U . < x < it. , /(*) = jc, ii^aJU iJb j t j£J . 3 
. J^lSoJ! fL^Jo ( 7 ) j ( 6 ) jj^lnjl ,y . 4 

s i-**?- iL-L- ifAJiS' 9 a*j Ijls- l^iliiil ij\ J>i*j 
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In 



x 

2 cos - 
2 



n+ 1 



= y. cos nx 

«=i n 



S Jo- «Uj Up- ijfaiil 

5j^ai3 aLL. jUoV Jj>ldl jl £• . XLAJ1 fj^J . 8 

0< x < ir, = Jf(ir - x). 



j: = 2 X sin nx, < x < tt 



io jji o"}H»U* IjJj U*jaiU <-LJu»j , <L jji < <U J^i /(x) jj^J • 9 



i»=i 



3 2 « 



= V -„V" "'sin at, *>0, 

dx z B = i 

u(0,/) = 0, m(w./) = 0, / > 0, 

«(x,0) = ^(/(* + ) + /(*-))• 



b 

i 

c 

.0 



VV 
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3 2 tt °° 

q — 5-5] -n 2 b„e~ Hy sin «ut, y > 0. 
m(0,^) = 0, «(Tr,y) = 0, y > 0, 
u(x,0) = \(f(x + ) + f(x-)). 



•a. 



MEAN ERROR AND CONVERGENCE IN MEAN 




Uil f^juJl ^j^i , ji <3lJl- ^jL* (_/"_;^ £>1 u^~*i ^ r , 

. oX»i-» Up 3 *' 



f 

J — a 



(fix)) 2 dx 



/(.*) ~ a + 2^ a « cos + K sin 

a=i a a 



*iJk*» V 

TV 

^ rtlTX „ . 

g(x) = A + £ K cos + B n sin- 



ntrx 
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f f(x)g(x) dx = f /(x)|ao + 2 A„ cos— + B n sin— 1 
J-o j-a J i a a \ 

ra N ra flffX 

= A fix) dx + X A n \ f(x) cos <it 

J— a i o fl[ 




N fa 

+ Z B„\ fix) sin <fr. 

1 J ~ a a 



1 f° * 



(1) 



^osUVTOC/a). J\ Uj« Aj jb- Jc ^1 V,JJl. i)b ^ 

^ UilL* J» djjj oCi . « » * j /' Os^l 



£w * L /2(J:) ^ - 2 J_./M*to * + \[ a g\x) dx( 



(3) 



6^*d Ji*-^ J-VScJ! ^ U . pi* , 'k*. jul c£ 
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f_ a g 2 (x) dx = a 



N 



2A Q 2 + 2 A* + 



(4) 



fix) dx -2a^2Aoflo + £ A,fl n + 5„& n j 
+ a^2A 2 + E V + 5 n 2 ] 



(5) 



a*. 



-4aao + 4aA = 
~2aa„.+ 2aA„ = 



_2fl *« + 2afl B = 0. 



Q( truncated Fourier series)} 3 ^U3*J1 iLJ— l*jL^-l 



g{x) = a + 2j a n cos + b n sin 

a 



imx 
a 
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min E N = 



■n = /_/« dx - a^W + 2<>n 2 + 6„ 2 ]. 



(6) 



. ( Bessel inequality ) ( J^j i^Li. 



1 f" N 

- f\x) dx > 2a 2 + ^ a 2 + b n 

O J-a i 



(7) 



( Parseval's \ ^J^J-i o\jL^ jwu" oLlJI ^^Hj Sjl^ ^1 ^m'^^JS 

. |( equality. ' 



l -j_ a f(x)dx = 2a 2 + 2a n 2 + b n 2 . 



(8) 



■ 



cAi • ^ ( 8 ) . ( 7 ) ^UJI <j ^Vl J.>)'| ^ lil o~>Jz* 
>->Vl Ckm J* . ( 8 ) , ( 6 ) o^UJl Jijliw j 



run = fl « 2 + ^. 2 - 




S— o- j» mm - AT Ux* ^idl Jl ^joiLs sljLJl s ja 



d\j -a<x<a i j c^IS" lil : X^»iUJ\ 



f 

J-a 



fix) dx 



\\\ 
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N 

mix „ . MTX 



A„ cos + B„ sin 



i a a 



N 



a 



mrx . niTjc 

+ 2^ a n cos (- £>„ sin 



- - I /(*) cos <& 0, .3 

a j-c 



-« a 



- - I f{x) sin <fr -> 0, UJL^ „ 

a J-a a 



00 



iJ^JI J*A£dl ^Wd^ ^LJtf» 




( . ( 5 ) SJaU* ( 5 ) Jloj ( 4 ) iJ^U. . 9 Xj Jfc-V , ^^Jj ) 
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fix) - sin x, - n < x < 



it. 



b f(x) = x, - 1< x < 1 a 



S ^Jat jj-Jj V ^ £ Jv 6^ <-V>3 ^ < -*^ • 4 

• *iJ>> oLU. l^Jj -a < jt < a S j iijjc / XJbJI CsilS" IS! . 5 

fl = o » = — 



/to <*t? 



f. 

J — a 



* < ir 



AjLjLpJI 



[ 



sin / TT 

— * = -. 

'o t 2 



PROOF OF CONVERGENCE 
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A? = 1,2, . • ., • 2 Siji-L. 

1 £ sin (jV+j)y 
- + 2, cos nj = , 

2 « = i 2 sin £y 

W^UU. , -it < y < it . L«J*L. 5 <p(y) cJlS" lil . 3 ei^C 

i r 

im — J <}>(>>) cos /ry <iy = 0, 

— >oo IT ./—IT 



lim 

n— »°° 



TT J-ir 




lim — <f>(_y) sin ny dy = 0. 



«o + E a„ cos nx + sin nx = Uf(x + ) + f(x-)). (1) 

n — I Z 
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lim Sn(x) - f(x) = 0. 



. / iJtaJJ ">jjo» iLU ^j**!! j* Sjy 



Sfrfx) = ao + 2 « B cos njr + Z>„sin nx. 



(2) 



i r if" 

flo = z~ I /(zMz, a» = - /(z)cos nz rfz. 



IT J- 



/(z)sin nz 



(3) 



S w (jr) = 



/(z) cos nz dz cos nx 



-F 



/(z) sin nz rfz sin nx 



(4) 



(z) cos nz cos nx dz 



1 P 

+ ~ /(z) sin nz sin nx rfz 
tt j— it 



(5) 



nz cos nr 



iJ>>(Kf, 



+ sin nz sin n*)rfz 
cos nz cos nx + sin nz sin nx )dz (7) 



■] 



(6) 
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= - f /(*) U + S cos n(z - x))dz. (8) 

IT J—n \Z „=] / 



i r iT+;t /i \ 

Sjv(*) = - /U + J) r + 2 cos Uy 



(9) 



JjJl?-j . 2tt la>jJi Sjj-^j il^JJ" 5 O^J^t & ^X»^»i\ (jl Jaj»-V 



Sdx) = -f /(* + )0 + E cos ny) rfy. (10) 



m 6^ • 2 o*n 



/(-*) = fix) 



i r 

IT J- 



A/ 



(11) 



/(*) ( 2 + 2 cos ny ) ^ 



n= 1 



Sn(x) - fix) = - J_ w (/(* + y) - fix)) ^- + X cos nj) d> (12) 



iAA\ . 3 

5* (x) - f(x) = I f (/(x + j) — /(*)) SiR f . + * )y j y (13) , 
tt J-iT 2 siniy 

oljl — J| Ljiaju ijw, 

sin (JV + 2) y = cos Ny s'm^y + sin Ny cosgy. 

SjvOO - /to = ^ |_ w (/(x + >) - /to^cos Ny dy 

+ ~ f {fix + y) — /(*)) sin Ny dy. 

^^Jl ^ <;l oj^- ^ ( 14 ) <bUJI j jyfl J^CJI 
= + j) 1 /(x». (15) 



a/ ^ /(^ + y) - /to , n „ 

<P(y) = — —. cos£y. (16) 

2 siniy 



WV 



\a/\a/\a/ a I ottoh r*r\ 



/(■x + y) -/(*) ^ x jliiiVi iLlSj s>^. / cjtf IS! , Vjl 
(L'Hopital'sl J^j ^j^U , v = o^ji cftfciVI iLlij 

Je. rule j 



Iim — — = hm — = f'( x ). 

y^o 2 smty y-*o cosiy 



\^ jy = oxc JoMj ^U»sl g ( 16 ) ibU. 4>(y> aJUI . J^l oi» 

tlx + y) - f{x) cM ■ ^* s j x ^ s^—- / c-ilT til . Citf 
C satli • 31UI1 *i» j y = u x* Jj ^ ^ 



/(* + y) - m 



lim 



lim j = / (JC + ) 

y->0 + COSfy 



(18) 
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1 1 f" /l " \ 

-(/(* + ) +/(*-)) = - /(* + ) - + 2 cosny rfy 

Z IT JO n- I / 

i r° A * \ (20) 

+ -L f{x - } {2 + ^ cosny ) dy - 



" s ny jd| = ^. (21) 



•. 3^ 9 Jc>*« tjjSci JL^Jl ijl^SCl ii J* ^ Dux?- O^lj 




Sn(x) - ^(/C* + ) + /(*-)) 

= - f (f(x + y) - f(x + )) {\ + 2 cos ny]dy (22) 

+ - f (/(JC + J) - /(*-)) ( i + E cos W 

TT J--' \2 n =l / 

. ( 20 ) j ^liij! jjik?' 

tjli 3 *}*J1 <~aj t-j>jL*V! oj£j . ^ .itajJ W^c- ji-oJ^ ^ 

■(16) 
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' y = *qr- 



sin|y cos = i(sin(« + i)y - sin(n - £)y). 



= 3 




. 2 



f J Jj3 - v < x < v &\ f(x) = \x\ J^j f(x)= f(x +2tt) • 3 

LS" <l>(y) *!U\ J*k*. rJ \ . x = -u* rfj l^j , s>l~, 

x = 06^ W ( 16 yfoUJ 



<W0-> 4>(0+) 



jg< *< ^C^TT — jl^JJwa gjJI SJbJJ i^J^iH / .4 



^ ~ 2^ cos ^ ( ^ > 0) 

<P/.(y) = T~r-; cosfy (3? < 0) 



2 siniy 



3 j L5 - ( 22 ) ibUJl j iLU&N c-itf 1S1 o^JWI ) 

( • cA*^ 

— ir < .* < it 



NX. 
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( x = o - ( 16 ) aJ^UJ! ^ ) 4>O0 aJUI 6' 6-i -b, 

fOJjJlj n atajj UjCc ^i^Jl Jl JjP ^(j) J 4j jji 0%U. • 



NUMERICAL DETERMINATION OF FOURIER COEFFICIENTS 

J«*ij lyjV LjLLhj l^j^UUwi JuJow JjSCajV oJuJc Jlji -^J^ 

Jmo • c-^lj J^-j aJIjJI 

oi* jj , UoUul iJUJJ i^jji iLL- • <j~ftfJI 6* j - -k^N 



O^ji*?*^ f^^i dlJij *_jLoj]I IJ^J <*j*~JU I^Ias*; t j£*J Lj . la i u 

' 2a *JJ ,S *dJU : L> • ^c*J*** ^* • • 7 * * —* /(■*) aJWI 



- /Ui) + /fo) + • • • + /(*,) 
«o - 



cos(rtTr/a)x! + • 1 - 4- /(*,.) cos(«Tr/Q).r r ) Ax 



(cos («tt/«)j:i + 
(/(jc,) sinOnrAa)*, + 



(sin (/jTT/a)jC! + 



+ cos 2 (nir/a)jic r ) Ax 
+ /(x r ) cos(«ir/<i)x r ) Ax 



+ sin (mT/a)x r ) Ax 



(D 
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f (v) 








v 

1 »_ 






a 


(a) 



















ib) 





f(x)- f,(x) 




*4j> OUUJ gfu*Ji 3U1 . 1 _ 11 JCA 

4 /W A<tf (b) -a < x < a SUmM *i V** « 

AV* (d) - a 4 Ijifc *<j ^ *>U1 «j* u^(0 

\*j> ^ i> w /w - /'W J er*j> * /jW 

jV^ (e) . IgJUt-UfcJ WW J < ■ d A UJLaj * - ±«. 

fMteiW VjUW /jW J *^ '•) = /W - /,« - Mx) 
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r 

J — a 



fix) cos(nitxld)dx 



cos (mtxla)dx 



oUjj ^-k-lw Wrt>J fUJIj JOl 3 o^Uic!! J 

(Rtemtnn Sum) 



| ,, , nttx ( 

f(x) cos dx = fixt) cos 



- + •■•+ fix r ) cos j A*. 



• Aj: = lair , JI^Vl ^wj- jj 
,ja«j flaii-U UaUul aC*, o^l .UU1 ,i oUUJI 



cos 



2 «TT^( 

a 



+ cos 



2 «TT,V> 



r 

r, « = 0, -, r, 

V 



(2) 



sin" + 



mrXr 

+ sin" 

a 



0, Uxprt = 0, -, r, 



i 2 



(3) 



a = - (/(*■) + • ■ • + /(*r)) 
r 

3 n = ; l/W cos — + • ■ • + f(x r ) cos — J 

2 / nttxi , . . nw^A 

*>„ = - sin -+■•■ + /(*,) sin — 

r \ a a ' 

ij\s (r = 2q) Ljj-jJ r C-jlf Wj . « < r/2. (5*^ 

^ = A ( /(jCi) cos 2H1 + . . . + /( , r) cos q -f) (5) 



(4) 




do, d u b\ , . . ., a, 

A * 

d , ai, b u . . ., d q , b q . 

i^UJI «> . SjiAjl j oliLII <»jLi. *b."*i. • • •> 

s^i j oUUi ^Ldl J^VaJJ J^l i^L ^l; oi* 6 U )t5> V\ 



_ 2a _ 4a 
jfo — 0, X| — , *2 — > • • 't x r — 2a. 
r r 



(6) 



O^U* o^j • S x < a S^IiH j. iijjc* /(jc) U«l J*»-V 

^iaJI jy lyiliiil j?*^ o^* < i y^»j 



A-j jj» <L jL»iJ( i*SjWi o^jIaJI ^ s (Ji <L>-JLi s jXiJI (jScdj • «^*^ 



&* = ; (~f(xo) + /<*,) + • • • + /(x,,,) + i/( X4 )j 
*' * 7 + cos ^ + ■ • • + i /(Xf) cos ^ 



(7) 

« = I, - - .,s - 1 



* - \ (jf(*o) + /(*,) cos £Hl + ... + 1 /(jr ) ^ ^ 
* - \ (/Or,) *^.+ -. + /(,,_,) sin ^ 




,s. (8) 



til «jl i_~-o I J* jyJajj . JJ>p JSCiJ 2Lj,^kJl MsJI , «S J ^ 

j <*U»cJ jj ai J 3U\jJJ - ( even extension > (^rjt^ fc-j^ ^ 

- i . 



c-ilS" Yi\ , ^ Ajjjt <LU loyj] 



F(x) = a + a l cos^ + S lSin JE + • 
a a 



=/<*,), i = 1, 2, . . r . 

Sj^Jl 45 /(1) = (sin x)lx yiJJ JLjjjidl ^jji o^LU. . Jll* 

-ir < jc < ir 
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*o = 0.x, = ir/6, . . ., x 5 = 5ir/6, x 6 - tt s = 6 W 



/ 


x, 


COS X, 


cos 2Xi 


cos 3x t 


jsln xtfx, 








1.0 


1.0 


1.0 


1.0 


1 


IT 

6 


0.86603 


0.5 





0.95493 


2 


TT 

3 


0.5 


-0.5 


-1.0 


0.82699 


3 


TT 
2 





-1.0 





0.63662 


4 


2tt 
3 


-0.5 


-0.5 


i.O 


0.41350 


5 

6 


5tt 

6 

TT 


-0.86603 
-1.0 


0.5 
*1.0 




- 1.0 


0.19099 
0.0 



n 


4. 


a„ 







0.58717 


0.58949 


0.00232 


1 


0.45611 


0.45141 


0.00470 


2 


-0.06130 


-0.05640 


0.00490 


3 


0.02884 


0.02356 


0.00528 



i^V ) JjJ^- ,> • ( cr-*- ) 

^ joJ-Jl J-*: ^SO 4 oUU <y ^ . ti?-^ ^L^Jl 

f LiUe v L*Jt ,\^\ .0.5 jl ( 1 ) Jl» « V- " ^ ^ W?" 
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d\ c£*i. (BASIC) c^L-j liL ^ (1_12) JSCiJl 

sU*JI UUll 6li . ib^Jj . ( 5 ) j ( 4 ) ^UJI j c^UJi 

< ( ( 5 ) j ( 4 ) ojd.A*Jt t| US' »■ wjJI ) * . oljUU 
Jlj^J! ^ ^ K(l), . . Y (R) ^\o^^\ iB jA . y oLj^i 
ypjij olk-yufl Jvu ,U»I . ^AJJS' . ( 4 ) XbUJI j/(jci),- - -,/(x r ) 
■ B(Q) ..j A(0) j A(l) , A(0 O^L.UJI 



1000 REM FOURIER COEFFICIENTS 
1010 Q«R/2 
1020 H«3. 141593*2/R 
1030 FOR K«l TO Q 
1040 A«*0 
1O50 B»0 

1060 FOR 1-t TO R 

1070 A=Ai-Y(I)*COS<H*K*l> 

1080 B=B+Y(I) *SIN<HtK*I) 

1090 NEXT I 

1100 A(K)=A*2/R 

1110 B<K)=B*2/R 

1120 NEXT K 

1130 A»0 

1140 FOR I«l TO R 

1150 A-A+YCI) 

1160 NEXT I 

1170 A<0)» A/R 

1180 IF Q>INT(Q> THEN 1220 

1190 Q-INTCQ) 

1200 A(Q)*A(Q)/2 

1210 B(0>«0 

1220 END 



1 -12 JUk 
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^6' . ljjL«?- <j£»*J s—*^ 



ij jjjdl o^l&N yVjo JllJl j 2L.L; .^jjl oLU. ^ ^ . 2 



f(n+l)it • 

Si((n + 1)tt) = Jl 



Abramow.cz oLJlj 1 " Handbook a f Mathematical Functions fJ-*»" 

.1972 .Stegun. j 



«>Uicl oUL, ) ^la,) s^o j AJI Ju «U ^Vl 

AJI (5j^ lilj . *J JjUJI ^Ul LIju j ( r o5 242.8 j 

j , ftj, <5 2 , bi, . » ., ... oliU. ^1 . ijLii 

4 . ^1 6 . 12 o!^ 3LIUI oU^JI . ts^jl ^ dUi) 

j«£ jLw X,, j ... j ^^Jl J^tf ^ j; ^ ^J^j ... ^il 

• i*>1 c/^ oj^ ^ J!UJ '12' j JjVI OjJ^ 

2.35 J^- 0.75 ^UJl 

2.15 <J 0.60 J»Li 



1.75 JjU 0.65 jlil 

1 .05 JjVi tjj 1 .1 5 jjL-jj 

1 .00 ^\ &jJZ 1 .80 

JjVI 2.25 cU> 
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FOURIER INTEGRAL 



aJVjo ijjjjj^ SJ^jJJ J^iaJl fjyu ^j^> J-oaJI U* 2 j 1 ^xJl ,3 
oi^S" JljJ J^r-<" J* ~ oc 3 » ^ (J*" ^d^J 3 t -***^ ^b' 1 if 



sin \.x 



clX 



IT 

2 

0, x 

TT 

'2' 



r > 


x < 



(1) 



K(x, h) 



■.in Kh 



IT Jo 



cos A_t d\ 



(2) 



K(.v. /i) 



1 , |.v| < h 
0, Lv > h. 



(3) 



cos X-v y^jo V^Liu; ^SL. (-1 VU:^ 2/r 

: S^L~J1 j\ ■( mean value theorem ) iia—jlJl L>JJ^ ^jr* 
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oj^ ( 4) SJjUuJI ^ J-wVi ui^ia^ k>\^ a*\sX> ilUSj oljLuJl ois> (_j 

1 f~ 

/(x) = lim — f(x')K(x - x',h)dx'. (5) 



/(*) = lim ^ f /(*') - f 



sin kh 



cos Xfx - jc') dk dx'. (6) 



, y ,. f° sin X/i 1 p 
/to = J«n L -77- ~ /(*' 

A-»0 + ^0 Art 7T J- 30 
- 



) cos xOr - JX. (7) 



Jo- t> uji" (sin X/i)/X/io^» • ^ ft vj 1 ^ ^ sJ -* j 



JO h j-h 



(8) 
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(A(k) cos kx + fl(X)sin kx) dk, 

1 P* 

A M = ~ Lj(x) ™ dx, B(k) = ±r msiB Xxdx. 

IT J — * 



K<x-x',h) 



2h 



1 -13 



«jt - x'. k) 



(Fourier integral ) ^ JJU; ^ IJ^ J-lfc, 

otL ^! B(k) j A(X) > Jlkjj/ aJUJ representation 



(A(X) cos X* + £(X) sin Xjc) </X = - </(*+) + /(*-)) 



f 



i r i r 

W = - f(x) cos Xjc dx, B(k) = - /(or) sin Xjc dx. 

17 J— » IT J-°° 
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\f(x)\ dx 



^ 1 



fix) = 



i> W < i 

0, \x\ > 1, 



A(X) 
fl(X) 



IT J ' 

0. 



/(x) cos \x dx 



if 

TT J- 1 



cos Xjc <£t 



2 sin A. 
ttX 



- 



fix) 



2 sin \ 



7r\ 



cos Xx £?X. 



^LJl JJiojl - A*) = ex P (~W) ^ • 2 
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A(\) 



Tt J-> 

it !> 



exp ( - \x\) cos \x dx 



e x cos \x dx 



2 e . *( — cos \x + Xsin \x) 



2 1 



TT 1 + A. 



exp(-W) Oj^j S=rjj exp(-W) ^ • B(k) = o 



, , . 2 f°° cos Xjc „ 

ex P( -W) = -J o t^^- 



. aJ1a!I dUd aojj^s Jj>l5jj L^,L* 
sin Kx j\ cos Xx J 4 - V ^ 





... 




/w = 


,00 

J o A(X) cos Xjc i/X, 


< x < oo 


A(X) = 


2 r 

— I /(j) cos Xjc dx 

TT JO 




/« = 


j[ fi(X) sin X* JX, 


< * < 00 


B(\) = 


2 r 

— f(x) sin Xjc rfx. 

71 Jo 
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cjUfc *r <S . v'VI cM ^ JS3 ^1 ^jdj, ^| r j . 1 

^ 4 ^ iM» fc^- • / iJlaJJ ^Ul c^l, ^1 ^ 

< x < oo 

AO = e-* , 



1 < x 

- X, < JC < IT 



• C 

It < X 



( . c-JjS Jjoj ^ ) 

1 r r 

/W ~ v h J-» /(/)(cos Xf 008 X * + si" X/ sin \x) dt dk 

if 00 r° 

w ■'- 06 L"-»» ' - x J 

to— »oo T% J — '*> l — x 

(Fourier's single integral) >JuJ\ 4;> ^ ^Vl ^ 
fix) = f AO &(' - *) * 

J-ot, 

(Dirac's delta S\jt> \di «lb ^ . 3k c~J 8 0^ <> 

function. ) 

. U» J53 ijjji J-ISj Jju; jj- . 3 



,, . sin x l 

/ W = _ b /w = p a 

* I + X 
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*dJL>* J* , ^> ' o"jL»l*c« ol» V t ) 

TOO 

^ (| yjikljl o-LV! ^ . (B(X) = o) o^yr^ B(K) j A(X) J~> 

( . 1 Ji* Ji^V , ^^Jj ) 

c^LU, iS^L. . B(X) ^ A(X) UU! 

s B,, A p fix) aS:.1..\J 
: gjlL L* ^ . K * Jt W <A Cxi • 6 



^ sin x A = tan ~ ' AT . b 

Jo * 2 

. k J L-JL (a) J^lSCs (b) , 5p.U J^.VScO\ Aj^L (a) ) 

* 00 Uu* (b) J SjUH j^U ( C ) 
. ( 1 ) iJjUJI g£\ . c 6 <jd -/■*■* ^ Ijij I . 7 
( 3 ) ibl*. jUiiV sin XA cos X* *\joJJ LildJI olilkJI fj^l . 8 

. ( 1 ) ibLJl 

: ijVi Jljjjl ^ J53 Ajjji J^lSi J^LJ . 9 
(0, R > it 

/(jc ) = (j>*. 0<x<,r bf 
_ J |sin x|, -ir < jc < w C 
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— - — = -sgn(jr), 



- 1 .1 .0.1 ^jLo sgn(jr) 
. ,_jb ( 3 ) SJ^Uil ^ Ori • *— ; (J* 



= i(sgn(jr + h) - sgn(j - h)) 
iiUcJIj ( 1 ) ibUJl ^j^lAj ( 2 ) SbUJI Jc . 
%\nk{x + h) - sin X(jc - h) = 2 sin X/j cos \x 
<]b /(.v) ^^ScJ . iLA- 4jU <d Jt e^W^ 0^-*i 'SlJJ* J- 8 ^ ■ 11 

. 'ojjjs 'ilJu a.^j...'^ jc < a 



/(*) = a Q + 2j a » cos + b„ sin , - a < x < a 

n = i a a 



mix 

cos dx, 

a 



, . mix 

b„ = - | f(x) sin a.r. 



l [" I f° 

a o = zr \ /(•*) a„ = - /U) 

2fl J- a J a 

I P 

a J - <i 

L O^UN ^»>J X„ = n7r/fl ji ^ 

l f" l f° 

A<A„) = - /(*) cos X„j«/x, fi u (X„) = - f(x) sin \„jnk. 

fix) = a„ + X (^«(X„) cos X„x + fl a (X„) sin X,,.*) AX (*) 
AX = X„. t i — X„ = ir/o. 



W . o -» * ^ ^ J 5 ^" ^ Cf> ^ o ] 
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fix) cos \x dx = A(k) 



1 



5 a (X) -* - I f( x ) s i n \ x fa = fi(X ) 



TT J - x 
«0 ~* 



/ i)U) ^jj^s J^l& ^ (*) j ^ ^ aJu. J > .12 



COMPLEX METHODS Sj JunH .10 



iLA- joV^ /w yijji ^jAi 



fix) ~ o + ^ a„ cos nx 




: U 1 



' - ! e = cos 6 4 / sin e, 

f Ui ^ ^ yuji . ^\ >u 



cos 6 = + e ~\ sin e = ^{e* - e ~ m ). 



2? 




/(*) - *o + ^ 2 + '""") - »„c 



1 



«o + : S - + ia„ + ib„)e~ 
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c = Oq, c„ = \{a„ ~ ib n ), c_„ = + 'K), n = 1, 2, 3 



00 06 




iJwJl *V-^ o*-> ■ f y,jJJ oi * 



2tt J -it 



(2) 



f U*iX S&j ^> aLU iLUJl 5JW\ o^i <| 



o, 

2 



(-1)' 



n + l 



cos nx 



n =i n 



n = I W 



00 r-ii n+1 

~ = y ^ — =^ — (<r 

1 n 



(3) 



. ( Taylor series ) »* ^ V* > ( 3 ) 



\TA 
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*i n 



(O* = ln(l + 



1 + = + e -™ } « 2*^ cot ^ 



In(l + O = f + ln^cos^). 



-it < Jt < ir. 



In [2 cos (x/2)] j» Jn(l + «*) 



In 



2 cos - 
2 



(-1)' 



B+l 



#1=1 n 



cos 




U = ±w, ±3tt, . . . .) j^Lk ijjliu *LU1 ) 
4-=& 6* 6^i- 00< * 5^1 t| <vJ! A*) yijdJ ^ 



Ax) 



(5) 



J*? ljuji LaUI ^ o^LUj 



C(X) 



' r 

2ttJ- 



f(x)e- ,Kx dx. 



(6) 




C(X) = A{K) - ifl(X) 



(7) 
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^yUWJ { £j2x}\ ^j_j3 (_)-»l5v J»aljCsj . ^JjS J^l^J "ilaljUl LoJl/4 J Bit^o- 

. /(*). 4jUU ( Fourier transform ) *4jj>* Ji 

iL-L,j 4aJU*31 Sju-Jl JU*1-U dUij ^ JJ^J^j JljjJI -k.^ .1 



•sry n 1 — r COS X 

1 + X r" cos nx = j> < r < 1 a 

n = i 1 - 2r cos a: 4- r 

S ^ = SI n (sin x) b 



0, n it m 
2tt, n — m 



AjJu*)^ iju-aH j»J^sl».l . 3 



a„ - ib n = - f /W <?~ l,uc <fr. « * 

TT J -if 



s $JUU ■Jjjjs 5L«L. iUuV 



AX) = f"> -7T<X<7T. 
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ijVl JIjJlJI JiO ^jjjs a?- . 5 



/to 

fix) 



e~', x>0 a 
0, x < 

sin jc, < x < tt 



. APPLICATIONS OF FOURIER SERIES AND INTEGRALS 

NONHOMOGENEOUS DIFFERENTIAL EQUATION 

-f 3 v j . ([forcing function, ) yij , \^ /(/) JjL 

damping J^l ^Jl „ ay j . ( restoring term, ) « JiiUJI ^ „ 

( .term. 

*ij>Ji l r i~L o' 1 ^=>^i • 2ir, s^j oli Ajjji /(') ilhJl cJlS" lil 

x 

/(/) = a + 2 «„ cos nr + b n sin n/. 
« = i 

S^L. L^! . 2tt. oli Lj^j >'<'> ojtf 
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y(t) = A + 2 A n cos nt + B„ sin nt 

n- 1 

CO 

HO ~ 2 ~ nA n sin nt + nfl„ cos n/ 

n= I 

00 

= 2 ~n 2 K cos n/ - n 2 fl„ sin nt. 



P<4o + 2 (-n 2 A„ + anil, + p/y cos „, 

ao 

+ »?, ( ~" 2B " " aM " + PB " )sin = «o + £ a„ cos nt + 



sin «/. 



fW = «0 
(3 - « 2 )A n + a/ifl„ = a n 
-anA n + (P - n 2 )fi„ = 6„. 



Ab = (P ~ " 2 )Qn ~ *nb„ B = (p - n 2 )^ + ana,, 

where , j^^. 

A = (P - « 2 ) 2 + aV. 

J ^-**5 u^d 6s j as ok • /, *JUI C^UI til . oVI 
c*»J aLUIj u^d }<0 . Bs j 4s Jf J^l 

MY 
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BOUNDARY VALUE PROBLEMS 



aA „ ....V_»j J^ « ,., l a J o^SvS j»-L?»uw L -*> u " • (J^taAjl i^Aal Juy*l5" 



=4 + pu = f(x), 0<x<a 
dx 

u(0) = 0, 11(a) = 0. 



/(-t) = Z sin , < jc < 




«W = 2, » in — . < * < a 



J-<a?«i <0lwUJ <LoliJI AiiijJi j 



d 2 u 



,2 _ 2 I _2 "« 

at /i= i \ a 



n 2 n 2 \ . nttx , 

B„ 1 sin , < x < a. 

a 



J-?ei . iJusU^l 4jAjtJ\ ,3 f(x) j j u "> J J— ^LJ^ (j«J*J UjCfrj 



nV 



j- fi„ + pfl„ sin 



X f>„ sin , < x < a. 

n = i . a 
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p - J fi„ = b„, n = 1, 2, 3, . . . 



-^2- I = 



ft, = b„ 



° / 



a 2 b n 



nirx 



sin 



n -- \ a p — n n t a 

: ij^jjjjl i]L~» J>U 



"p> - M = — .V, < X < I 

ax 



- K = V 



h(0) = 0, «(1) = 0. 

• 0' 0- S^U. j5"\jJ1 ^^iojj 

2(-D" 



sin H~r, < t < 1 . 



v 2 f-l)" fl , 

Zj r~j sin httx, < x < I. 

n - i tt n{n"-n" + I) 



Ml 
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THE SAMPLING THEOREM oU-jJ! -C 

^ . j^iicji yui c^ir liij . / jsa ^ V] ^ u 5,1*1 



r 

/(') = J C(co) exp( /go/) t/to 

c(a,) = ^L /( ° exp( -' w) 




j U ^Lo ^1 l^L^- tf lii - a jui. <,> L^U s^U^lJ Ji 

C(oj) = 0,Uja-|ft)| > ft. 



/ c^S W ( cutoff frequency , ^ ^ • n ^ ^ 

fti) = J C(io) expO'io? ) deo ( ] ) 

UUil . -n < <o < ft 5^*11 CJ U 1 ^Lj C((o) 

C(w) = 2, <» eX Pl~7^~J- ~ft<W<il. (2) 

C " = 2nJ-n C(ft,) eXP V~7i — ^ 
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Jiu, papunoj 3 A^q suepi )B m 3 q lK ui jeajg jaqjo Aue N Op 3AIOS3 j us 
^.qojd 3 q,~p 3 ,ny jduianB S?H ) S3 p 3s J3pnoj B J0 30ud3j3AUO:1 a „^jJ 



-ft < O) < ft. 



/(f) 0^ 

n 



/(/) = J C(w) exp(jW) «/w 

1 ^ //tiA f" /-/>nrco\ 



. iilkJl f Lix-\, J^lScJl ^{ JJ 
sin = — , 



-oc \ ft / ft/ - nrt 



. i = o, ± -ft/ft / ol~<. ^ V^^" jS^j /(/) 
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COMMENTS AND REFERENCES : J^U^J oULJjo . 12 



j\ jjljj . ^liJl <.im"« £ ^Lili^ iLUJ <.1jJcJ Jjl 
SjUj jj . o%UJl A Wd^ ij-i>^*J^ fJkilJ Euler 

J^yjl. i^»UJl JiLJl SJjjJ JLSHJ! iLUl fjJcJ ^ j-A^ 

Ji^ Jfr 1^ ^ *)b tfl ^ .j^J • ( c^ 1 ^ ) ySjj*ft 

*LL j ^JJ^i ^ij ( 1830 yjllj*. ) Dirichlet jlU^U 

oi» ^jjU>M ciii Jij . XL-L. j t->jliu)J i*»\^JIj l iJ jjJai\ i»jj±3^ 

fUutl Jii^J JJLJl ojjt cow>lj . <4j> aL-L IUyJ ( oVj>*^Jl <lJ*> ) 
JUL, j 1981 f\* Sj ■ 19 &6 f\* i*J-,Y\ XJLJl J*- jw j . 0~*AJ 

LJU. " (The Mathematical Experience) ^ ^ J,^ 



JiyUjJ J Fowr/er Series, ^ Jtf ^ 1962 f U jj 

Fourier Series and Boundary Value Problems U 
. i*MiJU(J^ oli.ji ..ta"l] 1978 . ( uj^J tjW-/* - 

0^"*d *dJ->* ^.^l oUl— *Jl U>«Jjlj £ya\ . 1960 

JjjJjj uj^J^ Numerical Analysis . ^j^J 

ja .1974 . Jjjj Numerical Methods , 1978 

. .1963 . -wj waJ(j 5//?nfl/.v a/irf Svifcmv . oVUcVI 
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"The Shannon Sampling Theorem" 



■ T977 . 



(trapezoidal function ) ^^J| ^ y W ^ _^ 1 



< jc < 



fix) 



xla, < x < a 

1, a < x < it - a 

(Tl — X)I0L, TT — a < JC < IT. 



, iJljJJ iLA~, Jk?- . 4 



Jo 



F(x) = /(/) <fc, 



1 /p Mill j flUl) >jJ / 



( 1 ,0 . Uy j 



h{a — jr) 
(l - a)a 



< x < a« 



JLLc. A^wwtJI <*ojji aLJw, i^jjlflj l^J Jc»- . 5 ^y^olJ-l (j ^iW^ Jajaje^ -6 

x = 0? at x = <Kr? at jc .= £i 



MA 
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/to = 1, < x < a ^ ■ 7 

: /to cAjtwjJ . 

• cj^-Sj^ l^JJ"^ J-^j-*^ 
. (3jJ-^^ £-»jl3^ 

/to = 0, ~a < * < m\ JjUu ^1 ^-.jdl 
/to = x, < x < a Uxt . 7 j yjXkJ^ 

0, -a<x<0 
2x, < x < a, 

J\ . (n» ^ ^ -V t5jti^ -U^-J -Uaiw jw-jl 

x = 2a? x = -a, x = -all, x = 0, x = a, -Cc Ljlal* 
SJllU "L~jJ1 ^iJj* i— (W iSjJ^ £~>^ iajaiw .10 



a 

b 
c 

d 
e 

f 

8 

9 



/to = 



1, 0<*<- 
2 

1 ir 

2' 2 <X< ^ 



x = 0, x = ir/2, x = tt,x = 3W2, ^Ul. ^ ^ 

S x = 2n 



Uji^ ^jliU *LL2) ^ ^ J • V^" Vt^ 1 <-iJ^ *? 



x = 0, x = tt/2, x = it, J£ = 3tt/2, and x = 2tt 

i illjJJ Vi=*^ 4j .j>' * 1 2 



1 - x, < x < 1 
0, 1 < x < 2. 



www.alkottob.com 



. fl*^ «--^jnJI <LL < i^+*y -Ma*** f~>) 
^.J 0< x < 1/(jt) = J 2x j -^JJJ -U-xtt iLJu. Jk»- . 13 

iL-L. r ' ^ *J?->>N ^J-J"^ f>^ JaJa^w 

. 5 i)ljJJ 0>^i ^J^- Jf»UJl X* iy^l 
*--»Uj u-«»J1 aUu f-k*lJj , 13 ^j-j (3 *— ij u^XkJl Jar .14 

• <j*"jJ^ ^jj*^' fro^l* 

XJL15 *J j^yi iL-L Jb- .15 



/to = 



o, 

sin 2x, 
0, 



-IT < X < 

2 

It Tf 

- < Jt < - 

2 2 

IT 

- < Jt < IT. 

2 



< jf < 2tt , /to = (ir - x)/2 sliwJl SJUJ1 0* Osi • 16 



/to = Z — < jr < 2ir. 
t n 

, Ji oUV ^iuH v-jl^JI XLAJij Sjj&N Ji>II f juteJ . 17 



v» sin(/V + i)uc - sin it 

2j cos nx = ~ 

n =t 2 sin tx 



2) cos nx = 



sin jNx cos K# + 1)* 
sin ix 



™ 4 *iJ*» **-*-J ci*>N fc>*»«^ • 18 



sin nir 



\6> 
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oll^l oU>Jl oi* . S N '(x) ^ 17 j JLAJI 

4 S*to . 0<x Sl r;^! j S^x) J ^ 

0>Af = 5Xe = C*^ <jc<tt 5 JJ&\ j JjVl i.^grU 



/to = { 



sin — , < x < a 
a 



a < x < it 



0, 



< a < it J -,1 



• 19 4 sU**JI iJWJ w^Jl hjji iLL 



20 



■ Kktt hj£ JjLj ^ . 21 



/to 



1, < x < a 

0, x < or x > a. 



AH) s^Jlj iijy J^ISj Jju; . 22 



/to 



a - x 



< jr < 



0. < jr. 

yiaiJ cr^ 1 Mj> J-U . 23 

/(*) = I Si " *' <x < * 
[0, TT < X. \ 

^ J*lfc JJUJ .24 

/to - «<*<« + € 

iljUJI oUV isj^ji ^ j^, ^ 25 

f 



e * cos Ajc d\ - ' 



1 + XT 



\0\ 
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. J1 



2 [ cos 

IT JO 1 + 



kx 



dx = €~ X , k>0. 



. sljUJ^ oUV > <ji ^ 25 <3 sljLJl . 27 



( e x smkt n _ , 

tiX = tan /. 

Jo X. 



■ J J ( 27 ) j oljLJl J\ Jjt .28 

2 r _ <?~ x 

- tan 1 f sin \f cfr = — — ? 

1T JO X 

.3^^1(27)^^ ,29 



ri 

Jo 



— € " It _ i 

sin kx dk - — - tan jc, x > 0. 



b 2 + 4 sin 50* - 12 cos 41* 
d. sin(4x + 2) 
f cos 3 X 



sin 2 5x 

sin 3jc cos 5x 

cos(2x + iir). 



a 

c 
e 



;.:..^V. o < jc < l j /to 6^ • 31 
/(x) = 1 - x 

J^lfc (c) L*U *4ji> Si - jL - ^ Si ~ L ' (a) ^ 

Slk*Jl M £,U ^ yfU ^jji J-^o' (d) yr-^ *1J> 

. -2 <* < 2 j i-*jUl. 



UL9V . 32 



Nat 
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f 

Jo 



cos \q exp( - k 2 t) d\ = 



exp - 



4/ 



> 0) 



J COS A.<7 J-U (b) i J*l£JJ i^-jjJl L^>U*)I j»ljlj£~Aj oo JI 

(d) i aJUI j e ^Jl J^Sl ( C ) , ( Sj^l i* ^ )cxp(i\q) 

sljLJI fjiizJ (e) JJicJI ojj-J&t Jju 



exp( - u 2 ) du = VtT. 

J-ao 



*iUl (fln. d u . . ., a 6 ) ^\ o*.l~ & <ij^ ^ Vj» ■ 33 



fix) = <X < 1. 

1 + * 



/(*) = *,0< J c<«y U Jj «(*) J w,]! ^> SLL JJu; ^1 : 34 

—2 - 7 « = -x, < x < a, 
dxT 

s «(0) = 0, u(a) = 0. 

oijUiJI oJa J£! 35 _ 43 
< SJbJJ S^«Uj l *->jj>* iL-L. a^- . \ 

• J 6^ sU*^l 5JljJJ ^jjjl r , jl ^ 

,3j jUJI si* J53 44 _ 52 

■ ^ slWI iJU] ^jjl ^ iU^I . ^ 





0, 


< x < - 
3 






■S3 & 44. j{x) = 


x 
a 


-- ~<x<j x = 0,-a, 
la 


a 

"2 






. 3 


-r- < x < a 
3 








1 


0<x<? 






36&45. f{x) =■ 


2' 


2 a 

a * = -, 2a, 0, -a 

2<^<a 








1, 







37 & 46. f(x) = 



38 & 47. fix) = 



2* a 

~ , < x < - 

a 2 

(3a-2x) a 

2a ' 2 <X<a 



„ a 3a 

or- 0,- a, j 



x, < x < - 

2 Y _ n a 
a a * - 0, o, -- 

r, - < x < a 
2 2 



39 & 48. f{x) 



0<x<« 

a 

0, 0<x<^ 



40 & 49. fix) = 



x = 0, a, — - 
2 



a 3a 

1, -<x<- 

3a 

0, — < x < a 



a a 3a 



4 



41 & 50. fix) = xia - x), < x < a 

42 &51. fix) 



0, -a, -- 



= < x < a x = 0, ^, a, -a 



43 & 52. f(x) 



< x < - 

0, 2 

1, a 

- < x < a 



-a, -, a 



\ ei* J53 53 _ 58 
SJUU i^^-*-* v^ 6 ^ *i jti* J-*^--' ( J y-** * • * 

J£) 59 _64 
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i3U3 ^jr-^ *iJL>» L>*^ 



53 & 59. fix) = e 




< x 


f 

54 & 60. fix) = 4 

v 


e" 
0, 


< x < a 
a < x 


f 

55&61. /<x) = 


o', 


< x < b 
b < x 


56 & 62. /(x) = < 


cos x, < x < ir 

0, IT < X 


57 & 63. f(x) = - 


1°' 


- x, < x < 1 

1 < X 






< x < 1 


58 & 64. fix) = ■ 




- x, 1 < x < 2 






2 < x 



©i, .... ^ \J%Xaa o\j 2it SjjJ c*\h 



N 

SM) = c + X a - c °S w + nx 




a fib /(x) ^ 



65 



<3 



s y> cL ^iuH oJ* J-Umj . LL£J1 



1 



Mx) = -(5,(x) + . 



■+ 5v(x)). 




A + 1 - n , 
<r*(x) = do + Zi — "T, (fl^os ft* + ©.sin nx). 

n-l Af 



Wo 



www.alk 



. 7 JJj 2 Siji-UJI kj^+j . 66 



N- I 



s»n%) 

= OUV . 7 Jlo oljjai- ^jl . 67 



n=0 



<3 otr*" 



■ 65 (jj^-JI 
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THE HEAT 
EQUATION 



— 



. AJiJJtfxjl Joj^iJlj iJUs^VI . 1 
DERIVATION AND BOUNDARY CONDITIONS 

j ^**> l> v?*-^ 5 Ar*^ ^l? t J?-"- : -» ^ 




. ( 2 _ 2 J£i ) .v + A.v ^JiSjl jj. Ajtj j-iJ 



.(2 -1 ) i)U 



q(x,t) 




(2.2)^ 



jr + A* Jut ^ixJl 




Sj«j ^^iJl 1»jJuj Sjl J-^*>j 

. Aq(x + Ax, f) 



ills' sj^j J£J <ijijsJl j_jib c j *i\i£J\ P c-slS" W . iUiJ 



3 " , , 
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• lApJ' Wj> y» U(X, t) 

^\ o^sll ^ ( &s ) J | h \^\ ^ ^ l5> , ^ ^ 

0^ . ( generation rate ) « jj^l Jj^ „ c^-j ^ j^y 

■. iwju yuji Jm*. J* u-»> ^vi 

Aq(x, t) + A &x g = A<7(jt + Ajc, r) + A Ajc pc — . (i) 
<?(*■ - q(x + &x, t) 

Tx + 8 = 9C dt 




q(x + A.r, f) - q(x, t) ■■ i^—Jl 



Ax 



lim ^ v + A Z ^ = <*[ 
ivtii Ar rir' 



<ty du 

— + g = pc —. (2) 
Av r ( )t y "' 



6J*\ ibU* Jl jrl^i u j q Jul*; SJjUJI ia 
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du 

du/dx <^ry Q ) <UaiWsloJI o^j— O^* • oUl£lbj 

lii X Jfr -UI«u c$JMj . ( thermal conductivity ) ''^tJ^j 9 *^ 

iJ^U* & <>jj* oy\£ J^j^.j 



d du\ du 

¥A K 7 x +8 = pc Jt (3) 



Jljjjl oi* C-jl^ lilj . jlji ^r*^ ^ 6^"*d c J P J k 

i_-^o jj! ' U J t J X -J 4 .... „ ■,■ J lj 4]JlL«*» 

^ + « = ££ He (4) 

d* 2 k k dt 



JjJL>Jl . ( diffusivity ) h JJLX)^ [^Ac jU»j j - k oi\c o*^> K/pc 
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2-1 JjJ^f 



k = — 

PC 


K 


p 


c 




crn^ 


cal 


9 


cal 




sec 


sec cm °C 


cm 3 


g °C 




0.83 


0.48 


2.7 


0.21 




1.1 


0.92 


8.9 


0.094 




0.13 


0.11 


7.8 


0.11 




0.0036 


0.0014 


2.6 


0.15 




0.011 


0.0041 


2.3 


0.16 




0.009 


0.004 


0.92 


0.48 





i^, 0<*<a, 0<f, 
k di 



(5) 



u(x, 1) = x 2 + 2/:/ 



«(*, = 



sin x 



\yp- l^AAP- J-oU- ^.j*^ i-U>UJi itaUJl i }h>c 




\"\\ 



sj^i *il^>^ liiJJJ . 5jl iJ^u <jl ^s-jj 

^\ ^ ±>jjt}\ 
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«(*, 0) = fix), 0<x<a 

. Jaii x iJVjj SJb ^ f{x) 

«(0, f) = T , uia, t) = T U t > 



mUo, = a(0 



(6) 



a(/) 

oc50 0^ O^tft* ■ eAr*^ ^rj J c| ^j-^l> Sjl^sJI cAdv t* 



— Uo, = 0(0 
d.V 



(7) 



Neumann ) 6^*^ J* _/~> <_r*— d.) • oV^ ^ cf* P 
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du 

— (x , = 
dx 



c,«(x , + c 2 — (xo, = 7(0 



(8) 



Robin's > ^jjj J,ji jl viJlifl ^ J»yJU J»^iJl U» 

x = a Jut ejyA) J» I jXfbj ( . condition 

q(a, t) = h(u(a. t) - T(t)) (9) 

*M Vj-> J^" 7X0 ^ 

-k — (a. f) = - hT(t). (10) 

( . [h] = ///L 2 r7" J-JI 
Uaii j l^^ili- ( j I ) j f, SJUI J^iJ >LI lijjjl 

jjalldl c-.i rta . H qr-*«f ^-»» ^ < *^*» • ( mixed condition ) (jakit. 
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w(0, = u(a, t), t > (11) 

- <p, = r (a. f>0 (12) 

SJUJI JJVjo ija^- 2LLp »j* j>» yr* 

■If 

U JS^j J£ ^ijj^Jl A^lj ^j^VI ±>ji\ .- 0J \j*s\ a^u, 

1 cj* 



a 2 u l a« 



< x < a, < t 13) 

a* 2 k dt 

u(0, o = r o < / (14) 

-k^(a, /) = h{u{a, 1) - 7,), 0<f (15) 
«(jc, 0) = /(jc), < x < a. (16) 

. *US3l iJljCoVI fJdl _ L^jj^ll ^1 ajLl 



www.alkottob.com 



Jl j£s Ji>" V SjliVI . ( 8 ) ibl^Jl fc^ 3(10) ibUJl ^ 

OJ^d « j ul> ^->» <?(a, r) « u{a, t) > T(t) 



du 

k — (0, /) = Aw(0, - hT(t). 

ax 



(jL* OJ^ ■ ^J*—^! Jpjc> x — a J^fr ^ia-Jl <j! cAy^ 

Jo** u^. i ( Stefan-Boltzmann ) J 

. ^l^cj-^J 4jddxJI Sjjj*«H ol?-^jJ 4ju IjJ! S^aJI <_^~AjIj ffjl^sjl 

q(a, t) = a( M 4 (a, t) - T 4 ). 
u 4 — T 4 = (u - T)(u 3 + u 2 T + uT 2 + T s ). 

J^L ^1 \>. ^liJl J^Ul ^dl J^j^JI ^ U 

( 16 ) _ ( 13 ) o^IaJI j ilLjJ Ljljjj IfcJB L»l . 5 
(jl (,$1 i t^waiJl "-A/*" ^-Tj-^ £jjL«<» ^IaJI 3 jl/*" ^-Tj -5 JU^sw 

5Jo\jtJ\j Lm<jIjij <Li»J >^>jJ^ 



Cf (0,0 = k^(0,0 

dt a* 

. X^U* ^ A ^ 

4 ^ • ( ^ ) ^ ^ ** £ u ^ 

. ( 5 ) Sj\>JI oV^U JjU ^ .Vial ^\ JIjjH J uai • 8 

■ 

■ 

h(jc, = exp(-\ 2 kt) cos \* 
u(x, = exp(-\ 2 &) sin \x 



STEADY-STATE TEMPERATURES 




VU\ ^ rj ii J>>- < 3IUV53\ iW» «L- A3^, ki 



g-I* 0<*<*,0<r (1) 



«(0, r) = r , < t < 2 > 

u{a, t) = T u 0<t (3) 

«0c, 0) = /to, < Jt < a. (4) 

j To -J ^ LTiV O-P" V^J • «Jj>* 
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4^ Jlj gpllj «(*,/) SJUI ^Jb . J^JX, ^jjl J. Sjl^ ^-jj 



lim u(x, t) = v{x) 



,. du 

hm — = 0. 

— 00 ar 



^ JjZ~>^ ^ SjLpJI K >- cr *j . v (jc) aJU! 

v~ vd) dujj. t > ojsa jibw . sj^ji aj 3 u.j ^ JjJb ji 

V 

^2 = 0, < x < a (5) 
v(0) = T Q , via) = r,. (6) 

— = A, v(x) = A* + fi. 
v(0) = B = T , v(a) = Aa + fl - 7,. 



v(x) = 7 + (7, - T ) -. ( 7 ) 



\A/\A/\A/ 



5JU ijL, o_>£ CW>\ < ( 6 ) j ( 5 ) oUaUJl > t^WU 

Jj U*i US' LJjJI ^ JL>, . ( 4 ) _ ( 1 ) o^WI o^^" 

^ j^vi iJW ijL. i^L dDij sj*uj\ 

r J ^ ^ oVjUJ\ J£ oLUI J^(i . sU«J1 JteiVI a]L. 

u JUL dUij . ( hijj*J>\ Uy*l\ iA*\Jrt\ ) 

^ 1 ( 16 ) _ ( 13 ) oVaUJi Jl^" ii-k 

~ = - — , < * < a, < f (8) 

n(0. = r , < t (9) 

- K-(a, = h(u(a, t) - T\), < f (10) 

dx 

u(x, 0) = /(jc), < x < a. (11) 



d 2 v 



—5 = 0, < X < « 



,(0) = To, -Kv'(a) = h(v(a) - T x ). 



J\ hij^ ■ v(x) = A + Bx J* S^j 

cJ$U\ b j a 3^ 

v(0) = A = T 
-Kv'(a) = -kB = MA + Ba - T x ). 



\"\A 



k -1- ha 

. 6 J&U Jta£ ) ^ ( 11 ) - ( 8 ) oVaUJiJ ^Ijdii IJU j(i dUJJ 

( 2 

K*J - Jo + — ( j 2) 
._j£j>w V '< SJ\jJt oj's*. t _jj* aOA . Aj AjJudl Jpjj-ijlj ^JtrfjlizH AjAmJlj 

S?"Ia' 0<Jf< * 0<f (») 

RO, f) =0,. < f (14) 

a* 

^(a, f) - O; < t (15) 
wU, 0) = /<*>■ < * < fl ' (16) 

^ v „ „ 

^5 = 0, < x < a 

dv dv 
ax dx 

Li» . XjLjl oi^ J*- ( til ) v(jt) = 7 J iJ*p-}L. *J_ hr J\ 
■^rt^ ■ ^Ji*"* "-Trr*"^ *>"^ — »N T JuJ^v 1 1 J jj 
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P<v4m(jC, tZt. 

• u(x, t) -> v(x) *Ai&\ j , 0) = fix) • r = 0-J 4 



j[ po4/(x) dx = pcAv(jr) <i* = j£ pc4' 



<it = pcAaT. 




- 



1 f a 

T = -\ ftx) dx 
a Jo 



f = 

Sj^Jl oUjJ Li J>i o^J • J-^li ^ ^ . UbiVI 

( transient tempera ture distribution ) 
w{x, t) = u(x, t) — v(x). 



\a/\a/\a/ a I L^ottoh on m 



J ^ ^ . u JjL J r < & ^ ^ ^ 

. ijl^ j> f >^ i> ') ^ c?* 3 ' ' 

. XjijJtf- VjlAj ^-iUi* UiU a^U* V VA» *S^*^ 

. ( 7 ) ibUJt j j* ji^-vi j v*- 

Jy. ii> . «(*, r) = W>(jt, + V(X) 5\j\ ^Liu-Aj J 

^ -ojoJcr j U^l ijLjl ^ _ ( 6 ) j ( 5 ) j^bUJI tfl -v 

to 2 

a? 

"(0, /) 
u(a, /) 
h(jc, 0) 



i2 j2 t2 

3 iv a v _ div 
dx 2 dx 2 ~ dx 2 

dw av _ dw 

dt dt dt 

= T = w(0, t) + v(0) = w(0, + T 

= T x = w(a, t) + v(a) = w(a, t) + T x 
= w(jc, 0) + v(jc). 



aL. J^j . ( 4 ) _( 1 ) o^ujv j u*>-^j 



8 2 H" 1 dw 

— = -—, 0<x-<a, 0<t 



dx z k dt 
w(0, = 0, < t 
(a, = 0, < t 



w> 



w(x, 



, 0) = f(x) - 



T + (r, - r )- 



g(x), < x < a. 



(17) 

(18) 
(19) 

(20) 



U>31 LUidl JJaUJl -(17) o*Ufl a* ^>J\ <yj 

. UA~J ^wJ M>uJ\ J^V, i-i^ 



Jli^Vl Oj\j?- Aj-jJ iUul <-*c^ j Ja^-^ta 

5?-^ < "- 7, = ^- 0<,<a - 0< ' 

w(0, = 7 , M(a, = 7-,, < / 
u(x, 0) = 0, < jr < a. 

j yLjj ^j^ji jul^i 

• { 1 ) oi>^ 
yLjJ jl^C-VI 5JL. .3 



-2 + 7 (« -n— ~, 0< * < a, < r 

ojc k tit 

m(0, /) - T, u(a, t) = T, < / 

0) = 7,~, < x < a. 



. ( 11 ) _ ( 8 ) oVjUJJ XLViJI XtjjJI JlioVl 



—Ik— = cp— , < x < a, < t 

3x\ dt J dt 

«(0, t) = T , u(a, t) = Ti 0<t 



jl^lS d j b ■ k(jc) = + dx W 



r« l du 

—5 = , < x < a, < t 

dx 2 k dt 



^(0, /) - 0, u{a, t) = T 
dx 



.a 



du du 

«(0, r) - -(0, f) = T , -ia, r) = 

ox ox 

3w du 
h(0, - —(0, f) = 7- , + —(a, 
dx ox 



- T, 



•b 
■c 



d 2 w 



1 d« 

+ r = - —, < x < a, < t 



k dt 



du 



T , —(a, t) = 0, r 
dx 



"(0, t) 

«(0, r) = T , r) = 7,, r - a - 



b 



d]u_ 

a? 



+ 7 2 ({7(x) - «) = < x < a, < / 

«(0, t) = U , |V t) = 0, < / 

{U , S ) t/(x) = V + Sx > 




EXAMPLE 



D TEMPERATURES 



\a/\a/\a/ ^Ikottoh f^om 



d 2 u 1 du 

—2 = 7—, 0<x<a, 0<t 
dx k dt 

«(0, t) = T , 0<t 

u(a, t) = T { , < t 

u(x, 0) = f(x), < x < a 



(1) 

(2) 
(3) 
(4) 



v(x) = lim u(x, t), 



L JjJLsJI ijL*. J2*C 



c/ 2 v 



0, < x < a 



dx* 

v(0) = T , v(a) = 7V 



(5) 
(6) 



v<x) = r + (r, - r )- 



(7) 



J^JiJlj AtjjJ\ JliliVI ^ i^-ji (J ^ 



w(.t, f) = w(x, /) - v(x) 



a^ 2 



d 2 H> 1 dw 



w(0, = 0, 



< x < a, < t 
< f 



^8) 
(9) 
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w(a, t) = 0, 0<t (10) 

w(x, 0) = f(x) - v(x) = g(x), 0<x<a. (11) 

v(x)Oj&J — w(x, t)> ^*J_j-«J^ Jliui'iM <>-ji JuJj« ^» 

u(x, t) = v(jt) + /). (12) 

, ii ^JaJI oi^ J**J1 J^Vj • *iJi>» ^*dJ^ ' S* 3 * J 1 < product 

. AiU! J*JI . ^U^VI jJb«- (jUl^jk- 



4>W(0 - y4>(.v)r(/) 



,U - r,n o < v < «. < 




Wo 
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»"<*) = no 
<K«) P ' kT(t) " p ' 



i l j = l)UJl Lg^*^ OCjoL^ jllJujliu £jUJ.jIm Ui jJ iw^j 1 ' £>3.i 

<J>" - p<f> = o, r — = o. (i3) 

- 

w(0, = *(0)T(0 = 0, w(a, t) = 4>(a)r(0 = 0. 



jLjJ) ^-li iiWil . J*JI Jl Jjp 5JUJI <*iftj , l^u, w = (j*(x)T(r) 



|- ■ • • V' 



4>(0) = o, 6(«i = 0. n4 -, 
( 14 ) h jjJuJ 1 JsjjAji Ji»C ^ ( 13 ) aJjUJ' 1 J> j* ,J^ 1 Uiji* 



<t>( * ) = C| cosh V'/« + c'2 sinh, Vp.x, T(t) = ce'*'. 



. J*J\ Ji^ <JU!^ . cj>U) !» ■ ^ •< ; = 



6" + = o, 7" + \ 2 *r = 
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1 



<t>(x) = c, cos X* + c 2 sin kx, T(t) = c exp(-X 2 fo). 

HO) = c, = o SjajJbJ! J^l o^i . £W iis-JU 4, c-ilT lil, 

. 4>(a) = c 2 sin X« = 0. , ^ . ^ = C2 sin Xx ^ ^ ^ 



. x JS3 <|>(x) = J*** liJJI c 2 = OU , oL>U- ^JJ ^ 

Jl t$J>>„ AiV , JjVl JL^VI o*^ J^j .sin Xa = OUj 

• X = mtla f Ujfc V*- ■ y^l i 2 ^- • W(JC ' f) * 

oV . kb-^ ^ja UJ <JUI pJiH . „ = ±1, ±2, ±3, - 

fciScij-jJuLi n -l,23M..^-iuJ>>-i£Uj) sin(-6) = -sin 6 

An= 

a 

<K*) J ( 14 ) AjijtoJl ij^Ulj ( 13 ) UiU)\ SbUJl ^ 

• T(t) o* c <-fci*i aji^j . ^ (x) & c 2 colill 

. ♦„<*) - sinX„x aJUJI UaJ . n = 1,2,3 *%\ ^ U u^-iJd 

= sinX J ,xcxp(-X. 2 fa).M • T n = exp(-K 2 U) iljStt IMj 

• "A^ 1 w n (x, t) - 1 

= 0. 3 



»w J i»U,VI jjlkJI Lu. fu^c-j ^9! 



= 2, \ sin X„* exp( - X„ 2 to). (15) 
^ a]LJ XiajJ»J\ ^j^iJij LUUdl XJjUJI Ji*; we*. /2 *JU! . ^ 
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. ;LL>V! SjLjO i^JS ,i>VI >^ 6-j • <- f ^Vi i^y^l 



M>, 0) = 2 *n sin— = < x < a. 



„ = i 



^ . XLL j ijLjl i 6*-d ^ J^j 

k 2 P / s • " W J 

* n = - sin dtr. 

a Jo a 

4oj,ji XLL, <->x>*^ u*» ' ^Jai- «^\> S^-I— SJUJI C-itf tel 

k(x, ^qA^Vl ^ji^JI ^ ^ J^*t ' 5j|j»- Jl.Jl»J ^ (jUj 

. jtjij-VI aJU JjUj JlisV! p^ju *:l J* 



^ JS^JL i-UVI SJILJI ^ « J 11* 



d 2 u 1 <9« 

72 = 7-, < x < a, 0<t 
ax k dt 

«(0, r) = r , o < t 

u(a, t) = T,, < f 

h(x, 0) = 0, < jc < a. 
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v(*) = T + (7, - T ) - 



W(X, t) = U(X, t) - V(X) . liiiVI ijj*. IfjAj 



d w _ 1 dw 

dx 2 ~ k dt' 

w(0, = 0, 

w(a, t) = 0, 



0<x<a, 0<t 



< t 
< t 



w(x, 0) = ~T - (T, - r )- = g(x), 0<x <a. 

a 



(*. = 2 *>„ sin A„jc exp(-\„ 2 fa) 



(16) 



w(x, 0) = X sin— = g(x), 0<x<a. 



a 



1 oj& b„ o^Lil**!! 



27*0 cos(/Hrj(/a) 



a (jvrtla) 



2 sin(nnx/a) — (/JHJc/fl)cos(/Jirjc/a) 
"7 ^ " To) 

-^d + 2(r ' ~ ro) (-ir 



k = -r<To- T\{~ i) n ). 

MIT 
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I = < /, < h < t 3 



«(jr, = «<x, + To + (7", - To) - 



f) « 2 r ° ir ^ \„x exp(-X>). (17) 



IT > 



n 



-v(jc) 



. J*J1 jjosii £±Ji> u(,x, i ; ^ 6^*d 

ILL, 0^ (0 < x < a) i5jUo* u(jc, 0) - * W 

t = 

XLU1 u^* • * = a j x = U UjOj . -r - (/"i ~iT n )xla 
-«(jc, r) iJ . ( x (| 5 ills w(x, r) j | <^jU-j 

i5>Vl tfjSllj . "ajJ*> dj& exp(-X, 2 ik») - bit* / Cyfc ^ - ' teNS 

J,*^ Jb»Ji <UJjf ViJ 5 ^ OJ*^ M*, ^*>J • ^} is*? 

^lJ^ w{x, t) « t ~> «> Uji^s. 1 . ALU] ( J^l JjO^Jl iOc jl ) 

VA. 
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. ( 17 ) ibUJi j w{ X) t) iLU JjV! a^Jl . 1 
US 0.5 = / jyj* *u K,\ . r \ - «. jtf fc| - 2 

ixlaiM (wjl . JjVI ^J! £. ^Uu Jv w 30J JjJlWI 
. 7 - 100 J*J\ .{ — coj t = 1.0 , i = 0.5 . l=UJu(x,/) 

. T t =300 

x/a .ujl iwJ* ttLJ Ul tlbtpJI J~»>N <lL. AiL* j*l . 3 
<? o*JI ^ 5j |^ JU,j j^y J* . h/a2 



I . 4 



.<j>(a) = 0. <t>(U) = ijjjJi*JI 



d w I dw 



dx 2 



k dt 



< x < a, 0< t 



w(0, /) = 0, w(a, t) = 0, < t 
w(x, 0) = g(x), 0<x<a 



. g{x) sU»*J1 3U11 
. ( c*tt T ) g(x) = To .5 
. ( C^tt fi ) = 0* .6 

. ( £**\5 p ) ^u) = p( fl - x) . 7 



g(x) = 



27 , jr ^ a 
— . *><*<- 
cj 2 

27^ (a - j) a 

, - < * < a. 

a 2 



EXAMPLE: INSULATED BAR 

Joy* ( 1 ) j •jS'i liJJI ,JfcuJI uJull 6jiA Ija JjUzl. 
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Lift oj\ j9~ <uu£ JLjIjujVI (wJiJI _ ij Jj-XpJI jvjSJ! <Ul — * . ajl^> 

5* = 1^, 0<*<a, 0<f (1) 
dx 2 kdt' 

- (0, r) = 0, ^ (a, = 0, < t (2) 



u(x. 0) = /(x), < x < a (3) 



. VjU* SJta /(*) 



lim 



. J£io U{X, t) 4>J\ju, jCj 

^> = m, o< J c<« > 0<r. 
<j>(*) *7X0 

<jl ^ mutual value) LbLO! <U-iM . I aJ^jJ SjjL*. x XJb 
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4>" + > 2 4» = 0, < a: < a (4) 

r + \ 2 *r = o, o < /. (5) 



^ (0, o = 4>'(0)ra) = o, o < / 

dx 
du 

(a, t) = V(a)T(t) = 0, < t. 



dx 



jl . ( H (jt, r) ^ 0), J*»o 

4>'(0) = 0, Via) = 0. 

<j jjjc- J»jj^ &• 4* ^ ^—J^ 2LoU»«z* 3LU»W ij^l** (Jc- ULa»- (jil 

<|>" + \ 2 4> = 0, < x < a (6) 
<j>'(0) = 0, Via) = 0. (7) 



NAT 
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( eigenvalue problem ) UlJW XjL^ fj$\ U* & SjLjl iX *~2 J 

j^jZJjW*!! <jjA*ci\ j^t- Jji^Jl (j_j5vj iivjj>«j X 2 , jwi jjP <J)^*j 

SLliJl djb*H ^y*— jj , i^Ujl j^aJIj jtJOV eift . ody»-j* ( 7 ) j ( 6 ) 

A 2 ^> c>^W K-"^ o> Ji»-V . ( ei genfunctions ) JljjJ\ ^-U ^ 

tJ * ( 6 ) ibUJ! j SliUdl ibUl) f UI >J1 

= d cos Xjc + c 2 sin Xx. 
, <j>'(0) = c 2 X = 0, 0* * = °»>*^ ti-U-^ 

0^. . c 2 = o o< «>>ij x= 0.3U1 ^ • a = o ,,u 2 * o, j*s 

^ £J>jJ«N • • <t>(*) = c, cos X*. M 

sin Xa= j\ c x = • <t>'(a) =-c,X sinXa = 0, 

hCc. - 0; J • **> = 0. J 1 $4* Cl = ^ J 

^1 X J jllii J \J-L sin Xa = J**i t/J ^Vj • M ^ J» ^ 

2Uj\j 3LjUJ\ <^!tt JCt ^tt/o, 2ir/a,3ir/o... 



X« = — J » <i>jiW = cos M*)> » = 1.2 

\ « / 



<j> w = 0, < x < a, 
<J>'(0) = 0, 4»'(a) = o. 

■ 



Xo 2 = 0, 4> (x) = I. 



^J^UJJ , X^UJl (vJjl JjLu J». JjSH c£+i <^M aj^U 3u»^U-j 



\Al 
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K = 0, 4>o(*) = 1, 



" W' 



4>«C«> = cos X„jr, n = 1,2, 



r (/) = 1, r„(/) = expC-X,, 2 */). 

. ( 2 ) SJiU . ^AjjbJl J*^! 



"ot*. 0=1, u„(x, t) = cos \ n x exp{~\„ 2 kt). 



(8) 



U^i . UiUUj Utf- iajjbji J^lj UiUd! *bUJl 



- Oa + 2 cos X,,* exp(-X„ 2 to). 



i 



(9) 



iiajAsJI J» J-isC3 ; LL»V! ^ Jk^-ij J» Jali J^-^, 

w(jc, 0) = flo + 2 a n cos X„x ~ /(x), < x < a. 
1 




If 2 r 

°° = 7 L /to = _ L 

a jo a Jo 



f(x) cos ax. 

a 



www.alkottob.com 



1 f a 

lim h(jc, r) = a = - /(jc) dx. 
t— »» a jo 



^jjjl^I J»j*il ( 3 ) - ( 1 ) oVjUJ\ ixL** ^» ( 2 _ 4 ) 



/« = To + (r, - Wa. 





U ( J r,0)-r. + (r,-T )Ac/fl, 



\A*\ 
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.0 

/,) = flo + ^a„ exp(-\ n 2 fa,) cos \„jc 



^ <r~*N *UJI o^U, olj 



A n (rO = a„ exp(-X n 2 tf,). 



_> iiiUllI ii-UJ liiJisw Cii ftyptj! 6e < x < a. • jl*^ 



. ( 7 ) JJjIaJJ LjjjlsJ! 



u(x, 0) = 7,-, < jc < a 

M(jtj o), JxU^. ^ . JlW SlL. j J J*N iUiV 

. ( yjJJ JjVt iZAitt ijjbJI f aii-l ) t> o J**J "(■*, j 

. ( 2 ) ibU. 
, iiajJt>J! J» ^ fU^Jj ( 3 ) -xcl . 5 



\AV 



www alkottob 



u(x, 0) = T + T 



■(!)*■ • 



< x < a. 



u(x t 0) = 



2T Jt n a 
a 2 

2T (a - x) a 

, - < x < a 

a 2 



. ( 3 ) jlLj j lj{ aJL* J*J &*t ^J! JLsl jjl will JS il . 7 

. bu! JsJI ^"i, 

a>ui ^s»j <t>to jfci • 8 



. Jpj^i t JUL* . 5 

EXAMPLE: DIFFERENT BOUNDARY CONDITIONS 

*Ji>* VdW Sjt^- K>- jO iUuU 3L»UJ1 ilLji J^i (Jj^, 

^1 UbSiVI cJtfl iajjbJI ,^sl! 5jL* . cJL. JU-jJo ^>Vlj 
&u _ idu 

«(0, = 7-0, < / 



<1) 

(2) 



~(a, = 0, < / 
«(*, 0) = /(x), < x < a. 



(3) 
(4) 
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: m>(*, r) = u(x, t) - T Jtes"W ojj* JisCJ ^ 



3 2 w 1 chv 

a? ~ k It' 



< jc < a, < r (5) 



w(0, = 0, < t (6) 

dw 

— («. = 0, < t (7) 

K*, 0) = f(x) - T = g(x), 0<x<a. (8) 



<|>" + \ 2 <}> = 0, < x < a 



(9) 




<>(0)r(/) = 0, < / 

4>'(a)7XO = 0, < r 



(11) 
(12) 



<J>(0) = 0, ((,'(«) - 0. (13) 

, (9) UiUdl XkUJJ P Ufl ■ 0*' 

<J)(jc) = C] cos Xjc + c 2 . sin \x. 

Jl ti^jc, = 0«_JU*^> .<f>(0) = 0' ^jJ^Il J»rJl 



= c 2 sin Xjc. 



<\>'(a) - c 2 \ cos \a = 0. 
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A = M Cf laiu .c 2 = 0. yj* oljU- Ui-J j^ji U 

-dJlitt jL^Nj-cos Aa=0j ( 2 ) J£i* W^b* tr^b 



i gH^^ U ^r* * cy^l? 



(2n - l)ir 



, y ( 13 ) j (9) ^aUJt J* ^\ i-jUN ,^SJI 3Ju* 



(14) 



(2« - l)n ... . . iii 

k„ = - — , 4>„(jf) = sin \„x, n = 1, 2, 3, . . 

2a 



(15) 



UiUdt HbUJt . L&N psSNj M-^ «> ^ ^ 

T n {t) = exp{-\ fl 2 fa). 



kiwi ( 7 ) j ( 6 ) j ( 5 ) oVaUN 

= S sin M exp(-\ n 2 kt), 

n= 1 



(16) 



»(*, 0) = 2 fc„ sin V - ; = *(*), < x < a. (17) 
\, . UlJU .U- g 0* ^ J^" 07) *W*JI j XLUI 
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g(x) sin - dx. 

a Jo 



la 



(18) 



ao 

r) = T + ^ b„ sin \„* exp(-Ob). (19) 

... 

. j» ( 4 ) yjSlo V! J» ^ ^ uVI oi. >J 

m(jc, 0) = Tj, 0< * < a. 
,J ^ C^UNj < x < a . *W = 7", - To . j) 

» (4* ( 8 ) (3 



b n = (T, - T ) 



ir(2n - 1)" 



4 1 

m(jc, f) = 7 + (7, - T ) - 2 7 

TT n = 1 Ln — 1 



sin \„ x exp( - \„ fa ) . (20) 



*L>U UujJI JyM cr^ ^ u*-i • ^ ^ ^ ^ ^ 

ihUjl jW . t & iU^Jl , v(ac) *M a*i , i-sUs, 

jUo! kill ^ v(x) aUj! 2LU, . iiiU,\ UiU; SJaU v(jc) 
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( transient « JteVl J* ,, -» jfrX ^ U\xj)1\ fJ&\ a)L* . 2 

^jSw o\ v^M *^-**^ »j» • w (*> ^ = ~ y W solution ) 1 

oil* ^ ) iiajjtfjl LS>)1 UiUdl <JaUJ^ < d\ $\ . X-iUs* 

^jaU. ji <j>3\ jluu^ j^*, >f(jc, /) = 4>(*)no d\ » ■ 3 

. J-^ll c^li* <Ja-3> . T(t) i$>VJj<|>(jt)J U*a^! , urs^^" 

aL- cjSi x 2 ^» ^ ^ ^ • + J V WI ^ ^ • 4 
jfr\ n 2 ujji ^jai, ^ ^ 



/) = v(x) 



.(13) j (9) 

. goo Lu. *u- SijUi-i au . ( 17 ) a^uii ^ • 3 

X f,„ sin <2W ; !) " = (><*<«, 
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G« - g(x), 0<x<a 
G(x) = g{2a — x), a < x < 2a. 



Nttx 



G(x) ~ 2. B " sin — , < x < 2a 



a Jo 



. Nttx 
sin— — dx (N*j*j* 
2a 



■ -j 
. a' 



g{x) = x, 0<x<a 
g(x) = T, < x < a. ■ *> 



r . 

sin 

Jo 



\„x sin X. m x <ix = 1 « 
.2 



(m ^ ■ n) 



(m = n) 



(2n - 1)it 



/(x) - Tr/aoi- . ( 4 ) _ ( 1 ) cViUJI j -i j^jJ\ ViLj\ J*. . 7 

( 18 ) SJaUJI j iwJl jj^si . Jij*^ & <j JuUJl *i^x. j»Ju*L-l . 8 

, ^U^W yL. J»- . 9 

1 du T 



d 2 u 



T2 = 



&r k 8t a 
du. 



2' 



< x < a, < t 



h(0, <) = T , -ia, t) = 0, < / 
dx 



(x, 0) - T , 



< x < a. 
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■ 

M (0, - 0, ^(a, = 0, < * 

at 

m(x, 0) = To, < x < a. 

d*U 1 did n ^ ^ i\ ^ . 

= , < x < a, < t 

Bx 2 k dt 

^(0, = 0, u(a t t) = r , < t 

Bx 

u(x, 0) = T u 0<x<a. 

. ■ 

U*J^\ tfjfc 0* u£- > • ( 20 ) UjLX ( 11 ) 6i^S-4 J«N u> . 12 
EXAMPLE; CONVECTION , J ll. . 6 

■ 



Jl££U ^^uJl »jb*" tfj-^ ^iWj • 4>>» 



< x < a, < r (1) 

0<f ' (2) 

< t 0) 

< x < a. (4) 



a 2 « 


1 du 


a? 


* *' 


u(0, ») 


= To, 


- k— (a, 


- Hu(a, t) 




u(x, 0) 


= m. 
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jriKT Y ~ To) (5) 



6^ lAj^jwfo = «(*, /)- v(jt) JtoV! 

— =• = , < x < a, < t (6) 

ax 2 k dt 

dw 

«<0, /) = 0, Ma, + *T< a ' = 0, < t (7) 

* OX 

w(x, 0) = fix) - v(x) = g(Jt), < x < a. (8) 

l*~t> JiSj (j\ J^j^J • A**J1 <kJjj ojU>«j ^ jCw^Jt, f)J J»J\j 

<|)" + \ 2 <|> = • 0, < x < a 
T + \ 2 kT =0, < /. 



MQ,J) = <t>(0)r(f) = 

J% t t) + hw(a, t) = [K(t>'(a) + MaWO) = 0. 
Ax 

. 

w m 

<t>(0) = 0, k<|>'(0) + H(a) = 0. 
i)L-» Jc> J-a»w . <|> Jft ij JjJlphH Jsj^jj iJlilttM ihLJI leu j* j 
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<|>" + X 2 <{> = 0, < x < a (9) 
4>(0) = 0, K<b'(a) + h$(a) = 0. (10) 

4>0c) = C\ cos \x Y c 2 sin \x. 
^(jt) ^ c 2 sin X* li^HJ <<t>(0) = ci = i.UiTj X*. ^jjO#JI Jp^JI 
Kc>'(a) + A<J)(o) = c 2 (kX cos Xa + h sin Xa) = 0. 



kX cos \a + h sin Xa = 0, or tan Xa = — X. 



^ aj* Ji^^ O^.J ( 2 _ 5 J£i )- kX//i j tan Xa 0*J 




Handbook of Mathematical Functions >J^£ & h^** JjWl < ) 

( . 1972 . Stegun j Abramowitz 
<3\i \„ 2 JLjIa 2UJ j^y , n =l,2,... f J£) 

sj\jJ\ cj* «f>„(j:)j isiijji ( 10 ) . ( 9 ) jdoU. (i yuu yL. jwdoi) 

r„(0 = exp(-X fl 2 fa) 
J^j^lj ( 6 ) LUtkN <bl*JJ w„(x, t) = c))„(jf)T„(r) J*^ 

Juki- ( 7 ) Sj.sU. i-j^tj ( 6 ) XJ^UJI (jjS'j . ( 7 ) SJjUc LajJuJI 

jjli , diJJJ . Li»jl Jj*- ^ft Jji^Jl f-^Jj <s\ ui> < A—i^£*j 

iv(*,r)=2 b " sin x " x ex P ( - l \ kt ) 

B= 1 



. dl^iS - l^^jj , iLL ijL-. a^sj ( 11 ) XJaUJI J 6* 

UiV^c- < SjiL* oIjUo- ^UpiLAj 

sin An x sin /mx dx = n # m jlS" lj| 

( m ) sinA m x ( 11 ) <bUl ^> lo> lit , ^ 

r 

J o sin X m jr etc 



.2 



(12) 



WWW 



ut,x, t) = v(x) + w(x, t) 

- To + Xk } Tl ~Jf + S *- sin M «p(-X>). 

(k + /W) n=I 

/(x) = J JjVi*J\ k(jc, f) ,kU* ^» ( 2 _ 6 ) J£i)l 




. Jojk> (5) <bUJI <) I^divOc) <~jl • 1 

r, > r a 
r, < 7- . .c »6 
XbUJl f jAs-i ^ lijiL^ »>• • .rM J-^=Ri J**** . 2 

Kk H cos M + h sin M * 0. 
tan Ka = — » 



K/h « 0.5. (X t = 2.29/a, X 2 *= 5.09/a). 



m 2 h 2 



gix) - i, 0<x<«. 



*W = T, < jc < M ( 8 ) _ ( 6 ) 

x, < x < a. 



STURM-UOUVILLE PROBLEMS ifUjJ - fj^- JSU* . 7 



<j>" + X ? <J> - 0, / < * < r 
<*«4>(/> - o^'(/) = 



(1) 
(2) 

(3) 



X m 2 j^m jj+Jl\ Cjr*& us^ *<• -> >«• 6* » 

0* ■ X„ 2 j 
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il*\Jrt\ iUUJi UIj . h jj^l J*j^ 

J/ 

i XJ)»jJl iSj^jaj «al>u1 ^^aj J^lSiJI \jA ij\ 



= [<|)„'(*)<t>m(*) ~ ^W^W] 

. Jp . o. jsi-Vi J--15^J\ <j>/j 

r ' I' 

(X m ? - x„ 2 ) j ( [<t> R '(*)<W*) - <t> m 'to<i>„<* ^ 



p l{ J> m (r) + (WW = 
Pi^OO + P 2 cf>«'(^) = 0. 



yr)i'(r) - <f>„(r)<t> m '(r) = 0. 
dUi) x = I. 
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==, 



s aj'juUiJI i£A*Jl .aS oj& ^Mij 

V 

I <M*)<t> m (r) dx = 0, n * m 



•d)-(3) o^UJJ UJJ! J\jjJJ 



|.v(.r)e}>'(x)J' - ¥*)4>(*) + XVjc)4>W = 0, l<x<r 

«!<K0 ~ «2<t>'(/) = 

^ ^ r - ^ ^ oil ^ ol^UJl fJ ^ yi 

(«{>„')' - q$ n + X„V4> n = 
(«{>„,')' - 9 <}> m + X m 2 p^> m = 0. 

.... ; . ...W -i*t> m ')'4>„ =» (x* 2 - a.VMw' (4) 
^W^J*^ *%>^ J-* 15 ^ r^li ■ <i j 1 o* 6=»>i» J-^j 

{ lN>,,T<k, - (.v<V)'(|> n i 4* 
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*„'(rM»Jr) - ^'(^(r) = 



. ( 4 ) ibLJl juj oUUaJI i&ji>j <W 6*** •>>» « f** 

» ^A**} « f>u ^jSJ 



(j<|>')' - + X 2 />4> « 0, / < x < r (5) 
ct,<|>(0 - M>'(/) - (6) 
M<r) + fc4»'(r) - Q (7) 

ISI ( rej«/ar Sturm-UouvUle ) jji^uji JljjJ ~ fjfc. *lLf* 



; / <= ,k ^ r?jS«H (| ij^pWj • J(x), a 
a, 2 + a 2 2 > 0, 0, 2 + 3 2 2 > 0. c 
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*1*UJ\ $ ^ V* r i> pj .\~ (b) ^ JjV! ^\,(a) J^ifl 
V ) oj& t)l a(r) j rf/) u» W . 5>U* JjU ^ 

-l*»o, 2 +a ? 2 * 0*^ us* (c) VJ> • ( tfjU 

Jl «JU tf>VI oUkJIj . J^i f j* Jl ^ ^a^a^ d",kS 
AW, U 6 VI *V- cu-j i>* {^i vj i ^Jl yjyjl 

. gU!t JjaM o^U, ^ ^1 oU^I 

CtifM o\in * m, tf K\kt\*2 2 Ok** *Ji* Im# JjU* Vu Sjl^Ij Jij 



| *«(*)<I>J*)/H*) <fc =p 0, n ? m. 



. Uj «U ^ gUII XJUVJ v >. ^ l ***** ^.UJ, VsCu 
• fjS- gU)l "cMl cA* • vjl^VU oflj 

U*f u*4ij . AijL»" y&J tf>V1 y^lyjl ^ ^ U 



. »U*I VyJU 

.2 



Ja& g c j iLViji gut out cW<*^---.gun ^ ui 

. ( Cfc±\$ CMj \l<x<r i <i - I 

^ . <£jW jl ^ »i. P«. u»j «W * 0, ^ Ul 

. <jl ^ gun 
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<jLjl . xJ\ U» (>. ( 3 ) i _ ( 1 ) j , A.,h::.M,g|»jJ _ ^ JSI^ . 

<t>" + X ? 4» = 0, < x < a >. 
<K0) = o, A<M«) + = 

5(x) = />(*) = 1, <?(*) = (>, a, = 1, a 2 = 0, p, = A. £ 2 = k. 

JliJl .2 

(*<)>')' + ^ 2 (0* = °. 1 < x < 2 
<t>(l) = 0, <W2) = 0. 

■ 

J^J - f j=- <_jr» = j:, = 1/*. ?(x) = 0. fc^ 

f >„(i)4> m W -^ = 0, n * m. 



■ 



, ^» ( 2 ) jini UiUdi y^ujj r ui jji . 1 

<j>(*) = ci cos(X In at) + c 2 sin(X In x). 
s^L. XjjuUdl ■ StfUl jfcj ,> ji'bj L;UU JIjaJIj UJJI pjtfl 

... JJicll <kJ* 

_4>"-.+ X 2 <|> ■= 0, ... ,<x.< a, 
<()'(0) = 0, 4>'(a) = 0. ?b A <J>(0) = 0, cj>(a) = .a 
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JjVI tjUJI JljjJ! ^ j ,kk LiUSI JIjjJIj , L;UJ! ^1 jl^ 

<j>" + ^ = 0, < jc:<-a 



4,(0) = 0, Via) = 

4>'(0) = 0, «Ka) = 

<j>(0) = 0,- , <>(«) + 4>'(«> r 

4)(0) - 4>'(0) = 0, Via) = 

<j>(0) - 4>'(0)"= °- <Ka) + 4>'(<0 = °- 



.a 

.b . 

.c 
.d 



<j> rt (jt) = a 2 X„ cos X„;c + ai sin X„x ^ <jUJ| JjjJI . a 



— tan.Xa — ; 



X(a,p 2 + aapt) 
otiPi*- «2^X 2 ' 



4>(0) = 0, <j>'(«) = 0-a 
<H0) - <|>'(0) = 0, <(>(fl) = 0-b 
4>(1) = 0, «j>'(2) = c 



V + x 2 a + jc)<j> = o, 

tfVY + xV* = 0, 
/x 2 \ 

<t>" + hr H> = °- 

; „ . \ x />• 

V - sin x <|> + e*X 2 <J> - 0, 4>'(0) = 0, <J>'(a) = O.d 



(«>')' - < 



0, / < x < r 



xV<t> 



tjjj (j>(jc) jfw^ ^ • JuisuJI *JAjJ - ^ ijLj 

j^aj JC > / + . oj£s> 



aJL* 



www .all 



n 



<K0) - 0, - * 2 «K<0 * 

+ X J /w}> * 0, / < i < r 
- 0, ij>'(r) - 



<-k:.;.)l JijJ - fJ s- P j s & 



. UUI J\jJl J-*- ^ . 6 
EXPANSION IN SERIES OF EIGENFUNCTIONS 

JukuJi Jijj . ^ yL* o- ^ cr 11 Ji^Ji o« 

W)' - 9<J> + X><J> = 0, '/ < jt < r (1) 
a,<K/) - o 2 <|»'(/) = (2) 
£,<Kr) + p 2 <J>'(r) - <3) 

. ;>(*) Oi, i)U iJuUu Oj$J 

[ pWkjmJM dx - 0, n * «, (4) 

. iusuii yuii uju yvju jijjji o* ^ j* ^ 

/(x) = X <*M*>. / < * T <5) 
n= i 

- 
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( *V ) <M*)/K*) j ( 5 ) ^ Vj ^j 



f /(*)4>*(*)M*) <** - £ c„ [ <M*)<M*)/>(*) dx 



, cA» ^jJn =» m <± i5i3! j«J1 



\ ( f(x)4> M (x)p(x) dx = c m I hfapWdx 



J^V . AjiUJI Jljjjl yVju jiJJ wjUdl ^yLu 6^ 
XLL. iL^Jl Ajijji aLJu. . ^JJU . Xjj^ji XLL. c*^ AjlLiN 

. XA^JI (JlijJ AiLj i-jld J\jjJ J— !5L» ^ KJvS Ajjji 



, UL. C*-Jas jps . ( 3 ) ~ ( 1 ) 



/(, + ) + /(^) ^ cAU)> /<je<r 



| /(*)4>»(*)/>W 



f 



(6) 
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I < jc < r. 



' o' Cxi • 1 



A„ 2 = 



mr V 



— i , 4>j. = sin(^« ^ *) 
In 6/ 

U<f)')' + K 2 \- J4> = 0, l < * < £> 



= 0. 



<t>(i) = o, <|»(/») 



.Li. /to aJUI cJtf I3Ij/< * < r.Sj^li j />(■*) 



f(x)p(x) dx = X V« 



a„ = { <k, 2 topto ^ 
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<)LJl) UUI Jl^jij Ujji ^jji d \ ^ 



3 



W + e*y<4> = 0, < * < a 
<W0) = 0, <}>( fl ) = o 



2 / rni\2 1 



7n = 




+ 7» 4> n W = exp 



(i) *(=)■ 



*« <nUo< *< fll /(*) = i m \ ^ ^ 

JljO — U Jlij , (( normalizing constants ) <UJii c-jIjJ l^L, Va„ 
• ul 6- . J>^ Wtf ifc = ^vS" 

J 4»„ 2 Wp(jr) = 1, J <|>„W4> m (jf)p(jr) <ix = 0, « ^ m. 

iLUI £ fix) LjaiU AJu SJb c^LUJ U^JI Jl^ . 5 



/to = X *i.+»to, / < x < r 

n - \ 



4>" + \ 2 <t> = o, o < jc < l 
4>'(0) = o, <j)'(i) = o 
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GENERALITIES ON THE HEAT CONDUCTION PROBLEM 

\ .l.Ja Aj ^\ C^*t L^ 3 ^ — fj*"* Jp" (jlJi oLijl**!! 

j^j^*^ <_ wail I . <L»l*3i <5jl^«^ St*°Jr^ dj*" oU*>-'il*3! 

ij»/*J t -*}"* ' ■la.-.o qr^W^^ UJ^i <S^J 

qpj^ <jj^>«ll 4«Jw»lixil *JaUi»Jli < ^jjaII A ,i.... „j lj ^ . j u j SjLJI oli«3 j 

- k(x)— = p(*)cC*)— , / < * < r, < /. (1) 
dx\ dxf dt 

i Ij JjJoJl Js>j^iJ\ <Se- j 

du 

a lU (l, t) - a 2 -^{l, t) = c u t > (2) 
3,«(r, /) + p 2 — (#■, /) = c 2 , t> 0. (3) 

u(*. 0) = /(*),/< x < r. ( 4 t 

v 
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/ < x < r (5) 



LihiVI fJd! _ AjjjjbJI fjfll <lL. jjjsi ( 4 ) _ ( 1 ) oVjUJI 

j\JL^\ i)U > J ^ ^ , c 2 c, ol c>> 

v(jc) = lim k(jc, 0- 

r — >co 

ijij^JI jvjiJI ajL* ji*; v(jc) yijji 

a,v(0 - a 2 v'(l) = >i (6) 
Piv(r) + fcv'(r) = c 2 . (7) 

( 1 Odv^" ^ ) SJbJI ^Vjb K5 J^Jujj 

Jo** C, p, K - l jScJ . SJO JL>Jl JljjJI (jiwu ^ykO 

J5^jlj *(*) ,/>(*) ^juj ^Jl JjjJI o> J r cW, p(ar) k(jt) JljjJl 

K(X) = KJ(X), P(X)C(JC) = pcp(jc). 

w(x,t) = w(x,f) - v(jt). 
-(5) oVoUJJ v(x) ^ ^ vL ^^ 



to 



a(x)— 1 = - — 
\ d*/ £ dt 



a 

/ < at < r, < / (9) 



chv 






— (/, /) 
dx 


= o, 


< t 


dw 






— (r, t) 


= o, 


< / 


ox 




) ~ v(jt) 


= g(x), 


/ < x < r 



(10) 

(11) 

(12) 



www.alkottob.co 



7(/X5W4»'W)' = -p(x)tyx)T\t) 
k 



/ < x < r, < f. 



C*AS" \s\ Jaii 3*5*^ f illij * JJli ^ Slj^ — Jl . tiL. ^jS^ 



W = r = _ x2 

p4> kT 

7" + X 2 kT = 0, < t 
(sty)' + \ 2 /x}> = 0> l< x < r. 

Jl l<VpC ' 'W^J cf^ ' ^j-^ 

[a ,<!>(/) - a 2 ty(l)]T(t) = 0, < / 

, ^jtf . 4 o *\ J* >VI J-Ul o = o j^- r(o = o o/j 

(s<t>')' + ^ 2 P4> = 0, / < * < r ( 13 ) 

a ,<!>(/) - M>'(/) = ( 14 ) 

P.4>(r) + p24>'(0 =0. ^ ( 15 ) 

_(13) oVjUJI 0^ . Sj*l-- s'jl La,! lilj • 

, ^Vl ^ OjV . Ui^Jl jijJ - fjl- Si!—, yj* ( 15 ) 

2Lj!jJI ^JS\ {j* CJ-« j^t- jAc- Jj-jjj . 1 

< X, 2 < \ 2 2 < • • • 



• ( ^ 

J (Mx^OOptodx = 0, rt * W. 

iJwjij^L- 4>„( X ) ~ T n (t) yur 

7^0 = exp(- A n 2 fa). 

ft- 1,2,3,.,. ^ • lM ^ uVlj 

oViUJI oj* . ( 11 ) _ ( 9 ) oVjUJI »v„(*> 0= 4>„(jc)r„(/) 

<jl» ^j^jj . Liwl "ib- oj^i Jjl»JJ cjJ**" cM ' 



= S a»<b»(x) exp(- A.„ 2 fe)- 
<jj£j dww o n Vj \Sl JI^j (12) ijjU. ^Ijuj VI j> jijl 

0) = S = *(*>. < < * < r - 



4>«"W/>(*)<i* 



U(X, t) ~ V(X) + 2 M>n(*) eX P(- X « 2 ^)- (16) 



«= 1 



, ( 4 ) _ ( 1 ) oVjUJI JjU 



\A/\A/\A/ O I L^^tto 



. t~* 00 UjCt v(x) y> i^jZ£u(x, t) < *-<r>* X 2 <jj^ • 1 

. 5 ji.L. eiJ^o ^jSIjuj VI 
v(jc) + exp(- X., 2 Jtr). 

j\/ <* <r(<|>,W>Q5 J iAJI t3 SJo-lj Sjlil oli <f>iW <jj^ ( \ fl )fln 
. (a, * 0>J& ^ ) AaJiajV . v(jt) J4^, ^ 



^jju ( 8 ) (j SJ1jJ\ <JVjo v(jc) J 2Lui»JI fc^l . 1 

a, = P, = 0,c, = c 2 = « a 
ct,>Oor0, >0, UU O^LU- j^jj, \j ^ .b 

. oWllH->Vl ,j5vl I j-j Jap! . 2 

SEMI-INFINITE ROD - • 10 

olji Jc iiyuJ! JjLJI 4j*S\jl»j L»i , JiJ tj^& iiaijl oJjb AsJ 

^jjl iJ^Jl LLAi^ i)A*J! .oo J| (>» JCU> Ail ^1 _ Aw ^ 

5 2 m 1 8u 



m(0, t) = 0, * >0 (2) 



«(*, 0) = /(*), ^ x. 



(3) 



r ± \ 2 kr = o, o < r 

<J>" ± X 2 <f> = 0, < x. 



(4) 
(5) 



4(0>= Oj^d i. - IUo t5i!lj . w j^lj ^Ayb- Ji^i J*ii j^, 

. ( 5 ) LUidi ibLJ! > d£t 

4>(x) = c, cosh Xjc + c 2 sinh X* 

■<K0) = o ^ , ( 4.) , ( 5 ) ^oUJ! j UJ! s,bVI lip-l lil 

Xi u>u ^> aUJl, .<K*) = c 2 sinh X*, ^c, = O^Si J c-U* 

&UJt j> . iJUlt oJ* j . 5j bVI ^ ciAjJJ qoUj^ 



<j>(x) = Ci cos Xx + c 2 sin Xx 



x = c5djj»JI olL-icjIjjc-* »Ujo SJui. ,yL; 

( 4 ) ibUI J*- u' <f>to = sin Xx^JjS <K0) = c, = ^6^" 



T(t) = exp(-X 2 fr). 



«IjJ! . x* JU^V 



u(x, t; X) = sin X* exp( - k 2 kt) 
J^lj ( 1 ) ibLJI . JuiJI ^ X^JIj ( 2 ) , ( 1 ) ^UJl 

/•CO 

h(x, 0=1 W sin X* exp(-X 2 */) dk. (6) 
J^Jl ( . ^ l^V . x J UUI ^1 ) 

«(*, 0) = I #(X) sin Xjc </X = /fo), < x. 

. JS^IU UjUi-l ^_ b(X) , ^ *sl U ^ 6 ( ^ 



2 r 

= - fix) s»n X* 
it Jo 



( 6 ) ifeUI j 3UJI J^l J-oj JL^ ^ oU . i^o 
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utf lil ( 3 ) _ ( 1 ) oVal*Ji . 1 



/(JC) = 



1, < x < b 
0, b < x. 



_ ( 1 ) oVjUJJ J»- ^ ( 6 ) ilaUX c~»LJ L£ h(jc, use • 2 
• * > ./(*) = ro^otf lii ( 3 ) - ( 1 ) oVjUJI . 3 

d 2 M 1 du 

—j = , 0< ;c, < t 

dx 2 k dt 

^(0, o = o, o < / 

dx 

u(x, 0) = f(x), 0<x. 

l^jx > u iikuM Jjw . ^ij^— • u^j^ ■ Sjl^AJ <j*/^ t-A-jS"! . 6 

C>\ 6ri <"(0, : = sin (of y* c^»J\ 



. ( iL-2x= ) fa) = 2 x 10"' !>>^ • i*J*^ <3 !.2ii^ 

. Litf'/ y* = 0.5 X 10 -6 

yLJi j-k . 7 





\a/\a/\a/ 1 Lcottoh m 



d 2 u 1 du 

dx k dt 

"(0, t) = T , 0<t 

u(x, 0) = /(or), < x. 



.vu\ 

• * <| flb ^ ( 6 ) ibUJI j sU*J» m (jc, aJUIIjI^ .8 



INFINITE ROD . ^ ^ . ^ 

u^d t£i!lj . U J,> ^ ^ ^ jj^] UjA 



d 2 !* 1 du 

--2 = -—, -°o<*<oo, 0</ 
dxT k dt 

u(x, 0) = f(x), -»< jt < oo 

.r -*■ ± ». Ujl^ 5 JUL. («(jr, /)f 

«(jc, /) = <f>(*)7-(0, 

r + x 2 *7- = 0, o < t 

<|>" + X 2 4> = 0, - 00 < X < 00. 

«!>(■*) = A cos Xjt + B sin X* 
7(0 = exp(-X 2 to). 



u(x, t) = jf (>l(X) cos X* + B(X) sin Xjc) exp(-X 2 *0 rfX. 



(1) 
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At j> ^UiVI J»^lj . 1 i5jiJI J*\*j j == O^j ^ 

jf (A(X) cos \x + B(\) sin Xx) d\ = f(x), -oo < x < oo. 

Jt; £(X) • J-*^ <3~" Oj$j 

l r°° j r 00 

^(X) = - ' /(*) cos = - /(*) sin x * dx. (2) 

, ( 1 ) SbUM ifl(X)_M(X) Lf^ & J*tS*^J 4 <iU 2 ) j 



+ J /(£) sin X£ ^ sin \x 



exp(-X 2 fa) d\. 



1 f°° r°° 

w(jc, ^ - /(0[cos X£ cos \x + sin Xfj sin \x] dt, exp(-X 2 &) d\ 

7T Jo J-" 

= - f f /<£) cos M€ - x) d£, exp(-X 2 fc) rfX. 

TT JO J-» 

u(x, = - f /(© f cos X(£ - jc) exp(-X 2 Af) <i£. 

IT J-°° JO 



( 1 ,J^ai . 32 oi^^-w ) 



cos Hi ~ x) exp(-X 2 &) dK 




exp 



4fe 



« > 0. 



«(x, /) 



Sj\^ ^rj-^ s -4-^r iw> . "^J 



J_ w /(©exp 



(3) 



•aU^ ^ ( 1 ) aJjU, 4 J-V&ll W SjiU SJUN oi* . ( 7 ) 

*->j&\ . *iXJjJ - X V*jl^ VI a- Cj* ^j^i ( 1 ) 

OjSJ ( 1 ) ilaUJj 

w(x, = J o (A(X) cos Xx + fi(M sin \x) exp(-A 2 *r) rfX 

iUlfr A^jAj aiUul U^-»d i>iVl <~*jjaji J^J • ° Ji^ c ~-l} & 



w(x, /) = 



— r 



V4A:it/ Jx—h 



4*1 



XT. 
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J, ^ jjj^-J ^brf V/'-*) XJUJ1 . J iiUVU . J^51 <> UbiW 

r 

|/(x)i dx < °o 



/W = \0, M > a. 



: DUJl ^ .3 



r 2 1 



^ - 1 — 
a* 2 " * a/' 



= A _ j o < t, - 00 < x < °°. 



l_ u = + 



* = 



'i! Jj-»- J^—aM 



. f J S-u! "(0, f) iajaiw p-J S Iint,^ + «(*,/) 



. 6 



V TT •«> 



erffo) = -7= I «T* dz. 



oJ>Jt 



erf(-g) - -erfCg) g 

(. . 5 jjj^j Jia^ ) Jim er%)= l. c. 
<lL*l] m(jt, f) = erf(x/ 6 l i>> 

a z u l a M 

7-1 = 7 77* < x, < t 
dx k dt 

«(0, = 0, < t 

u(x, 6) = 1, < x. 



. 7 



a 2 w l <?« 



«(*, 



1, * > 
-1, x < 



ulJi^V S ( 1 ) ^UJI ^ 8 ^^J! 6^. J* -9 



fAnkt 
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2 r sin f 1, 

Tf JO \ [-1, X 



( . 8 , 1 J-ai Jk-V ) 
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dv _ 3c — 
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' m & i>j 1 aJL^-VI «,<m) O 5 ^ • U^.jU^. U»U£, . ,^Jj 

/ A*(m = 0, 1, 2. . . ., i = 0, ± 1. ± 2, . . .) <kiJ! 
u» v~ (« + 1) A/ ^ / A t UaUl Jl ^1 J^, ^ 

o 1 S^dJ • m A/ 6*J «^ 0" ± 1) Ax bjWll Jjo-I JCc 

1 1 

«,(/» + 1) = -«/_,(»!) + ~u I+1 (m). 

2 2 

icj^Jl UbiVl LIU^-VI uj& UJU ,1^ ^ «s *> 
<L2i Jj£ !xo (w^Jl , . ^ ( initial probability distribution }' 

iJjUJ Ul^u oli-Jal) « f (m) (m (0) = i, M( (0) =0, for / # 0)>^ 

. ( 2 _ 1 ) JjJk^Jl <j ^ US' , J_^jl 

2 _ 1 JjJ«Jt 






X 
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-2 
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0.25 





3 
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0.125 



U^m) ' • iiolitj Vj^* J^~J italjcdl (^jji^J ^j^LnJj 

1 

u,{m + 1) - u,(m) = - 2«,-(m) + ^(m)). 



J^J At- (A* 2 /2Ar)Jt j-t^ ci^lj . Ax 2 /2 Crl^ u>>)1 
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Uj(m + 1) — u,{m) 2 At u i+i (m) — 2«,(/n) + w,_i(m) 



At (Axy (Axf 

_j j$Lij ,j\ i^-*^ \ A* °jjaj«]l A? o*jM * J** ilr* 

^j^i. J,j . / = m At >x = i AxJUt "(*. 3 jj>1~J\ XJUI ".( m ) 
J^i ja , t >»jVt <_»jJaJI . du/dt ^ja i-sjZij j— j V\ i_*jjaj! j * * 

Af j Ax (j* (3^ U^" ^ 3 jl _pJl 3J.il**. . d 2 u/dx 2 {j* <*->j3± < (5jLr*M 

( FoKKer-Flanck )) <ta\jc*j oj^pjl iJaUw» ( _ r *~J «J* 

' .Introduction to t_AiS" j i5^?-l J~^a> J*- dj-**^ u^*dJ< 

.1968 , Feller uUl" ^( Probability Theory and Its Ap plications, 

4 d 2 « „ d 2 « _ a 2 u 3m du 

a* 2 a* a? ar 2 ax a? 
LaLfeVl Sjl^ -^W^ uj& .0-0 

J>JI »J* ^ f U*L-Vl J^i\ ^^Jlj . oVU 3juJ U» 




: bUj! LSAr*M J^j^ J^-~«<> 
* 

dx 2 - k at' 



«(0, = 7*0 = ^0, < f 

u(x, 0) = T„ < x < a 

d 2 « , 1 3u 



»(0,f) = T , u(a,t) = To, 0<f 

t}i-r = -- 0<x<a, 0<t 3 
dx 2 kdt 

m(0, = To, "(a- = J o. < ' 
u(x,0) - 7-,. 0<x<« r ) 

£f = I* <x<a, 0</ 4 

ax 2 Jfe at* 



ax 

u(x, 0) = — , < x < a 



r,x 



a / 7 * at 

£«U)-0. ^(-.0 = 0. 0<r 

u(x, 0) = — , < x < a 
a 

tl = 1^ 0<x<«, 0<f 

ax 2 ' * ar' 

«(0. f) - 0, u(a, 1) = T , < t 
u(x, 0) = O r < x < a 



\A/\A/\A/ d I If 



lif = I*! 0<;c<a, 0<t 
dx 2 k dt' 

u(0, = T , u(a, t) = T 
u(x, 0) = T , < x < a 



c l « 1 du n . , 

= < * < a, < r 

a* 2 Jfe dt' 

du n x AT du AT 

— (0, = — , — (a, t) = — -, < 
dx a dx a 

u(x, 0) = T 0> 0<x<a 

d 2 u 1 du „ 

— = - — , < x < a, < f 



ax" 



m(0, t) = To, — (a, t) = 0, < t 
u{x, 0) = T,, < x < a 

3jc 2 it a* 

^(0,0 = 0, 0<f 



«(jt, 0) = 



To, 0<x<- 



7,, - < x < a 
2 



-, o < ^ < oo, o < f 



«((). f) ;7o. < f 

m(jt, 0) = T (l - e-™), 0<x 



w(0. r) = 0. < r 



»(.v. 0) = 



T , < x < a 
0. a < x 



d u 1 du 

—2 = -— 0<jc<oo, < t 

dx 2 k dt 



du 

— (0, t) = 0, < / 
dx 



u(x, 0) = 



T , < x < a 
0, a < x 



. 13 



d 2 u 1 du ^. ^ ^ n <r / 

u(x, 0) = exp(-otW) -°°<* <0 ° 

^ff = I?£ _»<*<«, 0<r 
' q - oc < * < 

«(*, 0) - " To, < x < a 
0, a < * < 00 

^ = I^,0<*<«,0<, 
dx 2 k dt 

- (0, /) = 0, u(a, t) = T 0r O<t 
dx 



14 



15 



. 16 



u(x, 0) = T + S(a - *), 



< x < a 



J^JJ UjJx; w(x, /) liU (3jUj^a!1 ^j—juJI Jatl . 17 



3 u 1 <9 



3bc 



5 = kit' ° < X < °' 0< ' 



-(0,0 = 0, ^./) = S. 0<, 




«(*, 0) - 0, < x < a 

Jsj^Jlj Sj^jl jixj v{x, /) = (s/2a) (x 2 + 2kt) o 1 0^ • 18 

lJ^J! . w(x, t) ^ . 17 ^^J! j ijLjJ ib^JI 

«(*. = v(jc, /) + w(x, /) 
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iio = 1, u, = x, u 2 = x 2 + 2kt, « 3 = * 3 + 6ha 

, h j» JU AJ\ Ji-w <jJ^ lj^^ Wr/^ 



u(0, f) = 0, u(a, t) = t 

£u*3 i^-y> SJIi u ( X, t ) . 20 

2 du 



w(jc, = 



W to 



J SJiljui (^^c-J Sja^ll j-p SJ>>^ UjslilH *J,sLJI Jisw 

(Burgers' equation^ 



dw dw d w 
H vv— = — 2- 

at a* ax 



■ 

w(0, t) = 0, w(l, = 0, < * 
w(x, 0) = 1, < x < 1. 



w(;c, = 



exp 



4tt? \ 4r 



— x 



J ^ a -l>i oAr*^ j^Uii j ^l* Acj j oVj-*** «W e^"*** ■ 23 



at 

C 2 — = M"l - «2)' 



o< Joja> u 2 (t) j«i(0 oJj»&\ oU-jj ■ iSj\j*^ l£-*> 

« 2 (0) = 0, M ,(0) = 1,3LS1jc>VI J»j,£)I 
<4>(p) = v|i(p)/p J\ Jeju JLjlJJ! 4j( — . . 24 



A (pty)' + \ 2 cf> = 0, < p < a 
P 

«W0) , <Ma) - 0. 

"(P. = uf>i ' ) • j OfAr*^ Jt-»>JJ Js- . 25 

. v(p, 0/p.) 



~5 — I P — I = 77> 0< p < a, 0< r 

M (0, t) SjuL. , «(a, = 0, < t 
m( P ; 0) = r , < p < a 



dx \ ax/ * af 



e — \ e —\ — u < x < a, < t 



—x 



du 

u(0, = 0, - (a, = 0. 
ox 

ULJJ .^sON JJU > j^t .27 

+ 7 2 (^W ~ «) = I 5' < * < < ' 
dx A ar 

h(0, o = r , ^ (a, o = o, < r 

: 7Xx) = T + Sx. , 

- 

XT. 
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4>" + K 2 x<|) = 0, < x < a 
<f>'(0) = 0, (f)(0) = 0. 



4>'(0) = 0, <j>'(o) = 0. 



"a 




exp 


4kt 



erf 



'b - x 
4ki 



w(jc, to) = e px sin (cd/ - /«) 



tf*y«Jt i> ^ ddtfj Sj\j*N SiaU. JS^?p = V^/2fc, CU^ 

. * -i- 

i 

w(0, t; u>) = sin tor. 




= fi(w)<^ px s'm(wt - px) du> 



«(0, r) = /(0, < t 
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32 



I* 0<x, 0<< 
dx 2 k dt 



u(0, - Kt), 0<t, 

_ fl, o</<r, 




.uj .* ^ l>^j M jC*^ ^ • e^ 1 

ax 2 *a/' ' 
m(0, f) = - io, o < t 
u{x f 0) = 5, < x. 



fjjcji . 34 
(> U k = 0, 



ii(jc, oy^UJU ci^JI .tUN ^ Jj*r f-** 
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THE WAVE EQUATION 



THE VIBRATING STRING 



. ja*JI iiUI .1 



S^.W lS^I CySj <£UJI iS> . ^jUJ ili-VI ^ 

/) WjVl, . ( 3 _ 1 ) J£U1 j ^ US' oLSIj^VI ^ UJ . 

(j^si uk; . dui ^ j>. ^u. . iu^u. ^ do 

^,1 . tfpjt j ^lijl ^ 0ji \s jj^ ^ j: and a; + A* X* Ulil^i 




a x 




— -\M\Af\M o I Icottoh rn m 



J\ ^ . J-tf J5^, t^, ^ « ( 1 ) o^l^ 

. ^(dJ i*i>UJi J»\Ju!\ Jut 

.(3_2) j US' ^k; O^i i>Lr»^l U <yj <>j 

Cdj-c- LjSUJ\ ^ )jc--oUj'ifl j ^liM J — s-^j 

-T(x) cos a + T(x + Ax) cos p. 




7"(x) cos a + T(x + Ax) cos p = 0, 

T(x) cos a = T(x + Ax) cos [3 = 7" ( ) 



3 2 « 



T(x) sin a + T(x + Ax) sin p - mg = m — (x, 



\a/\a/\a/ I L^ottoh on m 



[p] = mil. , p iil53J ^jja*} ^ i>» ' f J-*^*^ J 



T T 

T(x) = , T(x + Ax) = 



cos a 



cos (3 




■Ttan a + T tan P - p Ax g - pAx^. 



jl^ <fJO gjft tan p j x, JO- «fUJl J** ^ tan a 



tan a = — (x, 0, tan (3 = ^(x + Ax. t), 

dx ox 



,>-s<..o)-p($+«) 

.. ^\ J^JL ^lill ojfo 



( / V 10 5 id* ) U*. 5^ c 2 C-j\£ \a\ . c 2 = Tip. 

y+A\ dlLJl SJjljw J* i^cocs . j-^-VI jlsJI 
a 2 « l a 2 « 



-«'•'■ "'^'^ 0< '- (3) 



Ullj Jais i£ ^>J1 SJjL* i_JlJxo V dlii < jw-sJl 

a,. 



— 0). . 



a 2 « i d 2 M 

£? = 0<x<a, 0<, (4) 

«(0, = 0, «(a, = 0, < t (5) 

«(*, 0) = /(*), < x < a (6) 
du 

(x, 0) = g(x), 0<x<a (7) 



3r ' ov " 



: ( ojS )F jjb jjjl JjU jjl, 

. ( 2 ) j J£ jlaj ^^asjt . w, d 2 w/ax 2 , a 2 w/d/ 2 , c, g/c 2 . 

^ _ I ^ _ 1 t) 
dx 2 ~c 2 dt 2 T nX,h 

jUoVI jjo?«il = ~~ P£- Uja! q^Cj-i , oJu^-jjl SjiJl 

. ( o\JSi\s 

jjZs gjjlj ( 5 ) SJA** L^jj^ ^xAt ( 2 ) (3 vW J^- • 3 

LJiS' ^jSCJ j , « (jljj VI _ Jj>- » Jo lii ojjb ) . ^jJ! ^ iisiu^o 
. aSj jt*^ (( ujl?*^ t3*" " • i( u!>*Vl _ SJV>- » 

■ 

. j^Jl iiiLJ\ KJU* J*. . 2 
SOLUTION OF THE VIBRATING STRING PROBLEM 

, y^J\ dUJI <Jui3 ^1 Ljljili VI (vjill _ Aj 3jJL?JI JjL-t 



^ = 0<x<a, 0<t (1) 
d.v 2 c 2 dt 2 

w(0, t) = 0, u{a, = 0, < t (2) 

u(.t, 0) = f(x), <x <a (3) 

— (x, 0) = g(x), 0<x <a (4) 

dt 



\a/\a/\a/ I ottoh pn m 



u(x, t) =4>(*) * J Uiji lal . ol^-ixJI J-ai ii^U JjX" ^ • M*K> 

( 1 ) <bU*T(0 



4>W(r) = ^2 <K*)nO- 
c 



^ J-*aa«j . <\>T. Jfr i*-JiJlj j 



<t>"w no ft ^ ^ n _ 

= -5 , < x < a, < t. 

<(>(*) c 2 7(0 




j^^ijaj^ j^ioL^I ^^jJJjU; ,3^^ J! 0^ itaUJl J-^j -X 2 colill 

. X 2 S J£a Iu-jJ 



r + xVr - 0, < t (5) 



4»" + \ 2 4> = 0, < * < a. (6) 



4>(0)r(/) = 0, 4>(a)r(/) = 0, < r 



4,(0) = 0, <|»(a) = 0. (7) 




^ W ^Ull ( 7 ) j ( 6 ) o^^l j V 1 ^ ^ ^ 




\a/\a/\a/ plkottoh pnm 



k i = {^)\ $ nix) = siniKx), n - 1,2,3, 



T„(f) = a n cos X„cf + fe„ sin \„ct 

' M r^ ; f ) = sin MK cos \„cf + b n sin \„tf] 
( 1 ) U>)) LUUzil flal-JJ t^r* • b n , J a n -3 ^ L^J 

\jiliU»JI ^1^^.(2)^(1) ^UJI Uj js*j «■(*, 

i JyJCt . iljL^ °n and b „ Oj£ • 0X>_^ 

■ 



n - I 



«(*, 0) = i a n sir ™ ) = /W, < x < a 

3r n = i a V a / 



■ 

VTA 



— (x, = E sin K*[-<inKc sin Kct + b„\ n c cos \ n rt]. 
at « = l 

aLUU Ujii (Jj 5u^i*J\ JJbJI . ^jji aLL. JiU. Os^?^ 

j[ f(x) sin tic, (9) 



a„ = 



a 



I * w sin ( V ) * 



b^ — f g(x) sin (— ) (10) 



g.j/ oUUl W to ^ U. UbiW 

jlsCj JSVl (3 e ja^—* /' uj^j 0^ jfj^ ' 4 *cr^ s-^'j • ij^j*^ jt*- 

: ^ IwUJl iJUiVl JsjjiH 



«(*, 0) = f(x) = 



2x n a 

h ■ — , < x < - 
a 2 

2x\ a 

h\ 2 - —J, -<x<a (11) 



du 

— (x, 0) = 0, < x < a. 

at 



I,. b= 1.2,3,... b. = 0^.^ 



XL 



\A/\A/\A/ plkotl 



8/1 sin(wr/2) 

= —5 5 — . 

8* sin(nir/2) . /mnr\ /**cA n ^ 

'> - ? -7- su, ivj cos i— y n2) 

. ^ >V1 i^U! . SiJui* cAijl 4 oJbX (5JJ» viUJI J£i <*-J» 

Ho J*> JsJI Ju*i J o** 1 '^"-J vr-fj 



sin A cos = ^[sin(A - B) + sin(A + 5)) 

1 T8A sin(nir/2) . n-n(x - el) 

2 |_it n-i n a 

%h ^ sin(nir/2) . nir(jt + ct) 
8/1 -A sin(nir/2) . /mrx\ 

7. -W 



,kk*t • <A^> <kJ»*J jjCj U (JC, f) • iiJI »j* (3 

. diJiS'j . jLJI J! oJb-jC/-; J^iU -LXJj /^(x) -kki- AJio/^+cf) 

\aa\a/\a/ o IU - /-\tt/"\h r*ni 



^.kli-tu. p-ji Ujuc . Jl 5Jk»-jrt j ^j*^. /<,(*) kiw«* Wi* _rt > 

. u(X, t) kl»M Jfi- J>-W«M 

J (x + ct)J (x - cr> oUU~- ( 3 _ 3 ) j 




(3-3. )Jf* 



u(x, t) = ^[/„(x + ct) + f (x - ct)] 



■ laic Ijy^. o*^ 
i il Oau .r=0.9a/c_,x= 0.2a Ui^l 



i^0.2a, 0.9^ = 



\[f o (-0Ja) +fA\Aa)] 



-0.4A. 



fix) Ma* ,y \+;Aj c£+i M ^ 



( 4 ) _ ( 1 ) o 



VaUji . j^ji do yL* j*- . ( 3 _ 1 ) Odj^* 4 



/to = 0, g(x) = 1, 0<*<a. 



1TJC ' 



f(x) = sin^— j, *W = 0, 0< * < «. 



\a/\a/\a/ q I L^ottoh rnm 



fix) = 



g(x) 



x, 0<x<- 
4 

a a 3a 

-- x, ~<x< — 
2 4 4 

3a 

x - a, — <x< a 
4 

0, < x < a. 



u(x, t) = ^/ (x - ct) + f (x + cf)) + ^G (x - ct) - G e (x + ct)). 

• ^ "JJ^ *dJJ 3 /„(*) J G«W 



djc 2 c 2 df 2 



i^^v J5G i^Jl *bU f Jlyflj UUH ,*31 *r 



dx c d/ 



a?* 



< x < a, < t 



u(0, = 0, u{a, = 0, < t 



lAAA/lA/ 



J*> k ) . iiLj\ ^ ,L*OI J^U, JLjUJI ^ , i^ijji J^jj\ ^ 

( . i*jUJI 

: ji*; (JizL. jjj u(x, t) ^IjVl . 9 

t!i = ^, <x<a, 0<t. 

dx 4 c 2 a/ 2 ' 




w(0, = 0, —5 (0, <) = 0, u(a, t) = 0, — 2 (a, t) = 0. 
ox ox 



• ( 2 ) j ( 1 ) ^jSbUJl JjisC Oif • 10 



«(0, = 0, «(a, = 0, < t 
du 

«(*, 0) = /(*), — (x, 0) = 0, < x < a, 

ot 

{ S^, k ,»! ) • ( 11 ) j ^/(at) ^ 

a 2 !! l a 2 *. j 

a^ = ?a? + 1 ' B ' 0<jt<«, 0<f .13 
«(0, I) = 0, u(a, l) = 0, < I 
du 

u{x, 0) = A, — (jt, 0) = 0, < Jt < a 
ot 



\A/\A/\A/ 3 



0<x<a, 0<t 14 

dx 2 c 2 ai 2 

«(*,0) = 0, |(x,0)= I, 0<,<«- 



D'ALEMBERT S SOLUTION O^b >- - 3 

. Ui- oVU i j*Jl iiUl i)L, > ,> jzftt Uu-, xl> u^v 

J^jJI 5JiU ^ ^ iUJJ . AjVa oli O^i^ = x - ct 

« . ( chain rule J iLAJI SUfAi fljJ£-Aj j 



3m _ 3v chv + dv dz _ dv_ + dv 

dx ~ dw dx dz dx dw dz 
d 2 u _ d_(dv_ dv\ dw d_ (dv_ dv\ dz 
i? ~ dw \dw + dz) dx dz \dw dz) dx 

d\ 

~ dw 1 + 2 dw dz + dz 2 



3r 2 C ^ 52 dW dl 2 ) 



, <jU . i)A*JI j»wh(x, lil (9 2 v/dzaw a'v/awaz c,l\^»> ) 



d\ _ J_ &u 
dx 2 ~ c 2 dt 2 ' 



d 2 v d 2 v _ d 2 v a 2 v 



aw 2 dz dw dz 2 dw 2 dz dw dz 2 



d 2 v 



dz dw 



= 0. 



d_ fdv\ = q 
dz \dwl 



dv 

— = e(vt>). 
dw 

v = J 0(»v) rfw + (f>(z). 
v(w, z) = <|>(w) + <t>(z) 

u(x, t) = ty(x + ct) + <K* - «) (l) 

. « .iOj-ib 
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, SU\ xLl jki 



d 2 u I fa 
a? = c 2 a 2 ' 

m(0, t) = 0, uifl, /) 
«<*, 0) = fix), 



< x < a. < r 

0, 0<r 
< x < a 

0<x<a. 



(2) 



,(3) 
(4) 



(5) 



u(x, /) = i|»(x + ct) + <t>(x ~ c/). 



+ <t>(jc) = /(x), < ac < a 
cty'(x) - c^'(x) = < jc < a. 



(6) 



t|i(x) - 4>(x) - G(x) + A, < x < a 



GW - - f g(y) dy 

C JO 



(7) 



(8) 
,15 A J 



#0 = + G(x) + A), < x < a 



. ^ L ajoJI J^j, . iajaJ! J^l ja^j jijJdl .J^ , 1^-1 ^jcj 

u(0, t) = ty(ct) + 4>(~c0 - 0, / > (9) 

«(a, r) = + cO + <|>(a - cf> = 0, / > 0. (10) 

/(«) + G(rt) + A + /(-c/) - G(-cr) - A = 
f{ct) + f(-ct) + G(ct) -G{~ct) = 

C^m u^j - ( vi^i o^ii G j / J o^>J( u^UJI U* g j / ) 



_ ' _ _ 
f(ct) = -f(-ct), G(ct) = G(-ct). (11) 



• *s*Jii G j ii^> f . &\ &\ 

/(a + cf) + 7(a - ct) + G(a + ct) - G(a - rt) = 0. 

■ Jl tf^JJ G j f U±ZJ . 45 >| 5>IJ 

/(a + cr) = -/(a - G(a + ct) = G(a - ct). (12) 

/(a + ct) = f(-a + ct), G(a + ct) = G(-a + cf). 

^i^j • / J v> s^jjJ oVi . jjui 2a iiut-ji 
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iK* + ct) = ^(/„(jc + ct) + G e (jc + ct) + A) 

4>(* - ct) = kf (x - c/) - G e (x - ct) - A). 
2 

: u(x, t) J J! J-oi . 1 j^lj 



"(-*, = \[fo(x + ct) + f (x - ct)] + ^[G e (x + ct) - G e (x - ct)]. (13) 



Cj\ >~a£ iS J> U**J ( 5 ) _ ( 2 ) oVjUJJ J^Ji j>. &_oN ei» 

j>i . 2uL*J! jJLJI t>*j • (3 i-SloVI oliLJt 

( . f jl JC 4j\ jlil j ~* Z * 2 > 

ct* Jyi* /* ,kk>« j» U»j ; * /<>(* + c '*> r-^ • 2 

---- - ajt 
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^ fix) llWjgM** olj ( 5 ) _ ( 2 ) oV.UJJ ^ u{x , /) ^Scl 1 
*-0.25a J o ^ ft guijj a J-u jJUl ^Ll. dii. 

-1 = 0, 0.2fl/c, 0.4a/c, 0.8a/c, I.4a/c Jj 0.5a j 

. ( 3 _ 3 ) J5^J! £. gJU! 
= J /(*) = olj ( 5 ) _ ( 2 ) oVoUU ^ ,)^. 3 
x = 0, l = 0.5a/c; jt = 0.2a, / = 0.6a/c; , ^ m(i> ^ < * < a. 

x = 0.5a, f = l.2a/ c 

' = 0, 0.25a/c, 0.5a/c, ale. 
( ( 8 ) ihL. Jaj^V ) J iLUjl GW ^ . 5 



g(x) = 



0, < x < 0.4a 
5c, 0.4a < x < 0.6a 



0, 0.6a <x< a. 



* 



aj 



G(0) = 



• 5 j G(*) <IUJI , 6 j! ( 8 ) aJ^UJI f jasJ . 7 

^ ( 5 j _( 2 ) oV.UJI , j^J| dUj| yLj ^ /) . 8 

ci = 0, 0.2a, 0.4a, 0.5a, a, 1.2fl.c*$J 
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Jo- J*- <S t -G> - cO; j G f U + ct) JtU* ^ « £*J3 
. «(jc, J ijSlji-l oU^ r-J 0< < r 

( • fcftt 

t ^dUJj^b»*U~ .10 



J! ol^-JcJ JiJuiej .12) Oiv-" . ( 1 ) ^ ) 



= JC + Cf, z = jc - ct, u(x, t) = v(w, z), f(w, z) = F{x, t), 



a 2 v 



dw dz 4T 



^* JtfcUJl ..3*! f UN ^ c«e 



v(w, z) = ~ \\ /(w, z) rfw <b + «w) + «**). 



^ lii 1 'j* *tju 1 10 ) ^> 1 * ) sbuai r un jji 11 

Fix, t) = T cos <. 

C,j^ j( 5 ) .(*2) cX*\jJ\ .j+A SU\ J*JI ,kk~ .13 

."uUgW = V5" W . d = 0, 0.1a, Q.3a, 0.4a, 0.5a, 0.6a, 

to* 
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/(*) = 



0, < x < 0.4a 
\0h(x - 0.4), 0.4a < x < 0.5a 
10/i(0.6 - x), 0.5a < x < 0.6a 
0, 0.6a < x < a 




J*.ljM J*J1 Oij larjJS SJaWl ,^iU3 . 4 
GENERALITIES ON THE ONE-DIMENSIONAL WAVE EQUATION 

<bLJ J** J ^ . j^l oli Sjl^J! aJjU. j {J 









/ < x < r, < t 


(1) 


du 

a,«(/, /) - a 2 — {/, /) = C|, 
dx 


0<. 


(2) 


du 
&c 


< / 


(3) 


u(x, 0) = /(x), 


/ < x < r 


(4) 


du 

-^x, 0) = *(x), 


Kx<r. 


(5) 



p J s ul> ' iv*-*"* J J s ' }P 1 hj^iji^^ c/'lpJ^ 
u(x, t) = v(x) + w(x, t) 



Tot 
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J£ Jcj .00 til / Jj£j U-Ut jLcASija V-r*d J 5 *^ o* ^Ji X> ' 

. ©}LI *>w»JI j 

(jv')' =0, / < jc < r 




<*,v(/) - a 2 v'(0 = c\ 
0,v(r) + fV(0 = c 2 . 



: ojj^\ j «>*ii « > > ito \i 

Aj AjJkpJI ^ yL> JS*Jj and v(jc), Cxi cj^J ^ ^ *^l> 



a,H</. - a 2 — (/, = 0, ' 0<t (7) 




0,w(r, + (r, = 0, < / (8) 

ax 

w(x, 0) = f(x) - v(x), Kx<r (9) 
dw 

— (-*, 0) = #(*), /<*<r. (10) 



Jajl JjUw <Jj- *iXJi3 . ~<Jo±- j i-jl^C* XjOjJujJI Jsj^Ij *3A*JI j^Tj 
XjoLkVl UjjJJU J*yjw(x, t) =4>t*)T(t) C)S lilj . oljgJCJl J-fli XL>j 

r" + cVr = o, o < / (ii) 

(s(xW)' + k 2 p(x)<$> = 0, I < x < r (12) 
a,<K0 ~ M>'(/) = (13) 



P,<Wr) + P 2 4>'(/-) = 0. (141 
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-(^l. aL* ^ s^l oVaUJI j iii^iJ! Will XjL. 
ajUJI Jljjdlj \, 2 , x 2 2 , . . • iJUl ^ 2LjIJ31 ^1 ^ cju j;*, ijkc j^^j 

| <t>„W<)) ffl (A:)/»W ci* = 0, n * m. 
T^f) = a n cos \„c/ + fe„ sin \„ct. 

^JlJ , O^JuUM J-ai JHu ^JiJ SJkfrLJl JjLJI Jaw U*i ^ J 

00 

= X 4>n(*)(an cos X„c/ + b n sin A.„cO 




w<jr, 0) = ^ a n <J, n (jc) = I v(jc)j / < x < r 

n - 1 



dw ^ 

— (x, 0=2, M„c<t>„tO = / < x < r. 

01 n = 1 



In 



= I 4> n 2 (x)p(x) dx. 



J£ ol> « *JU»V! aJLJJ J*- jk» /) = V(X) + W(X, /) !/-»^ 

, W iLi- <i«0 ^ Ju>- J5 . / .-» 00. djfc l*Xp (J-J U ( x,t ) . 1 



4 siuji AjLjij jUiVi yLi 4 -ux ^» vw , s ^ui ^\ . 2 

. JuJUJ* 
S ii _^*J^ Aj At T n {t) 5 .3 

LUji ^-mj ^ ck> . ; 00 Ujcp *j\p y ^ «(*, r) 0^ t> * 4 



1 (_y»VU t 3^ ? *^i ***Vl 



1 r r 

v(x) = lim - I m(x, t) <& , v 

V ' T-f» 7 Jo * 



. ( aw W 3oViJ\j J*- . ) 

dx\ dxj c 2 \ar at/ 
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. Ol' 7 j~c\ . ( 5 ) j ( 4 ) ^iUJl 
oViUJJ J^jjiJIj JLLiUzN aJjLJI jiau w(jc, r) jjl ,6 

.(8)_(6) 

JjU j IjVI SjUJl . jcJI XjI^j j oUb^LJI Jl ^rjJL .7 
lil yjJ! j iS'jLL. ijj* ( 8 ) _ ( 6 ) oVjUJI j SjLjd 

, ~*3%}\ j«« ( 14 ) _ ( 12 ) oV^UJI j yLjJ UUJI -ill cjtf 
K = a(n + p) 





«U, n - /(x), .— (jc, 0) - g(x), 
at 



- - . 



ESTIMATION OF EIGENVALUES 



. jyjij c£~i lt^j jLr*^ 5 iJ^Jl oLJ^iJI j . i^jjl 

^ v^d ii>-' c*ljJU*N X*w>-lj .j^-^Jl J V*VI y 

o«J! j UU^y ^1 . ^^Jl aJ.sU. ^*id JpJI ^Jjl^j . liJJS 



XflV 



www.alkottob.com 



(s(x)ct)')' - q(x)§ + \ 2 p(x)<$> - 0, / < x < r 

4>(/) - 0, 4>(r) = 



(1) 
(2) 



±>xr*> o^5j < <j> J>-\ lAs. Uj»Ul aJjU* UjjJ *il ) 

- ( w 

3^j<f»i A, 2 ^i l~i JjUj <^31 UU\ iiUI c^tf lilj 

, i^jxj ^ L 'j5w j> JS^j . X = X, Xjs ( 1 ) *]*UJ\ 
-N>iT + #i = X/p<t>i, Kx<r. 

L" 

| r - (v4>i')'<i>i + | <?4>i 2 = x, 2 J' p4>. 2 



JU jyfl J .ISC 



Ji b 



jt 



2 „ 



J ; *t<j>IT "X -1- 1 #1 2 4* 



(3) 



Vtei. aia tfl y(x) cotf til fcl ^ <JL^ ^ 



. Liu I j^J! ^J»2? V y (jVi . ifAj jj . r j i 




. J Jl,VI UIJJ! i^jdi ^ . 

<f>" + x 2 4> = o, o < x < i 
<t>(0) = <J>(1) = o, 

> Jjy'W = i - 2x<j\* y(x) = x(i - x)o' 
= | o [y'(*)] 2 dx = j o (1 - 2x) 2 dx 



|2 - 1 



3' 

D(y) = J[ > 2 (x) = J o * 2 (1 - x) 2 dx = ^. 
, Jij «>,(*) = sin ttx, ^ f>>^ 0* M>VA(>) = 10 & ^ 



-r 



I ^2 

iv(<t>,) - L ^ cos2 ™dx = y 

C 2 1 

D((b,) = sin ttx dx 
Jo 



2 

, J J^l IMS . 



I 

(x<j>')' + X 2 -4» = 0, l<x<2 
<KD = 4>(2) = 0. 



\a/\a/\a/ q I L^ottoh f*om 



r 2 r 2 1 

W = x(y'fdx, D(y) = - y 2 dx. 

JLjUN <+j&\ j\ c>j • >J £^ yjU Jj*?M 



x, 2 = 



IT 

ln2 



20.5423 



/ tt In x\ 



% 1 .44 gjV jW^ ^ j 





V*(2 - x)(x - 


- 1) 


(2 - jc)(jc ~ 1) 


(2 - - 1) 




x 


W(>-) 


23.7500 


22.1349 


20.8379 



{Rayleigh's ^> V"^ 1 ^* ^ 



, uLjj uuh ^ • 3 

(}>" + x J (i ;> = o, o < jc < l 
= <KD = o. 



. oiiai ll>u^ fUj'i jaji ^ . 4 

i-jUll ilL* J*- fS ax cos (X/'jt) + bx sin (X/x) 



<t>" + — <t> - 0, 1 < x < 2 
x 

4>(1) - 0, <f>(2) = 0. 



(je - 1)(2 - x) {\jJ£~X> 4 (jj^ j ilLjJ Llta UJ (jsjl 



WAVE EOUATION IN UNBOUNDED REGIONS 

US' bui -°° < Jf < «jU > OJ U^JI ilA*, &j Ux* 

. a*»ji j^u J*ij ^ j^vsd- 

< X (J) 

(2) 
(3) 
(4) 



a 2 « i a 2 « 




dx 2 ~ r 2 i?' 


< f, 


0) = /(*), 


< .x 






- (*, 0) - ^x), 


< jt 


"(0, t) = 0, 


< /. 



" + \ 2 c 2 T 


- o, 


< t 


4>" + \ 2 * 


= o, 


(\ < x~s 


c{)(0) 


= 0, 


|<t>(x)| Sjl 



(j>(x; X) = sin Xx, 7(0 '= A cos \ci + B sin Xcf 
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"(*, = j o (A(X) cos \ct + B(k) sin \ct) sin kx dk. (5) 

«(*, 0) = f(x) = J o A(\) sin kxdk, 0< x 
du • P 

— (x, 0) = = j o \cfl(X.) sin Xjc dk, < x. 

2 r 2 r 

A(X) = w 1 f(x) Sin U rfx ' = ^ Jo g( - x) sin ^ <£t - 



^fi ^ So \g{x)\dxo» «j* tfjtAr^ 1 o-j 

. S , A ij^j 

f J* '( 5 ) (3 cf^***^ J 3 ^ *i.JJ* 3**&> ^5-» j jL>-a*i' 

w(*, r) = \}»(jc + ct) + $(x - ct). 
^C«) + 4>(jc) = fix), o < jc 

tK*) - = G(x) + A, < x. 

<J , ^^j^Ji j US' j 

x-vr 
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<K*) = ^(/W + G(x) + A), x>0 
<K*> = \ifU) ~ G(:r) - x> 0. 

' i/^j x > JSC ^ G ./.,> J*j 
i|i(jt + ct) = hf(x + rt) + G(x + ct) + A) 

(sole boundarj ^ ajjL3 j| ^ . LajJbJl ^Jj! J&J ^iSj iJUi 

( 4 ) ibU. (| condition y 

u(0, /) = = <Kc*) + M-ct). 

U . c, / , g, / y^jb 
_ 

= /(c0 + G(c/) + A + /(-cO - G(-ci) - A. 
f(ct) +f{-ct) = 0, Gfc/) - G(-ct) = 0. 



"(*> = rLAX* + + G e (jc + ct)} + ^[/ (x - ct) - G e (x - ct)]. (6) 

Jus. * J yUS" ( 4 ) _ ( 1 ) oVaUJJ J^JI ^ ( 3"_ 4 ) J5C£J\5 

gto = , /(*) yijjj S^Jui. 



\A/\A/\A/ 




6»J 



f,(x - ct) J o\W^JI ^ jU^t - 04 ( 4 ) ( \ ) CflbWJ . ( 3 -4 ) J*A 

o<x, i u(x. t) j fe^t 4» • ^ /o(x " C ° 



a 2 « 


1 a 2 

a<x - 0< ' 


(7) 


ax 2 


wOt, 0) 


= 0, < x 


(8) 


dw 


= 0, < jc 


(9) 


u(0, f) 


= hit), < f. 


(10) 








«(*, - 


\\i(x + ct) + 4>(jc - ct). 


(ID 



^ US' U^U. ^ • 19 ) • ( 8 ) Cj^^ j ^ uU>^j 



1 ^ 



*1 



ipfjc) = 0, <R*) = 0, < x 



(12) 



«(0. /) = <W - ct) = h(t), < I 



( 13 ) 



(14) 



M -~ J, < 0. 

. J.IS' Ji^u «(*. /) .> JoJ«J ( 14 ) , ( 12 ) 
j jaj^ ^ . ( 3 _ 5 ) JS^Jl j US' ^ . dUi J* JUX, 

. r J jj S-ul x <]L£ «<*, ( 3 _ 6 ) JSJLll j olkW*Jl 

J» jJLJ'i XjkJj* u» .'J l JLjjJ^ Ai^j oUxkwtJ^ ^> J*j 

<V9-j*J^ <£fr _^*» . C A&^-Jl put i jJ»\*Zj 
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h(t> 

jr i i N » 




12 3 i 
<f>(q) 


,-3c -2c ~c 


q 



******* .-44 ^is-O^UAU 4*9> , MO . < 3 - 5 ) Jtt 



u(x,t) 
t = 




c 2c 3c 4c x 



jaJS AjijjcJl J»j^iJ*j ijyLo!^ j-i iJUi^ Js-j^ll! A»-jJI- iJjlm. 
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( 10 ) _ ( 7 ) oVjUJI kJX . ^jLo i^jijJl^ ( 4 ) _ ( 1 ) 



5 (P. o = ol o<, J < 4 >^4 



J oUlkzJI fbjjj ( 5 ) JfoUl ,> ( 6 ) i^U, J^l . 2 

• *iJt3* c2U& J^j . jjl ... sin Xx ■ cos Xrt, 

^ ^ /<*) j x J£i - ^ |i| . , = o i/2c, i/c, 2fc. 3* 



0, < jr < 1 

1, 1 < x < 2 

0, 2<jt. 



0, < x < 1 
c, 1 < x < 2 
1.0, 2 < x. 



. 5 



= sin /u^" lal . ' = 0, ir/2, ir, 3ir/2, 2ir, 5 w /2, 
' - 0, 1/2, 3/2 ^y, X, ( 10 ) _( 7 ) J»J| J*U. 6 

>obc=V.jS lil 5/2 
0, 0</<l 
/i(0 = • 1, 1 < f < 2 
[0, 2</. 

, iltj! J»J UjJI i^UJ o^Jb f jrfcl .7 



to 2 



1 d 2 « 



«(x, 0) = f{x), 

Y t (*> °) = s(x), 



- °o < x < oo, < t 

-oo < X < 00 
-°° < X < 00. 



www.alkottob.com 



COMMENTS AND REFERENCES • J***«J ^^Jju . 7 

J-ai U lj*JwjJj , 1750 fie. _^J1 \ji>- r**^wr Pjr^j 
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jJSjl o^lc. — ^Ai* 1 4*i;--^AJi cjWi Oj^j _ <L*^J1 LlijU>« 
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oVliJS Ksry*** J*. t5jf« j .1978 , 77ie Physics of Music, <^Jc£ 
V**°J jJ»|>k • 5-^*^3 ■ « LaUI a1*JI )i 

oU-jJi oj^>l*J\ (i j*\jJ»M oi* fv»^j . *V>*^ *JjU» aUxJjj 

4j jlJsj ^j^tfwJ'' j***^ jrj^-j J^-'o ^ v ii.v* u!j 



- AfV- + a - bR). 

Pit 



V(x, f) = F(x - ct), R(x, t) = G(x - ct). 
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JiJj Biological Engineering, j, UoUyl jSi^ -J? J>-\ 

\^Jc t^-j 3 a-^-jJ^U oUuJaJ j .1969 Sch wan 

. 1975 PeslojT-^|(j p arua i Differential Equa tiom in Biology"" 

v« Boundary and Eigenvalue Probleimln-Mqthematical Physics, » 
oV^l^JI,- ijUJl ^iij <j«ulijl jj'UaJl ^<;. 1966 < Sagan oaj(j 

Hilbert, Courant' ^jJs Physics,,, 



h(0, 0-0. "I". l ) ~ 0. 



< X <- <i, U < / 



< t 



u(x, 0) = fix), — u, 0) - g(x), <- * < a. 
dl 



ILL. ( ol jjdil JJ*u ) Jcr . ( <2UJJ 5*.ljV» ^ o 

J*Ja^. 1 j< . 1 (vS Jaii J^L ( 1 ) j u(jr, f) Jj«J! . 3 



fix) = 



3hx 
2a' 



2a 

< x < — 
3 



3h(a - x) 2a 



<x<a. 




. u{x, t) J». iLX. J^-ar -"la/3 Al* t jjAi* uj^i / iai**** 



a* 2 " c 2 a/ 2 ' 



-00<Jt<«>, 0<l 



au 



«(*, 0) = fix), — (x, 0) = g(x), -oo < x < c 



o, W > £. 



g(x) = /(*) = 



. fix) = ■ 7 uij-^ ■ 8 



~ |0, \x\ > e. 



dx 1 ~~ c 2 a/ 2 ' 



, yLji ^ M(Jt> t ) j,sa . 9 

< < f 



"(0, I) = 0, 



< / 



u(jr, 0) = /(*), - ix t 0) = g(x), < x. 
at 



= f J^- 1 a/ 2c, 5a/6c, 7c/6c, 



TV. 
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< x < 




la 



< x < a 



t = 0, ir/4c, T7/2c, 3ir/4c, ir/c, 2-rr/c S^.jVi ^ kja^J i ^.J . g ( X ) - 



«(0, o 



sm 



0, 



< t < 
c 



t. 



IA^j, *^>j\jjx aJVjo *}\j£ u(x, t) kU.. 



«(0, r) - 



a 



< t < 



c 

2a 



h(2a — ct) a 
_ < f < _ 

a c c 

2a 

0, — < t. 

c 




: JjLjJ LjYl i+J (jsji . 14 

itrvy + k z e™4> = o, o < x < i 
4>(0) = 0, «KD = 0- 



. ijLjJ JLjli i*J (j»y (^i- 15 



\a/\a/\a/ cilL^ottoh m 



15 



du du d y u 

— + u — + --.- ii 

dt dx dx 3 

u\x, t) — \2a 7 sech 2 (ar — 4o , z). 
,> U n = f'< x ~ c ^ iw»3U o^L, ( '16 ) jj^j j J»J1 . 17 

^=Ott i>^^ JjJ> o'j^ 'W' V 1 — ^ ■ ' < J^-V -18 

.... 

du dp 

-~ - ~ — , < x < a, < / (A) 
^ -f 2 — , <x <a, / <B) 

J ^ • u = dvldx,p=> -dv/dt ^ydl g> v *Jb Uk' .19 

. V. J ijj-jj) ibU* £WlC (B) J\j **>\JsC* T^y^ (A) 
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1 



/>(■*, 0) = -fct, 0<*<a 

/>«>, = 0, / Jia 

= 0, / > o. 



v(x, 0) = U x, < x < a 
v(0, = 0, ^ r. 

h*, o j iuji ^ j^j , ( 20 ) j s^^ji *jLji j*. . 21 



3« + y^i 

dt dx 




J!iUajl Ji*j V L* . ( Stokes derivative dijZ*, Ajui*. ) 

5jl.j^ olj-Jil. ci> 0' 6^*d • <# 

■ 

€ = * + W, t = * - Vt, u(x, t) = v(£, t). 



dx d£ 



ijjUJI J* ol^jJilJl J-ail . oUii US' tljL^JI Jiu^ u{x, y, t) o\ Joj\ . 23 

. i^UJi U>JI LUJd\ 
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" Ifu 1 (du , du\ 

UU . t\ jiUJ 5J^^ *°rj> • r ° e?^ S ->1>* ^ 

, yj* u(x, y, t) 



24 



STu 1 /3b 



... 3« 
k\dt dx 



0<y <b, 0<x, 0< f 



dy k \dt 6X/ 

u(jc, 0, t) = 0, u(x, ft, /) = 0, 0< x, < r 

M (0, y, r) = r , < y < b, < / 

«(x,y,0) = r,, ' 0<jc, 0<y<b. 



J UUJI j^sjl ilL. r * . ( 23 ) j ^ c*\jJcJ\ J-il 

"„(*, y, t) = 4>„(jc - Vt) exp(-K 2 k(x + VtYlV) sin \„y 
y = bj y = JCe AjJjJbJI ^j^Ulj 2Ui>Jl UiAfcN <JaUJ\ J»J 



&j • ( 24 ) Ji^J (j x 




*m ^ 



xvt 



1 



i(x, t) = i(x + Ax, t) + G Ax e(x, t) + C Ax — (x, t) 

dl 

e(x, /) = e(x + Ax, t) + R Ax i(x, t)+LAx — (x, t). 

dt 



L Ax RAx 

i(x,t) ^ j ^ju — - — wv 1 1 »-i(x + Ax,t) 

efx.t) GAx| "IcAx e(x + Ax,1) 



{ 



Figure 3-7 



^UJI ^1 , Ax-+0 Lx* JbUI J^Ij a> bJ| 5 ^Uj 



— + Ge + C— = (C\ 

dx dt ^ 

de di 

- + Ri + L- r 0. (D) 



U> LUU- J* J^d (D) j (o ^LJI = "o, 

. e(x, Jcii J^i . /(at, J ^JUJ\ ^ SJ^Ij 

= OjC= ^ . J^^l ^jUJI . i$>! oVU j . 28 

iiii oV^u , ) ^.jji y^u. i j e d dx] 



/? = 0jG= 0^ (D) j (C) ^aLJl ( aLU\ ) JjU Jb- .29 



L 



\a/\a/\a/ I Leo ft oh oom 



— — - — pii- rr} — s , i\x,"\ij~— u, u v. x a 
e(0, = 0, <?(a, /) = 0, < t. 

, ( o j>y\~$\ _ 5 jjUJI J'jji cr**"" ' <j Oj-X?J^ J»j^lJI ) 

. ( 29 ) j AjLjJ Oj,Lb Hijk> J»JI J* J»a^l . 30 

JG= W tr 51 ID) j (C) jjdaLJJ SLU\ JjL- . 31 

■ ^ ijijj^lj iLjUiVI ^jjJLi\j L = 



*(0, = V , e(fl, = 0, < t 

0) = V , i(x, 0) = 0, < x < a. 



J~?}\ Ctf K>\ R = OjG =0 (D) (Q ^JaUJ! J*- . 32 



ixxll ^ «»f O = jR = 0d^ (D) j (C) ^aUJI J*- . 33 
. ij ojJi^Mj 3»jj£S\ ii- . aoj^x =0^ 



e(jc, 0) - Ve~"\ i(x, 0) = 0, < x 
e(0, t) = V, < t. 

°Ap^ ij^UJ = <J>(* -ct)oj£j <(> JljjJi . 34 

^ _ i*f 

at 2 ~ fc ar' 
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u(x, t) = e px sin (o>t - px ) 
u(x, t) = e~ px cos (cof - P x) 



jp = Vwl ^* ) ■ <f>(* - cr) J( j)( x _ cf )^ LjJc J^^Jl ijS^jj 
. ( 10 . 2 6 . c J JJUJI Jil c 

« **>^ *=r^ JjW » 0* ^ ul {£*t j* c^aUJI >u . 36 

<kU. jji o* • t) = 4>(x - ct) 



du du 



<j>" + c4>' + <|)(i - <j>) = o 



a 2 n l a 2 « 




u(Q, = 0, /) = sin otf, < /, 

sin (okj/c) * 0j & J ^„^i 

sin (wc/c) sin u>f 

- r— — — — • 

sin (umi/c) 

ul osf ■ y> ( 37 ) <>_^ j SJUI f Uu • w = wc/a c)S \}>\ . 38 



TW 




THE POTENTIAL EQUATION 



1 *JaU4 . 1 

• H» ( 5 J-» <^ ) od-^i j 3^fc«Jl flUll 3j> 

a 2 « a 2 « ft 
a/ a* 2 

. oaJI oUljVI _ Jii— ^jjl _ ojljJ V-* 1 

•^jy ti 5 ^ 4 ^^l* »W tr^^ i SjJiJ\ ^\ »j»JI ^ aAcj 

-jjUI oLilj y^ijf^N -V^J v-M -V^ -lij*^ j»l>l» 

' j* A^llJI XhLJIj . L-a^JIj *ljj*iJ\j oLiUJI 

a 2 « a 2 M a 2 « 

3jc 2 dy 2 5z 2 

TV* 



{Laplace's equation)^^ ^ ' "S-^ 

. oU> 3J* ( IJ$\jS ,jr*-* ) *^ ^J^J 

(maximum ,^J3uJt SAtUN -» ^^-i U j» L^O, ^ f**^ 

0^ J~± V u J* . *ik*' (| V 2 « = 0^ W ' Principle) 
0^ W . Upj ) . « j£ (J U ^ ^ <A>-* ^ ^ 

( saddle ^ cy*^ l^k . U <Lu X* gj^du/dy jdu/dx J* 

i*J*> ^ • XJUN gjjS *Jk VI h U^c! • ( point 

SJ^Ij <Lu Jl^ ^1 ^ 6* ^ ^ ^ t*^ •>» • ****** 

. ( 4 ) _ xJI j si* Ji* 
'UV; UkJl j j^JI aJ^U. >ic iU£fl Lay*]! ^ JSL* 0^ 



3m < 3m _ . 

dn on 



. yL. yLu . Xd^i J* j^/an w ^ xjL. 

0j5i jS\j u o\i . ^ « <^ - ^ ^ ^ 



r = Vx 2 + y 2 , ^ = r cos 
e = tan"'(^J, y = r sin 9. 



«(jf, jc) = w(r cos 0, r sin 0) = v(r, 0) 
— = cos 2 e — - 2 sin 6 cos 6 <> 2 v sin 2 6 A 



+ &in2 fl ^ + 2 sin 6 cos 8 dv 
r dr r 2 ~~ 50 



cos 2 



a « . 2 „ d 2 v 2 sin cos d 2 v cos 1 a 2 v 

~2 - sin — 2 H + — 5 S 

3v 2 ar 2 r 30 dr r 2 a0 2 

cos 2 dv 2 sin cos dv 



ar 2 r ar r 2 30 2 r ar \ dr) + r 2 dQ 2 



^ OyjJI <bU, < (r, 0, z) UljJU-Vl oUWVI j U 



11/ av\ 3 2 v 

r Sr V ar i + r 2 a0 2 + a? " °" 



\A/\A/\A/ 



p(x, y) = a + bx + cy + dx 2 + exy + fy 2 

get it*** sjjlai* j±\ . *JjU. ji*; V*^* cr^ 

. U Uuu JC* tfjL- W*f, dp/dy j dp/dxo^ ^ . 4il oriJ 

. ^ JSi, u^- ^ 
2)jU ^ m(jc, y) = xy j u(oc, y) = at 2 - y 2 o* • 2 

S y = fc.y = .Jt = a ■ x = OoL-C-J J* JV^ *5» 

Mi.o < y < i j o < x < i <j> y:>u ^ W • 3 

. S y XlUt Ai~» ^ U . w(jc, y) = y(y) sin mc 
u(x,0)= O.ijajjbJt J^l JWT «(*, y) ^ y *Jbfl 

k(jc, 1) = sin itjc 

. ^Sm ^ « y . u(x) .4 

V J\ XfcU ^\ • op N • v(r) <M n» V. . 5 

iwu j^mJ! iliW r" cos «6 j r" sin n8 i> ^ ^ usi • 6 

. (n = o, l, 2, . . .) oUU-VI 

. e j r <j\ 

«=-S ) otf 0» o^ • C U ^ y J * v JB .8 

, ^diUJI o^" 0=^ US** J ( J»jLr^ l>» 

3m dv 
— + — 
3* fly 

du dv 
3y Ac 



= 



= 0. 



(A) 

to) 



dd> dd> 
u = — v = — 
ox 8y 



a^l ibU, <J1 (A) Jj»J, LlUw OubO (B) 



POTENTIAl IN A RECTANGLE • J- j k w J a^l . 2 

^ + q = , 0<*<a, 0<y<& (1) 
Bx 2 dy 2 

u(x, 0) = /,(*), < x < a (2) 

u(x, b) = / 2 (x), < jc < a (3) 

m(0, y) = 0, < y < b (4) 

«(a, y) = 0, < y < b. (5) 

aJjUJI ^ • m — X(jc) y(y), *1jl>JI w(x, y) 

y(y) + XU) y"(y) = 0. 

• Jl yrJ^j X y J* Iflai oj*, 

^ = r(y) ^ 

xw y(y) • {t) 

SaUtf e-lk: . ( 5 ) j ( 4 ) jjdaLJ j i-jUuJI i.j^ £$3 . Y jl X- J* 

X(0) = 0, X(a) = 0." ( 7 ) 



TAT 
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ilaUil Ji . U 2 J*h ^ ^ ^ u > ^ • ^ ^ ^ 

jjjj oLjtl Ji*> ( 6 ) 

X" - tx 2 X = 0, Y" + \i 2 Y = 0. 

1 L?* Oi^" 5 ^^ 0*^* t ^*" Ojfcj 

X(x) = A cosh \uc + B sinh put, y(y) = C cos jty + D sin \xy. 

B j A o> % ch • ( 7 ) 5JaU, . LajJbJI Jpj^I X iJ^J 

. - X 2 J LjU. ( 6 ) iJaU. ^> j^ltf - 5>ttU >^ 



„ _ v2 v - n (8) 



x" + x 2 x = o, r - \ 2 y = o. 



X„(x) = sin \„ x, X.„ 2 = ■ 

, ^ Xs J *iM y cM* 



^«()0 = a n cosh \„ j + b„ sinh X n 

■ 

. (j-^yU. jvp JUIl j bs j as 

m(x, _y) = ^ (a n cosh X„ y + fe„ sinh X„ _y) sin X„ jc. (9) 



( 3 ) j ( 2 ) ^LJI j UUJI j± d \ 



«(*, 0) = j£ a „ sin - /,(*), o 



< x < a. (10) 



°» = ! I /iW sin (ir) 

u(x, b) = 2j (°n cos h k„ b + b„ sinh X n o) sinl 1 

i \ a / 

= fiix), 0<x<a. 

Coliil . <LL SjC«* Loj! aJuij 

a„ cosh X„ 6 + b„ sinh X„ 

(j^* < °n L>)^ ■ -i (jH!>*^ CJti 3 ^^ *°J^ (J"*^** UJ^° V ? 

a„ cosh \„b + b„ sinh \„ i» = ^ ^ / 2 (.*) sin X„ x dx = c„ 

b = c » Z a " cosh X " b 
' sinh K„ b 



«(-*. y) = 



I, {<■ 



sinh(/nry/a) ^ 
sinh(mr£/a) 



[/ mrv\ cosh(/mfr/a) . . /mry\ j . / nnx\ 
C0Sh l . j - S ' nh I a )\\ H~] <"> 



\A/\A/\A/ 



J*-jij . y = fcLa^ Ojy x o Uxp 1 ^jLj a„ _> ij %lr kJ\ 5JLJ1 <4Jj£ 



sinh \ a (b - y) 
sinh \„ b 



,jl ^ij <; JjJI uj^j xj^y* ^j^** Ljo 



/it*) = / 2 W = 



0<;c<- 
2 



a - x \ a 

2| , -<x<a. 

all 



it n 



8 sin(«TT/2) 



w(a:, y) = 



_8_ ^ sin(M7r/2) I sinh[(niT/a)y] + sinh[(«ir/a){^ - y)] 



sinh[(nir/a)fr] 



!. fmrx\ 



J « y) = c-jU , XZ\yJi oL^I j* ( 4 _ 1 ) JSCi3\, 

. a = b.^Xs, SJUJl 



V 2 u = 0, < x < a, 0<y<b 
u{x, 0) = /,(*), < x < a 



(12) 
(B) 
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(4.1) jtt 



«(*, b) = f 2 (x), < x < a (14) 

«(0, y) = SiOO, < y < b (15) 

«(fl, y) = ? 2 (y), < y < b. (16) 

g-ii <_ij-. . h(jc, y) = u t (x, y) + u 2 {x, y). ^ 



V 2 «, = 0, V 2 n 2 = 

0) = /,(jc), M 2 (jt. 0) = 

*») = hU\ u 2 {x, b) = 

w,(0, = 0, « 2 (0, y) = gi(y) 

ui(a, y) = 0, u 2 (a, y) = g 2 (y). 

-< 12 ) oV.LJI J JJU« ijU] „, + tt2 J .tfjj, ^ 

• *»i!*Jl ^ J* UU^ JU « 2 j M, ^ J5- . iUiS- . ( 16 ) 

* 

TAV 



\A/\A/\A/ 



u 2 (x, y) = 



2 sin »*» y 

n = l 



A n sinh \t.jt + B„ sinh [x„(a - x) 
sinh jvz 



(17) 



2 f* 



sin n-« y rfy 



2 f" 

B " = Jo Sm ^" 7 ^ 




\ 2 / = J o-UL- La sinh - y> j sinh Xy Cxi - 1 
fl* Jj*S* cosh j sinh ^ J*" J*i <^ ur^l 

, ^-Ytf ^ 6* Mb > - 2 



8 ^ sin(niT/2) 
h(x, y) = -j 2, 



it n = i « cosh(Mi:£»/2<3) 



• sin 



rnxx 



^"Aill oVUll j J.,h- ...11 £ j* & u V L^1 8 ^Ut f jicJ . 3 

( jijjjhjl p*t ,3*»« > ) • b = O.I2. < t> = 2<j « {> = a 
•(5)j(4)j(1) oV^UJJ > (9) SJjUJI j J<f -4 



V 2 w ~ 0, 0<x<a, Q<y<b 

«(0, y) = 0, tt(fl, y) = 0, < y < 

u(x, 0) = 0, k(jc,/j) = fix), < x < a 

" 



XAA 
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iJudliJI *Jdl*JI jisC l^il til ) l^Li Js» ^ ( 17 ) <bl*J^ 0^ -6 



^> J53 0<y<fcjO<Jt<a, »^ j -V^ ^ 3 ^ t J* - • 7 



— (0, v) = 0; u = 1 on the remainder of the boundary; a- 
dx 

^ (0 , y) = 0,- (a, y) = 0; u(x, 0) = 0, u(x, b) = 1; b. 

- (x, 0) - 0, «(*, b) = 0; «(0, y) = 1, «(a, y) = 0. c. 

ay 

. ( ( 17 ) iiiU. jiti . ^ ) . «2 J xjLji J^ • 8 



POTENTIAL IIM A SLOT J Jyy^ . 3 

j l^Jo- . 5#->Jlj Sjl>*N oVaU* Jl iiUVlj . oViU. 



^ + S = 0, 0<x<a, 0<y (1) 

a* 2 ay 2 



«(x, 0) = /to, < x < a (2) 
«(0, y) = < 3 > 

y) = «2(y). o < y- W j 



\a/\a/\a/ a I L^ottoh 



u(x,y) = ui(x t y} + u 2 (x, y) ^ , JjUI xJ\ j *~Ju 

■ ,>JJ ^jLjJ cfe^ t5«« 



V 2 «, = 0, V 2 « 2 = 0, < x < a, 0<y 

«i<*. 0) = /(jc), « 2 (jc, 0) = 0, < x < a 

k,(0, y) = 0, u 2 (0, y) = gl (y), 0<y 

w,(a, y) = 0, u 2 (a, y) - g 2 (y), < y. 

• oljjull J-^ij A*»JI i>>» . « t J yLji 

X"(x) Y"(y) v2 



«,(*, y) = x(x) y(>), 



x(*) 



X(0) = 0, X{a) = ( 5 ) 



r + x 2 x = o ( 6 ) 

*„(*) = sin^^, X„ 2 - (^j ,n= 1, 2, 3, 

r - x 2 r = o, o < y. 
y -» °° L.j^ sj^ ,_^o Y • iJuAidl *JaUJ1 Jl iiUVL 

ifJUJJ . JuL. jsc. JjVI ,>J1 ■ e~ Ky J e Ay j* y^*JI 



n= 1 



(7) 



. y = Jl^. J» _^SJ1 jjj*; a„ Co 



r'w y"(v) 

— — + — — = 0, 
XU) y(y) 



(8) 



y(j) = sin (xy, 



sinh llc sinh ix(a — x) 

X(x) = A — + B ?± '-. 

sinh \jm sinh \ia 



JL*J , ijVjLj frljL^JI Jjl*. . -k~-J ^ OJ^ 



"2(*. y) 



Jo 



sinh u-r sinh |x(a - x) 

A(|x) — + 



sinh 



sinh \ui 



sin ui;y </ju,. (9) 
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"2(0, y) = £ B(m-) sin fxy d\L = g,(y), < y 

r 00 

"2(«. y) = I A((jt) sin jiy d\i = g 2 (y), < y. 



•fi(M-) ji4(^)o!lLljJI JJt»«J 



J — >■ j — £- 



_~ n a 



* j 1 • (0 < x, < y)££ 



;j <o<*, -»< y<«> 



cfAJij <f>jJb- J^- Jj». oo<y<-«))o<^ tfji—- 



o^l ibU* Ji^J ( 7 ) fcU* j sUuJ\ ii-aM (> «,(jr, y) 0* Cxi • 2 

. ( 9 ) foliJJ fl(fi) j A(ji) Jj^^ .3 



«2 



t ajajjisJI Jsj^l c-»w Ji j j^=J\ itaLJ JjJI y) = Cxi 

iL>!L J*J\ \J* aUwl rf+i > &(>) = «><?.<>') = f{x) = JC, 



y(y) s yr» -y ~* 00 ^* J 1 -* <yVj ~ J»pJ\ js** 

gi(y) = 0, fix) = b\ jej\ . jcji u» 3 sUuji *jLjj J*J1 . 5 



«(*, 0) = 1, u(0, y) = U (a, y) = e~ y - 
J* ^AjJ^II XjjiHj o*>JI *bL, JS*J .Ijal ^1 v(jc, y) iJU! 6ri • 8 
cos(a/2) uj^d o' ■ 7 ^juJ j v^l^Jl J^j 

cos(x - la) 
v (*> J 1 ) = ,i : e y 

COS(2fl) 

J gjj! AjJjJLx)! J^j^lj Vj^' i-UA^M SJAaJI gj» U 

S 7 j*J j <JUJ\ w C-jl^ W . w(x, y) = h(*. y) - v(x, y) 

* 



< x < a a 

< x 



u(0, y) = 0, u(x, 0) = 0, u(x, b) = ftx) = j*' ° 

u(0, y) = 0, u(x, 0) = <?"*, M (jt, b) = 0. b 

■ Jaj^lM j J^J^ <)Lj *1a*J1 JjU J^- . 10 

dy z 

y ±oo h (jc ( 3,) j£ , jt^j jsj^i, Jl 

10 oij^ t> *e****H J^lj iJ^UJl ^ ^ a^l ijL. ^ .11 



«(0, y) = 0, u(a, y) = £? M , -00 < y < 



00 



AjAjOpJI Jej^lll £. ( 10 ) ^j-J j JL4»J! *)L* Jj*; oLS" ^ . 12 

"(0, y) = g,(y), u(a, y) = g 2 (y), -« < y < °°, 

i i5j^ £j j Ji^l ijLj ^JL>J\ Jjl*- J*- .13 



\a/\a/\a/ ci I L^ottoh f*/~\m 



i2 -a 
a u a u 



— 2 + -2 = 0, 0<x, 0< y 
dx dy 

«(0, y) = 0, u(x, 0) = f(x). 



y ~~* 00 Ujuf- jl — > oo Ujl* o-X-i. j^^iJ u(x, y) J\ Jek?-^ 

h ajjlJI v<r>^ * >0, y > . tfji-* g j i y ^ • 14 



«(0, y) = e y > 0; u(x, 0) = x > 0. 




.15 



d 2 u d 2 u 

Tl+T-2 = 0, - oc < * < oo 0<y<o= 
dx dy 

u(x, 0) = f(x), -<x < x <cc. 

- 

u(x, y) jjijji v»ss^ o! v~ ir^ JuJdl ^ U 

: ^ iojjuJI XJIjJl c*i^ IS! ( 15 ) 3 ijC J\ J*- . 16 



fix) 



(1, W < a, 
0, [x| > a. 



POTENTIAL IN A DISK 



ul0<r<c^ ^1 I^JVju ydl • r, 6 2LJmJI oUIj^VI 



\a/\a/\a/ I L^ottoh r^om 



rdr\ dr/ 



1 3 2 v 



V<C, 8)=/(8), -TT < 6 < TT. (2) 



v(r, w) = y(r, — it), < r < c 
-(^07) = -^,-^ 0<r<c. 



-wye + 4*0" = o. 



rjrR'jr)) 0"(8) 
*<r) + 0(8) 



= 0. 



• ® -> ( 4 ) j ( 3 ) uU^lj . cr/0 = -X 2 jbw^Uilj 

C4E* ® J K US^UI oJ>lJ! JiUjlj 



0'' + \ 2 


= 0, --rr < 8 < -rr 


(5) 


®(-tt) 


= 0(ir) 


(6) 


e'(-ir) 


= 0'(1T) 


(7) 


<rJ?')' - X 2 tf 


= 0, < r < c. 


(8) 



r\0 



\A/\A/\A/ 3 1 1 



t j* ( 5 ) *bUJJ fUJ! J^Jl {,\ik * Ocjtf 1% 
©(6) = A cos X6 + S sin X6. (9) 
f lo*C-Uj ( 9 ) ifeUJJ yUJI SJVjo ( 7 ) j ( 6 ) jdjUfl lilj 



A cos Xir - 5 sin Xir = A cos Xir + B sin Xir 
XA sin Xir + XS cos Xtt = - XA sin Xir + KB cos Xir. 

B sin Xtt = 0, \A sin Xir = 0. 

. dUij . 0(0) o Jl ^ dUi v . o V * j a ^ 6 | 

C?*" ( 5 ) CA* X = c^tf !Si .X - 1, 2, 3, ... sin Xir = ^ 

0^1. ^ oUk, ( 7 ) j ( 6 ) oU^i @= a + soys r ui ,e» = o 

X = 0, 0=1 

X=I,2, 3, = cos X0 or sin X0. 

o\j . ( c^l: )© = i UiJI ijUt Jjlirx 2 =o uijji Ujai 6 i Uj^j uVij 
8 <j£& Ct?^ St^ J* K 2 = « 2 (« =1. 2,3, • ••) SjUN j^sll 

cos n6 and sin «9 j 

r 2 fl" + rfl' - n 2 R = 0, < r < c 
l^J • ( Cauchy-Euler equation) J^J ^ ^ eiA 

: J^ww <]jUJ! jjfl" = a(a _ jya^ 

(a(a - 1) + a - nV = 0, < r < c. 
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• /" " J r" <> Sr*/> ^ j* U-iUl!l aJjUJl! ,.UJi J^Jl a = ± n , r>\ &\ 
. lift Jjc J^w <J»j- tiiJi] , (ja r UjCt JUL. jZ, , ^-Vl 

u-M CA» • « = Ux* ioU- SJU (| . /?„(,•) = r" -» Jii^jj . JsJl U ^ 
. r = Uxe tfjL c-^-o ^U^UI ,> . In r j 1 4i lill 4JUJI U* 



JljjJl cA» < ^U- 
r° • 1 = 1, r" cos n6, r" sin ne 



v(r, 0) = a + 2 c o s "0 + S V sin n8. 

n=l n=l 



(10) 



v(c, 8) = a + 21. f fl ( fl « cos ij6 + £>„ sin «0) = /(9), -it < 6 s ir. 



i r i 

« n = — J__/(0) cos «0 </8, Z>„ = 



ire J-ti 



„ , /(8) sin «8 rf8. 



v(c, 8) = /(8) = 



0, -TT<8< 



- Tt 



2 ' 



IT „ IT 

i, — <e< ? 

0, ^ < < 



u^j • K = o Vrjj ^ j c?* /(0) q/j . ( 11 ) ?bUJ1 
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it -«> 



/(8) cos nQ dQ = 



2 sin (/i-tr/2) 
nir 2 c" 



1 A 2 sin (nir/2) ^ 

v(r, 6) = - + 2 "I > cos /i6. 

2 n =I «TT C 



r = O u e J i OJ* . ^li- J5lij . v(r, 8) JJbJJ t/^j^H 



v(0, 6) = do 



= -i r 

2ir J-i 



1 



/(8) * = - } _ 



f v( C ,8)<*e. 
j— it 



v(0, 9) 



1 r , 

= — v(r, 



8) J8 



(12) 



<**2j\ <L*»l>- 4^»-~j "V^^ ^tab* Jjb- 

'• c J Oti r ^ 
S^Jai- ^ylJ . ^^k-jM 2u*i!l lya\i~ . { mean value property ) ^^k-j!! 

M = V 
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v(c, 6) - |0j, -it < 6 < 7T. 
Js^l ^ J* --TT < 6 < TT. V(C, 9) = 6 6* J>j*i ( 1 ) OiJ-^ ^ • 2 

. S = ±ir Jit 3«w (^jj-bJl 

— ' -(2)j(1 ) 

JJfi_MU*> J UJUl J-.1& ii-C (i^ij ( 12 ) ilaU. ^ ji^c . 4 

Ja^j « Lj»S *Ul. . ( 2 ) SJaU. j /(0) aJIjJI colS" IS! . 5 

s v{c, e)^^ *LU vjU; Jj>- JjSlI t jSC* i bUi < /(-TT + ) = /(it-) 

' «jl Cxi • 6 



v(r, 0) = a + E r~"(a„ c °s »9 + ^„ sin «6) 




. r -* ». UjJt oJJU ,v(r, 6)| J cj*J 



. is j as J ( 11 ) Sj^U. <3 4> e Jj^-I • a 
(a) j cdulScJL ( 10 ) <3jU. j is j as J-uiJ . b 

cos n6 cos mj> + sin «0 sin n<j> = cos /t(0 — <{>)> 

v(r, 6)^ . ( 1 caj^ ( 10 ) jcj ( 1 ) J-ai J**-V ) SLUl ^ e 
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< r < c '0 < 6 < ir/2 ( sector)^Ua*3l j V aJaIm J»- . 9 
v(c, 0) = 1 < vfr, ir/2) = «v(r, 0) = OjjJaJI ij^JI 



1 a / M l a 2 v 



[ r— + "7 — 7 = 0, 0< 6 < cor, 

r dr \ 3fJ r 2 36 2 

v(r, 0) = 0, v(r, air) = 0, < r < c, 
Kc 6) = < 6 < air. 

. 2 j ^ Ja-^j ^ a d~=- 
— (r, 6) L-sUJU *U»J\ J*- j^jj ^ . 10 ja >iu^ u^j*' • 11 

. 0+ UjUfr SJui. C~-J 
. ( 4 ) j ( 3 )C>J*j2$J>jj-Tr < 9 < ttS 9 JuJ^y • 1 2 
J -3 * 6ri • 2tr Sjj-^ ^jjJ v(r, 9) 6^ «-Akoj 



0" + \ 2 = 
0(6 + 2-n) = 0(9) 

Uitf ^J)! t^lL. 6* 6ri ^ - (7)j(6)j(5) oVjUJI ^> Sl-b 
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ojj^jj U>JI U^UsJI oVaUJI .5 

CLASSIFICATION OF PARTIAL DIFFERENTIAL EQUATIONS 
AND LIMITATIONS OF THE PRODUCT METHOD 



UU> ^1 ( a^-jJI , ) iik^. i^Ux, oV^U. 



4^ <bLJ! 



: gjft (-itfjjl lift pS^b 

V + + + % + % + + e = 
y^U* . ^jjl J .UiJI ol£A* Ufc-JI o| ^uiJ cij^Jl 

: fl 2 - AAC Sjlil l r i 5 ^aJ oJ^ 

S 2 - 44C < 
fi 2 - 44C = t(4 »\5C 
fi 2 - 44C > JSlj glu 
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■ J*^ (J 41 j»JL^-i UjUC 




UkJ\ ■ v$ >l" ■ *sM*" y ^ *=>^* 

0<*<a, 0<f 

< x, < t 

-oo < x < oo, < r 

0<jc<o, 0<y<i> 

0<r<C, -TT < 6 < TT. 



^1 UkJlj . JJc- Uj^ o& ' ^ ^M 3 ^ 8>i * s 



\a/\a/\a/ q I L^ottoh r^o 



oUttJl >u u«* soju ^ xjloi j^j ^ <( x^^, 

• J*a^ W^- J^U < J^l >1 j! u^l. oils' lit 




— 



a 2 M 



= 



d\ d 2 u d 2 u 
dx 2 + 

d 2 u 



dxdy dy 



+ - 2x 



d 2 u 



d 2 u 



dx z dxdy dy 2 



= 2m 



d 2 u 

— ~ 2 



d 2 u 



d 2 u du 

+ — ~ = — 

ay 



dx dxdy dy 
a 2 « _ d*H _ 5« _ f 

ay 2 ^ ~ 



j e 



j>uji ^oi, ^iuii . jjjji . uuji ouwvi j . 4ii ^ . 2 

. U* o^Lk^ Uil J* a^ji ^ j'su^i jj^j, "^J, 4 
■J>J» o>j Lrtfl JSLJI ^ .5 



T.T 
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d 2 u d 2 u 

I? + " °' 

u(x, 0) = f{x), 

«(0, y) = 0, 

ax 2 ~ by 2 ' 
u(x, 0) = /(or), 



< x < 1, < 



< x < 1 
w(l,y) = 0, 0<y 



< jc < 1, < 



dx 2 ~ ay' 

uOt, 0) = f(x), 
"(0, y) = 0, 



, U, 0) = 0, < * < 1 

dy 



0<oc<l, 0<y _ c 



< je < 1 
uil, y) = 0, < >> 



3L> jjjJI AjjjJwJI JsjL^iil Ji^S /j,/2. • • • cJl^ \il *il i>j .6 
/(-it) — fin), f'i it) = /'(■*) 



COMMENTS AND REFERENCES 



t )*- Jjc>tJ SJ*-!j jft\Js> At- 4j J*!>^ <UA** i_i*xi 

J£i Jt ,3 Sa SL, (ja djJaS J\ JejS . J-^uH *U- C-J^li ill— 

jj»wt *J»JLw» (jU , ^Ja— (Jt jUcVI ^oy_ LtXty . jU?l Jji** jj^** 

^kj-V ) ijjiUJi J^i LaJOt . ^4>J1 ibid* JHj««J Sib j* ^tja— 31 • (3_>» 

. 2 j I4U ,J ^ <iLjJ JoUJ! ^JiJl ^ ( 4 _ 2 ) J^ill 
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^LaH oVAft* J£ ( _ r J ) 04*JI aJjU* XJjjJ iiji* 6^ 
J£i)lj (_^o ^ jjS^j jiS»JI jjlaJI . eJu«JI aUt-V! ^jicJ ^ ( ^Ull 
j »J_^J z aJU J^*l^ j i 2 = -lj^j u^iji^ o^J* y * * 6^ ^ = j + i> 
*3uL» / c-iV^ - -Li^ol^-JC^u^S^u^J^v, " /(r) = y) + iv(x, y) 

, <i»*-JI XUuVI ^ . j^I ?JiU* (i**? v j M ^ ^£ ^A* z 

■ o JjU- ci^ l£^>> i^Vl JljjJIj ijJjJi 5jjl«l« 

z 2 = (x + iy) 2 = jc 2 - y 2 + ilxy 

e z = e x+,y =r eV y = e? cosy + ie* sin y. 

J*io . 1 983 , Neil oUIj " Advanced Engineering Mathematics " i-A^ J 
t| (J:>l 'SfjJb-j J^mM SJaU. cAiuJaJj . JuuJl ^.15" Ujt 

. ( 19 ) j ( 18 ) oJuill j oUIjJI 
j Protter «-*;)^ ' Maximum Principles in Differential Equations " 0* 
j^>Jl *bUJ i-JicVl LuJ AaJIj i-ljj Aili 1984 . Weinberger 
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y 

«(0, y) = l, u(a,y) = 0, 0<y<b 
u(x, 0) = 0, n(;t, fc) = 0, < x < a. 



~^iJ JA^l f .Aii.» u(o/2, a/2) = 1/4 cjU ( 1 ) oi>? J « = ^ 

oJk» 

■ 

«(0, y) = 1, u(a, y) = i, < y < b 
du du 

— (x, 0) = 0, —(x,b) = Q, < x < a. 

dy dy 



k(0, y)=l, ^(a,y) = 0, 0<y<b 
dx 

u(x, 0) = 1 , ^( x , b) = 0, <x <a. 
dv 



«(0, y) = 1, M (a, y) = 1, < y < b 
du 

— (a, 0) = 0, u(x, b) = 0, < x < a. 
dv 



1 , w(a, y) 
1, u(x, b) 



= 0, 0< y < 6 
= 0, < x < a. 



«(0, y) = f(y), u(a, y) = 0, < y < a 



w(*, 0) = /(*), M (x, a) = 0, < x < a, 

a *JJ*\*j ft t£>Ll* Jull. l+kk*** 5ita ^ / d^>- 

, i»xr^ - 0<x<a-0<V j . 8 

m(jc, 0) = 1, 0<x < a 

k(0, y) = 0, m(o, y) = 0, 



(iij . -oo < x < a. 4 < y < iw^itjl *JaU* J*- Oi>- . 9 



1, -G<Jf<fl 

o, -A<H 



u(x, 0) = 
n(jr, &) = 0, -«<x<<» 



dx 2 Sf 



u[x, 0) = fix), 



-00 < Jt < «. 



/(x) = exp(-aW). U-l ( 10 ) ^ j ^ > • 11 

( . 2 J*, 



T.V 
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«(*. y) = - [ fix') ~2 5 dx' 

it y 2 + (x - x'f 

fix) m i, ^ ^ yuji j ( 12 ) Od^3 t| i^-J! f o*lJ . 13 

-00 < x < oo 

x >0, y = j y > 

*■«-{£ °-^r<o. 

S ( 15 ) frj^ j . ytf^iH j «U j^U . 16 

«(c. G) = (sin 8|. 

> t^iU- JjJJ ibl** c-jlS" ISI . 18 



1 d ( du\ 1 d 2 i< „ 

r — + — — = o, a 

rdr\ Br) r 2 30 



< r < b, 



r"(A„ cos n6 + B„ sin n0) + r _ "(C„ cos n© + Z)„ sin «6) 
A + B In r. ' ^ 

JbAjj^ i»j^iJJ ( 18 ) ^ J-yc US' gjSU JijU J^J! ijL. J*- . 19 

«) = 1, u{b, 6) = 0. 

V 2 w = 0, < r < c, < 6 < a 
M(r, 0) = 0, «(r, a) = 



V 2 « = 0, < r < c, 0< 8 < 2ir 



u(r, 0) = 0, «(r, 2ir) = 
u(r, 6) - /(6), < 6 < 2ir. 



ijL> JisJ y) = sin(irx/a) sinh(ir;y/a) XJUl j\ jj-j .22 

V 2 « = 0, < x < a, < y 

k(0, y) = 0, «(o. y) = 0, < y 
«(jt, 0) = 0, < x < a. 

. y ~* oo Ux* sjui. «(x, y) ujSJ ^ «-JJ* !j! JJI U* 

P(jc, y) = A + fijc + Cy + Dx 2 + Exy + Fy 2 
Oij* 1 (3 ^j*^ i-LAidl XJaUJl JJsJ ^1 p(x, y) sy^l Sjjl^ Ap- . 24 

AjiAjJ^l ±>jjll\ ifJJiS'j ( 23 ) 

pfx, 0) = 0, p(x, b) = 0. 

UV! SjOjJ^I J»- . 25 



— = + — s=— 1, < Jt < a, 0<y<l> 

dx 2 d/ 

u(x, 0) = 0, u(x, b) = 0, < x < a 
«(0, y) = 0, «(a, y) = 0, < y < b. 

j* F Ju^j. Ux* ( . 25 - 23 (jijUxJI J**-V ) . u>-ji 

T.5 
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V 2 u = - 1 a 
1 

jr + v 



J_JI ^ = U ) J^l J* v(x, y) j . t/ + "(*• y) qr» ^ y 



dx to 3y 

JjVI aJ^UJI J usi v = a<t»/ •« = a^/dxo^AnJL 
W LjJIj > A/< lcA*" W V*^ UiUs aJjU. ^ U\Sllj . s^iL. 

.y = e cos ax ^ lfltal*-« istji^ looJ ^ • 28 

^ . jU*Jd *»*U^ Vt* cjr^lj ^j-^ 

v(x, t cos ax) = -ea sin ax(U + u(x, e cos ax)). 

v(x, 0) = -* l/ sin ax 

^\ JSL* *iCa) . y -> oo Ujup «(x, y) -» J»j^l> ■ 

M < 1 ^ (>>j . <|) -I iLASCJI ij, 3jj*J\ 

j\J\ (,oo J! <y a ) J>JJ JfUdl Lu* . 29 

tiijj^JI i» ^ fJtiiJ , £~Jj ) . y = f( x ) cz* J 1ji r slSU*> 

v(x, 0) = f/a/"'W = j[ [A(a) cos ax + B(a) sin ax] da.) 



TV 



u v = gradw >* c3 « i^LA^o j . 30 




V 2 « = 0, < x < 1, < y < 1, 
dM ,„ , du 

-(0,,) = 0. -(l,y)= 1. 0<,<1, 

— (*, 0) = 0, — (jt, 1) = - 1, < ^ < 1, 
ox ay 



I a, 

^ a«/3n . /? UkJ! j jyJl aJjUJ « cols' W , 

, ^wJj ) . ( * ) Uji ^ . ( 30 ) 0i> 4 ^>jl/^ ^ ■ 31 



3" , 

— <fr = 



. ( C^U c ) SSXu + coli • u^Js* 

. ( 30 ) jj>f j yLjJ > ^ y) = K* 2 - y 2 ) ^ dx • 33 

. s = In r J°y^ C) o* ' V"^ 
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r dr \ dr) + r 2 dQ 2 ~ 

0) = 0, u(e, G) 
u(r, 0) = 0, «(r, it) 



0, \<r<e. O<0< 

0, < e < it 

1, 1 < r < e 



IT 



\a/\a/\a/ ci I L^otto h /"*/~\m 



Sop J5L*4 
PROBLEMS IIM SEVERAL DIMENSIONS 



■ 

■ — ■ — . ■ - — - — . — ■ - ■ ■ 

. ^\ ott ftU» Jlfeftt . 1 



DERIVATION OF THE TWO-DIMENSIOI 




EQUATION 



JJ*\ 3y oJ±> \xu* Ulip . (jd-uJl oii aVjJI a)A*J ill. VI Jo-l 

j (*, y) U&Jl J> i^^j . ( 5 _ 1 ) xy - <5j^l j 

( surface tension ) cr gpJaJl .till ^ • «(*» *) qr* * a*3 

( Sj~^ AsJb oUi ^1 si» J««J a>i ^> (*^* ) • *^*vVl fj\*> V Ail til . J-VS" 
^Jai ( oLjU»- VI £t UW j Ay j A* oiUj 1)1 ^ji-o ^J aZ^w. ,j\ j>*»^ UcJ 
, JJal.«Jl <y J£ Jpj . AJc A^pjl j jjj^i (5r^ ' '^"^ 

i ( 5 - 2 ) JSCiJl 3 ^ij- ) <r i*Jb Aej^ 5j* JIj A±*jl S-Ju o\» 

t-w - a Ay jl Ax Sj£ t.$j5 Jl Jl^CJ ^ 0^-*i Vj>*Jl <5j*51 

. ( 5 _ 3 ) ( JSJJl i^V ) fl^JLJI Um31 J> 




c 



y 

Frame 



Ay 



111 



Ax 



FIGURE 5-2. 

( 5 _ 2 ) ji-i 



( 3 -1 ) J" 



cr Ay 



\cr Ax 



cr Ay 



♦ cr Ax 



FIGURE 5-3. 




5 -.3 ) 



cr Ay 



cr Ax 



cr Ay 



'cr Ax 



<r Ay 



a- Ay 



URE 5-5. 



J) JU) 



cr Ax 



cr Ax 



FIGURE 5-6. 



( 3 _6 ) 
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. ( 5 .6 j 5 _ 5 oJS^J! ) yUr j xu . o-ji^li J* J*LJ| lil 
J i5jS)l fj~**j (cos - cos a oUjVl j ^1 ^ i5> 

uaS**^' CftA* 6* J* 0^. 0> J-iJI »>j fa (cos S - cos -y) >» 3>-oU>jl 
ji j Pjo j! J.^ dUJJ . il*. JiV! <> j| 



du du 

tan a = — , tan y = — 



a Ay (sin - sin a) + a Ajc (sin 8 - sin y) = p A* Av ^ 

y dt 2 



.2 



& , "ir . . a UljjJI - [^ 2 ] cJ*JI iiliT ^ p 

' lP^' s-s»- 



sin a =* tan a = — (*, t), 

dx 



. ( du du \ 

°*y[-(* + Ax,y,t)--(x,y, t) ) 



+ °" A *(^ ( *' y + A 3>, - ^ix, y, t)J = p Ax Ay^. 
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crl —s + 



dt 2 ' 



d 2 u , d 2 u 1 d 2 w 



a* 8 + dy z 



dt 2 



u(x, y, t) 



. ^juJI oli ii^U. ^ oi* . c 2 = a/p cutis' tali 
«(jc, y, 0) = /(.*, y) 



du 
dt 



y, 0) = y). 
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- 



= 0, x = a, X = OoUjiL ^ jjai , ^LJa T..„..« jU?Vl £>l u*J*^ ■ 1 

( 4*Ju!l 



JO*. 



It XbU 



<3UL 



At .2 



DERIVATION OF THE TWO-DIMENSIONAL HEAT EQUATION 

(5_7) JSJJI (| US' oU^VI LjJfcu iA>« ^.o^l^pJJ OjJjlt cft*jl 

Ay j Ajc SaUu I Jfr ( Jj**M ) J"*- 6^ 

(5_8JS^) 




Plote 



T 

I 

FIGURE 5-7. 

( 5 -7 ) J*A 



TW 



Ay 




Ax 



(S.i) Jtt 



y + i Ay)8 Ay + g y ( x + J A*, y)6 Ax J^jj| Jj^ 
+ A*, y + \ Ay)0 Ay + + £ Ax, y + Ay)6 ^ Jj** 

pce * • uj>Ji 
. gjj^/i _,*cJi Jc. < ii«oii oi* 



y + i A J) ~ + Ax, y + k Ay)] Ay + 
[^(jc + \ Ax, y) - q y (x + \ Ax, y + Ay)] Ax = f -g + pc ~J Ax Ay. 

. j>j&\ s *> ^ vt ^ A * A >* ^ 

. £A~r» • ^ A ? J A * ^ *^ ^ J 

ft* dy of 
_ 
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+ 1 


( K -s) 






dy \ 



dli 



= pc 



du 

dt 



\ a* 2 a// pc a/ 



■ Od- 1 *^ oli o^jjJI ihl** Sale JUu gjdlj 

^ J -4^ j» e& *k^**J iU^JI *j,ajjbJ\ j^l 

^ cAj^J! La^c sJ^JI Jj** 

. i^USl ^U-Vl Xa-JI ^ L-jO s,ipjl ^ ^ ^ 



^1 X]L* V10< y < 6 , 0<x<a, JJc-J! £ 

^ lil ip^i«aJl j »jLp«^ ^rv-^ 2L5\jCjV1 ^jM LjjAsJI 

. SjJji* Sj!j>- ^ • a 
• y = J ■* = Q ti*" ^° • ^ ■ k 

. oUaJI Jw->«j ,Jaii* (wiJ aUul ibU. . 3 



t± — — - If* 

dx 2 dy 2 + dz 2 ~ k dt 



v{x, y, l) = j£ u(x, y, z, t) dz 



SOLUTION OF THE TWO-DIMENSIONAL HEAT EQUATION 



XJU- 5ji^»- ij>- jA J^jJ ,jl . oUrfJI oJb*j*j i«.^T:,« iLJ*I~u l^JiU OjSsJ 




a* 2 a/ ~ * p o < * < «, o < y < b, o < t (i) 

«Cx, 0, /) = 0, u(x, b, t) = 0, < x < a, < / (2) 

"(0, J, /) = 0, u(a, y,t) = 0, < y < b, 0<t (3) 

u(x, y, 0) = f(x, y), < x < a, < y < b. (4) 



*xA> -UiA* Jt aJLJ! »i» 

«C*. y> = <K*. y)7-(o. 



U 2 ^) r "^ 7 



www.alkottob.com 



(t± + ^ i = n 

t + \ 2 *r = o, < t (5) 
^* a2 $ _ 2 

a* 2 + a>- 2 ~ ~ x *• < * < fl - < y < b. ( 6 ) 

<t>(*, 0)T(0 = 0, <\>(x, b)T(t) = 
4*0, y)T{t) = 0, y)7\/) = 0. 

()>(*, 0) = 0, (|)(jc ( £) = 0, < x < a (7) 
<f>(0, y) = 0, <J>( fl , y) = 0, < 3, < fc. (8 ) 

psiJI <JL> 5^ ( 8 ) _ ( 6 ) O^LJI J J^^Jl ,> 

. Aji^alU <J> jjl jji jii 

= X(x)Y(y\ 




\a/\a/\a/ cj I otto o 00 m 



X"(x) Y"(y) , 

m + W = ~ x ' 0< * <c - °<y<*- 



x~ • ' y " ^ u 



• — ™ — - 



x(x)y(o> = o, xwrw = o, o < * < a 
xw(y) = o, x(a)y(?) = o, o < y < b. 



^(0) = 0, K(fr) = (9) 
X(0) = 0, Y(a) = 0, (]0) 



. U- bu* ^ rvy .rvxo* is" ^ ,>» . u^j 



X" + n 2 X = 0, <x < a (Jl) 
y" + v 2 y = 0, < y < b. (12) 



. cs>vi aUi ( 11 ) j ( 10 ) cAd^uij ^Lj\ ^1 cUjC- 
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v ' ' . (mixx\ , /mir\ 2 

X m (x) = sinl — \, ji m 2 = I — J , m = 1,2 



v> = l™)\n= 1.2 




. gr* ( 8 ) . ( 6 ) ^juJ! oli iLsUll rs«l' . ^ 



<Pmn(X, y) = X m {X)Y„(y) 



,„ - 1, 2, 3, . . .,) m , n M l J- ^ J53 . JJt £^ ^ ijui 

, ijb j^J, n = 1, 2, 3 ) 

"™(*. y, = 4> m „(j:, y)7 m „(r) 



. / mra\ . / niry\ 2 
= sml — Isinl — lexp(-\;„ fa) 



( 2 ) jAA*S\ j LajJbJI J,j^J!j ( 1 ) LUjfcll XJ 3 UJ| js^- 

( double series ) ^ ja> j| ^ ^ 




«(*. y, = X H a mn <^ mn (x, y)T mn (t) 



(14) 

m= 1 n= 1 



^ . ( 3 ) _^ ) o^UJI Jin, J v^d v/lrJI <> <4 
TVT 
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2 I «~ ^ y) 0<x<a, 0<y< b. (15) 



= 1 n=l 



If 

Jo Jo 



<f>m«(^. y)§pq(x, y) dxdy = 



ab 



— if m = p and n = q 
0, dJici^ 



(16) 



3 ™ = ^ Jo Jo /( *' Sm V 



£,U, L^liu b& ( 15 ) iLUl ibU, oi» • f ^ 

J J>sN 0< y <b 0<x<a iLk J \ UkJl j /(*, y) 

j* U5" . ^i*ajl ^ V u\* < ' Oilajl tali , li^Jj , qjilWJ 

. aj^JI ^bci VI J* jiH ^Sl ^ 
fix, y) = xy, 0<x<a, 0<y <b. 

Aab cos wiir cos hit 



i 



IT 



mn 




\a/\a/\a/ I ottoh m 



1 



«(*, y, t) = 



jab A ^, cos mir cos n-n . / mnx\ ( n-n\\ 




4 JjVl oj^" . ■*£ J ^1 j*Uu J5^ AjjbJl ^ , 
IS! . . JSt ^ ^ ^ u»| ijJb ji jtf i,^^ iLUi 



K 



2 = (m z + An V 

inn 2 

a 



• ( 1.1 ) j ( 2.1 ) j ( 3,1 ) j ( 1,2 ) j ( 2.2 ) j ( 4.1 ) j ( 3,2 ) j... 

■ 

« J,l ^ . ( 17 ) iLLJI > ^ « ixi, J,! ^1 .1 
^ a-**! o = *J ) . ^ ^ ^, ajJbJ , ( ^ 

- 

•(13) -(9) 

• 1 uij^ • 1 ^ J^V . (^uk .. ,1*4) jlj^VI oUJ^i .3 
.(3).(1 )o^UJI uiu- ^4 

JU.U ,J lii On = 0. 1, 2 ) y fri - ™w y x -1 . c 

j ( 3 ) SJjU. j iojjbJI 

^(0,^,0 = 0, -.(„,>,,,) = <,, 0<j<ft, </. 

UjjJ 0_£i ( 3 ) j ( 2 ) ^.iUJI j h ijJ^\ ^j^l ^ "ta JoJ\ .6 
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u(x, 0, = jm), «*(*. b, t) = f 2 (x), 0<x<a, 0<t (2') 

h(0, y, t) = Ki(y), u(a, y, t) = g 2 (y), < y < b, < t. (3') 

>, 0) = 1 ' "* 

n(jr, >', 0) = x + y 

u(x, v, 0) = xy. c 

. a mn . ( 16 ) aJA~ S kJuU^ XEUl i^. ^ J* 9 " • 8 

J - jjl 2 ^ ^X* P^i ^ V*i - X 2 <J -a *M C~»tt ^ 6sf ■ • 9 



(j! — v" 



.2 



PROBLEMS IN POLAR COORDINATES 

U,J Jo-ljJl Aid! C*li ^>-j*M Sjl^sJI VL~* jji (iL. Ujb-j 



n < t : - TT < 6 ^ IT, < r < a, 
• 1 

V v = — t V v = - — - 

v(a, 6, = /(0) v(a, 6, f) = /(6) 



v(r, 6, 0) = g(r, 0) v(r, 6, 0) = g(r, 6) 

~(r, 6,0) = h(r, 6). 
dt 

' ^ C 1 ^ 6^~JI US' j 

v(r, — it, t) = v(r, it, t). < r < a, < t 

dv dv 

— (r, -ir, = — (r, it t t\ < r < a, 0<t 

oQ **ti 



V'v = 0, v(a, 6) = /(9) 



v(a, 6, /) = v(a, 0, /) = 

J-«ai Ai^Jaj JjJI U)jU- ^ • A-J^i LjLCjI <j1 iiU»l 

**- 

- . i 

1 U' V-^^r, e) 

V 2 «{> = -X 2 <}>, 0<r<a, -tt < 6 < it (1) 

4>(fl, 6) = 0, -TT < < TT (2) 

<}>(r, - ir) = (|>(r, n), < r < a (3) 



a0 (r> ~ 1T) = ;ie~ (r ' 1T) ' 0<r<a - (4) 
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- • 

».»( r *\ + ^** ^ 

rdr\dr/ r 2 30* 



4>(r, 0) = R(r)@(Q)o\ J> Ju v£Uij 5^ olj-JCjl 6^*dJ 



^ + ^ = -X 2 (5) 

V© (5) 

= (6) 

©(-it) = ©(it) (7) 

0'(— rr) = @'(ti). (8) 

a _ rt( -iJ^ aJLmJI J-<afJ « ©"/(S) = _ u 2 Jcj^s 

0" + |JL 2 ® = 0, - IT < 9 < IT (9) 

©(-it) = @(tt) (10 

©'(-it) = ©'(tt). (11) 



M-o 2 = 0, ©(9) = 1 (12) 
|x m 2 = m 2 , 0(9) = cos m% and sin w0 

m = 1, 2, 3, ... . 



TTA 



(13) 



{rR y _ iL/j + X 2 rR = 0, < r < a 



r 

R(a) = 0. < 14 > 



fjS J>-> . ( Bessel's equation ) J-~o ( 13 ) ?Ja\**U 



*U*$ UbiV-^JH Lay*!! jwill JJU, /il .1 

• v 6- 

. ( 2 ) j ( 1 ) ^jUJI Jt tfajS qrM olj-JCJI J^>» i> JibC . 2 

_ ( 1 ) oVAaJI J* aJLJI <jl tfajl jf v(r, 9, /) J*iyt ■ 3 

- S r(r) 

. ^\ & JS^j ( 9 ) _ ( 11 ) o^UJl . 4 
^ * S v 5 ?; cf^lj sUa*J! JjL-JI ,j! J°J*\ -5 

■ 

v(r, 0, = 0, < r < a, < / 
v(r, ir, = 0, < r < a, < t. 

^ s ( 9 ) _ ( 11 ) c/^UJI j ^ gr» i-sUS^ ^1 ^ U 



{.a, 6, /) = 0, -Tr<0sir, 0<f 



Ai ji» j oj>k*M (JicJ . y(a t e, r) = /(e) 6* gr^ 



\a/\a/\a/ a I L^ottoh /"*/"\m 



isCl) cM! ^ ^ 

* 

C 4» = 0. 



<|> + X — = 
dn 



BESSEL'S EQUATION J— 2J->Im 3 

{rR'Y - — R + \\R = (1) 



r 



4l~L- • { Frobenius) ^r-^JL/* j»a^L-J 



TT. 



R(r) = r a (c + c,r + • • ■ + <y* + ■ • •)• 



(2) 



R _j ( 2 ) Stain* ^yt i^^uJI <0uJuJi i^yu jilj 
*(r> = + c,r« + 1 + • • • + <v<" + * + • • ■ 



r 2 S" = o(a - 1 )<:</■ + (a + Ootc.r * 1 + (« + 2)(a + l)c 2 r a+2 + 



(a + JfcKa + * - l)V a+ * + ■ ■ 



rft' = ac r°'+ (a + l)c,r« +i + (a + 2)c 2 r a + 2 + 



+ (a + A)CiT a+ * + 



2 - - a+2 + 



J5^ Uk«J r jiy J**, ^ ^Jl <> XV/? J jlaiJ^j 

= c (a 2 - jtV + c,[(a + l) 2 - ^V +1 

4- [c 2 ((a + 2) 2 - jji 2 ) + X'coJr 01 ^ 
+ ■ • ■ + [c*((a + ft) 2 - ,x 2 ) + X 2 c i _ 2 ]r a+ * + • • •. 
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c (a 2 - fi 2 ) = 
c,((a + l) 2 - p, 2 ) = 



c k ((a + *) 2 - (i 2 ) + \ 2 Ci _ 2 = . * > 2. 



^-vi ^ uiiii y^uji 



c* = - 



ci((»t + l) 2 - |x 2 ) = 



2 .2- 7^-77, *>2 



*(2n + *)• 



(3) 



•^y <jA>~ c 4 _ 2 . <ja UjI»uI t j£*j c* 



'J 1 Ck? 



c 2 



c 4 = -■ 



2(2,1 + 2) Co 
X 2 



^ + 4 > ^ 2 • 4 • (2»ji + 2)(2»i + 4) 



\ 4 



Co 



C2m 



»i!(|x + l)(|x + 2) ■ - • (|t + m) 



(4) 
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I - 



" ©' " Si" 

t u 

- 

f J 



jtU, yiUt ^ 0- ^ ur— d J^sf y ^ qr 5 ^ 

•JV(\r) | *1 >jiJ 



r OJ 



^ Ujc* . r = o j» JJJ U»1 ^1 J^£3lj 

J * „ x flnr, = 



/->++ 



5 - 1 ) JjO^JI 4j . Jljj ^iwJ olkksw y> ( 5 _ 9 ) JSJlJIj 



V 






' i- i_\ 1__ 






1 \ 


\ V 





0,2 



-0.2 




TTt 
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{ 5 -1 ) Jj^ 



— — — - 

1 I 3 * 

2.405 5.52U fe.t>S4 11.792 

1 3JU2 '/.Uio 10.173 13.324 

2 5.136 8.4i7 H62o H.m 

3 €.380 V./foi 130i5 16.223 



1/ - t« + K 2 rR = 

rfA drj r 

/i(r) - AJ^kr) + B^(Xr) 



^ J^, ^-Jo y^ j ■ ( £A>j^ 4 B . A ) 

. jJ^>Vl *Jaij Jut- oJlJu 



* 

• i wJiv*- & <i/^ J'>J* i> ^ r*^ • 2 




\a/\a/\a/ Q I L^ottoh f*/"\m 



-Ukr) = XJ/(Xr) 



Cxi • 3 



i>j\J\ X*-ljV SilUI (I ' j) d. 



-7 (Xr) = -X7,(\r). 
ar 



^J(ix)=u J - ((Rolle's theorem)) Jjy ■ 5 

, LjVl jj-^Jl jUjV , J— <j JljjJ ijjiiJl ^ J^^Lll JJL*J fOisJ . 6 



^ JU^V ( 6 ) j iJliJi fj&iJ . 7 



(rR'Y -Z-R -k 2 rR = 0. 
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\d_ I du* 
r dr\ dr , 



ZTA r ±) ~ y 2 (» ~T) = 0, 0<r<a 



u(a) = r,. 



+ \ 2 4> = 0, < r < a 



^(a) = 0, SJJu 4>(0) 



TEMPERATURE IN A CYLINDER 

I**) l^J VyJi <> ^ . ( 4 ) jUI j 

a*-jJI s^pJl Sj( • Jj*; 

JjLJI jjl > yjibj *±j*yr <^ jvi^: XlliVI ei» ■ i T j\,i;Jl JAfcJI 

c5i ty&.y J$*J • °V ^r*^ ( vC. <-*J~ ) • 6 



r dr \ dr/ 
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l d_ / av\ _ l av 



< r < a, 0<t 



v(a, t) = 0, < f (2) 



v(r, 0) = /(r), < r < a. 



f * 



* 

M>'(r) y = no 

r<J>(r) £T(/)' 



(4) 



r + \ 2 *r = o, o<» . (5) 



H»T + \ 2 r<}> = 0, < r < a. 



(6) 



<f>(a) = o. (7) 

^ ) • M- = O^j ^ ( 6 ) SbU. ^ AJkOL 
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4>(r) = AJ (\r) + BY (\r). 



j>» r {.gtjZS U-Uc ij^i* j*c> jwaj ,jl (f>(r) jA* < ^ 06^ 

JjJu iJL>i>-Vl ftj^J t$>^i j^>\ j2*Jcl\j . ^i«ajl 

r = UjCp SjlJU K r > 0| (8) 
- 

. ( 7 ) ^fi \ J&i cj^j .(6) J J*. ^ <j)(r) = y (\ r) <)U)1 

J (ka) = 

\„ = 5f», n = 1, 2 ■, 

a 

■ 

( 6 ) SjUN ,*Ji3lj UDJl JljjJI C>li ^ • A jU*1 gr* a n 

i 4 »(8) J (7) J 

(') = -/o(V), X„ 2 = (9) 

' r « <^ «J>-. . ( 5 ) iJiUJI (J» S*jXj 

r„(0 = exp(-\„ 2 *f). 

J^tN Coj . ( 1 )'LS>J\ Uilidl *bl*JJ J*J1 c-^J \ju5C*j o^l> 





v(r, = X fl n io(^)exp(-A.„ 2 fe)- 

n — 1 



(10) 
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v(r, 0) = 2 ««/<A«0 = f{r), < r < a. (11) 



n=l 



. -bj^ iLi- j LaL^ L^*; c-J iiLj\ <>i* dj£j 

. ( ( 6 ) odv-J .(2)^(7)^ Jfe-V ) UlfcuJI J*jJ - ps- 




[ M*sMKr)r dr = (n * m). 

* * . 



i^o(X n r)=^4^. 0<r<«, 02) 
[ ffojJMrdr 

* . (13) 



a 

2 



J 2 (\„r)rdr 



c^U*J jU^V ( 13 ) <bl*J\ fU*sJ « ^i** ^ • ( 3 ) t*^^ 



v(r, = 2 a n -/o(V)exp(-X„ 2 *0 



• ( 8 ) J ( 3 ) . ( 2 ) . ( 1 ) oV^LX iii*Jl yLjl js^- 
i> <0 < r <a • f{r) = T <3UJ\ J ^Vl Uj . Jlijl ihjvj 

^15^4x^.(13)*^ a n o^UJI ^ J| ^ JJ| 



f 



Toh(Kr)r dr. 



( 5 JLo 6 ^J^-J Ja^V ) Aj^L*JI <)VjU oiUul JJioJl Uft 



— (^ii(jf) ) = x/ (jr). 



(14) 




r i 

MKr)r dr = — r/,(A„r) 



a a 



(15) 



f a 2 

I J Q \Kr)rdr = -J l \\ n a) 



(16) 



o' • ( 16 ) j ( 



; 15 ) ^aUJi ^ ^ r ujv, jxji \sv, 



a = 2r ° 




(17) 
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(18) 



2/fa n y,(a n )J K^Si pJft J»*> Cftrii ( 5 - 2 ) <Jj^ 

TABLE 5-2 



ft 






2 


1 


2.405 


+ 0.5191 


+ 1.602 


2 


5.520 


-0.3403 


-1.065 


3 


8.654 


+ 0.2715 


+ 0.8512 


4 


11.792 


-0.2325 







( 18 ) ibUJI f ^J . 1 



-2 = 0.1,0.2,0.3. 
a 

( Cx*^ <> uWj^ uk*M ) 

. ( 18 ) 4 iLUJ JjV! ijJoJl s^l • 2 

( 16 ) flaUJl cA-tt ( 5 ) <>_^J f Aifi-l . 3 
| [(r<j>') 2 ] + XV 1 1* 2 ] - 0. 

j[ <i> 2 (r)rrfr = ^M>'(«)) 2 . 



2V 
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f(r) COtf W ( 3 ) _ ( 1 ) oV^UJl & . 6 



f(r) = 



^ A a 
T , < r < — 



, < r < a. 



VIBRATIONS OF A CIRCULAR MEMBRANE 

• 2LjV\ ilLjl v(r, t) J^jV! o^i • «iX5J3 . e (> *^~« • 

;sl'*)-?s" 0<r< °- 0< ' (1 > 

v(a, = 0, < t <2) 

v(r, 0) = f(r), < r < a (3) 
dv 

— (r, 0) = £(r), < r < a. (4) 

v(r, /) = Mr)T(t) ^L&ilJI J- 3 * QJ* f U 

- 

~ (r4>')T = \ tj>r 
r c 



(»t>W HO 
r<|>(r) c 2 7(/)' 

r + xVr = o, o < t (5) 

(nt>')' + = 0, < r < a. (6) 



<Ko) = 0. ( 7 ) 




r = 0, ••*a*« |cj)(r)| (8 



1 



J v^cpi * ( 7 ) 4 ^J*^ J">jA\ Ji>w y^Jj .r = OX* SA» J*- 



MKa) = 



a. v=0 . ,\ 




JUUtt j.Jjlj UUJ1 JljjJI • /o -A**' c«* «« ^ 

, ^ ( 8 ) _ ( 6 ) oViUJJ 

, J ( 5 ) XJaUJI Jl Via© lilj 

?"«(0 - u n cos V* + b n sin X„c/, 
( 8 ) j ( 2 ) j ( 1 ) oV.UJJ J^i n = i (2> ... J£) JSjccj 

v(r, /) = 2 / (X n r)[a„ cos X„c/ + b n sin X„rt]. (10) 

OS 

v(r, 0) = X fl^oflW) = fir), < r < a 

n= 1 

£ (r. 0) = t b'^cUKr) - «W. < r < a. 



a " = I flrV<AK/)rdrlI Ht b„ = j[ gWJk^-r dr/(K clj, 
h « I IMKrfr dr. 

. uijb tiJji j^ji Aiiii yLi j». ^ 

y * iLj! . L^* ^V! 5JUH J! 



l a / au\ . 1 _ l a*u 



< r < a, < f, 

— IT < 8 — IT. (11) 

«(o, e, = o, o < /, -it < e < it (12) 

|u(0, 6, 0| SjlJu < t, -<n < 8 =e ir (13) 

Kr, -ir, = «(r, ir, /), < r < a, 0< t 

%kr, -ir, I) = ^r, it, /), 0<r<a, 0< f (14) 

«(r, 6, 0) = /(r, 6), 0< r < a, -it < 6 :£ ir (15) 
3w 

T<>V 6. 0) = 8( r > 0)» < r < a, -it < 6 < ir. (16) 
at 

y>JiUiUii sib tor = o 6 v ( 13 ) Xjiiruii 

U» o^jU. Jl J^c; ( 11 ) ibLJl J* oVI J-»^« 

r" + xVr = 0, o < / (17) 

1 d( 3<jA 1 3 2 d> , 
r 3r \ 3r / r 36 

4>(r, 6) = /?(r)©(8) 0* «>> <l> XJUU obvJOJI J^b Ui 

Ttfl Aij-JI ii-t ( 18 ) ibUJI o(i 
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ir + Xr 

0" + |X 2 © = 0, -IT < 6 < TT 

0(-ir) = 6(tt) (19) 
©'(-tt) = 0'(ir) 

(rR')' - y /? + A 2 r/J = 0, < r < a 

" ' (20) 
R(a) = 0. 

|x 2 = 0, ©o = 1 

|x 2 = m 2 , m = cos m6 J sin mQ, m = 1, 2, 3, ... . 



.. jAj (ix = m ) V <3^J • J-*^ 
K(r) = C/ m (Ar) + DK m (\r). 

^U, J D o^i - (20) j c^J 

R(r) = JJ\r). 

( 20 ) *]^*A ^ (3JjJL9«!I J?_^Jij 

/f(fl) = J m (Xa) = 



Jm(a) = 0. 



J53 ( . 5 _ 1 JjJ^l Jfc^ ) 



Omit a tif2> <*m3» • * • 



m = 0, I, 2, . . n = i, 2, 3, . 



UiS"j . « = 1,2,3 j m = 1,2,3,... 

JJX^) cos m6, 7 m (X TO /) sin /n6 ( 21 ) 

im JuoJi ^ju W*£, . ( 18 ) yjU. j ^Ljj u» 

JljjJI LojJ ojioj « « 1,2,3 Jm = oJ£J • x ™ 

•/o(W) ( 22 ) 

7X0 SJU! ( . J< i3U» ^ Oj^i ) • X-AM ^ Ji^B cr 1 ^ 

X^c/ j cos X^f J d ( 17 ) *Ji**ll ^ 



cos 



^ Jb»l ( 14 ) - ( 11 ) oV-UM JjU , o^j 



•/-(A~v) cos m8 cos A m „c/, ./.(X^) sin md cos X^f (23) 
^Am**) cos ib6 sin X„„cr, J m (\ m „r) sin mO sin X^cl (13) 
JUU aJU j^jJ . -JUS J! AiU^j . n = 1,2,3,... j m = 1,2,3,... 

^noIL JjIpJI (jjj&j — 0L»»up 
■/o(W) cos Xo„c/, /o(Xo,,r) sin \o„ct. ( 24 ) 

J 5 ^ <j* ty^d ( 14 ) _( 11 ) o^UJl £ ilLjJ f UI J^JIj 

u(r, 6, = E ao»4CW) cos \ 0n ct 

+ 2 a mnJm(^mn r ) COS m0 COS X-.C/ 




+ 2 b mn JJ\ mn r) sin m8 cos \ m c/ 
+ 2 ^an-ZoCW") sin Xq„c/ 
+ 2 ^m n -Jm(X m „r) cos m0 sin X^ct 



+ 2 B mn J m (\ mn r) sin m0 sin \ m „ct. 



^UJI (| fL; <_~s?- ol? « Lr«^ Sj^VI . / = Uj 

t ch ^J«jJ • 1 C>\ <i/^ 



"(r, 6,0) = X Oqb-AXW) + 2 amnJJKwT) cos mO 
+ X b m „J m (\ mn r) sin m9 

m,/i 

= /(r, 6), < r < a, -tt < 9 < it. 



(26) 



= -X^cf), 0<r<a, -tt<9<ti 



<|>(a, 0) = 0, -it < 9 < tt 



3<b 3<b 

<J>(r, -n) = 4>(r, it), ^<r, -tt) = ^(r, tt), < r < a, 



J r o(X 0n r)J m (A Lmrt r)cos m6 <M 



Jo 




,r) f cos m9 r dr = 0, w * 0. (27) 

J — IT 



AJL 



'■ or 



www.alkottob.com 



/-tt L J o(K n r)Jo(^o q r)r dr dQ = 0, n 



j^.n^ qji m ^ ptj\£ , Sj^ jj*^ <j1 j ^ 

0= J m (\ mn r) cos mQ J p (\ pq r) cos pQ r dr dQ. (z8) 

J — IT JO 



6 J J^\5Cl!\ Uii-I lilj ( . i*JaS)l iwijl j r dr dQ = dA J^^ ) 

j cos m9 . m j£ pJ6 \s\ \ Juo cSjLo V°?d • ^ 

. J^lScJl ■ m ~ P ^H> • (jtaulnl* cos p9 



it I JJ\ mn r)J m {\ mq r)r dr 
Jo 



2nJ[joW)rA- 



(29) 



<> iJuVi SjLjJ JJI oUL^ &\ oVI c^ljll 

«> ■ Jj*M • « ct^" V ( 25 ) aJjLJ! 

l_j *J jji C— J W (^1 — 4Ju«*j< C ...... J o jiUoJ! (jl Xs ^/a^vi J^lo- 



(nodal curves) ( 3b Jit c>Lo«i* ) »J* (j 




. cos me >W J* 



, ( 1 ) oVA**M jibw" ( 10 ) ibU, & *LU\ j JjjJI <> ^ 1 

(8) j (2) 

. ( 10 ) "UAmJ] bs , as J£M . 2 
. ti AijJl w ^ cAj Jo i (j-s**- J$l>\ . 3 
n =1,2,3 . ^o(^ n r ) <JU1 p~,J . 4 

S ( 18 ) ij^UJJ <J> XJUJI ^\ XjijjJbJI ^ U . 5 

, ( 14 } -( 12 ) oi!:>l*Jl ^ (20 ) , ( 19 ) ^jUJI JliUl . 6 

.(18) 



j[ JmiKm'VJ'Kmgry dr = 0, n ^ ^ 

Jm0<m,a) = 0, J = 1,2 

J iLUJl ( 21 ) fo\ju LjlJJl JV,jJJ aj jJuJI JljjJI olkkA* . 8 

^31. ^32, X33 



SOME APPLICATIONS OF BESSEL FUNCTIONS 



1$ 



V + + (X^"T 2 



4> = (l) 




\A/\A/\A/ 



POTENTIAL EQUATION IN A CYLINDER 



r 3r \3r/ 



+ 71 = 0, o<r<a, 0<z<fr (2) 

*#„'rt = 0. 0<z<& ( 3 > 

(4) 



«(r, 0) - /(r), < r < a 



(5) 




«(r, fr) = g(r), 0<r<a 
q & * u u^i • ^ • «> 

. <^ -a*^ « = *(r)Z(z) « 6^ J°J>\ 

(rR')' + X 2 rtf = 0, < r < a ( 6 ) 

*'(«) = ( 7 ) 

|fl(0)|. SjUU ( 8 ) 

r - \ 2 z = o. ( 9 ) 

. j» ( 8 ) -{ 6 ) ctfat-JI U»£r = 0«jV ( 8 ) Uilj 

R„(r) = i (X„r) (10) 

/?'(a) = X7„'(\o) = 0. (11) 

srtbii jljUJI c^iiv, . /, j\ju>\ ^3^^ xs J\ cA» -V = 

j/?(0) = J o (0)= lo\ (7.016/a) 2 , 0, (3.832/a) 2 . ^ JjVI 



u(r, z) = a + feoz + 



V i X smh X " z i . sinh \„(b - z) ] 
n =i L smh X„fc smh X„o J 



?4 juUi 



J (\„r)J (\ m r)r dr = 0, n ^ m. 

Jo 



SPHERICAL WAVES t <tfj&\ B 



2 1 a / 2 a M \ i a / . a«\ 1 a 2 M 
p 2 ap V a P / p 2 sin $ a<|> \ &}>/ _p sin 2 4 ae 2 

p 2 a P 







( radial coordinate 1) 






1 a 2 « 
" c 2 ar 2 ' 


< p < a, < t 


(13) 


u(a, i) 


= o, 


< t 


(14) 


«(p, 0) 


= /(p), 


< p < a 


(15) 


^(P,0, 


= £(p)> 


0<p<a. 


(16) 



. J, obJaU • «(p. = W(0 » 

r- + xVr = ( 17 ) 

(p 2 R'Y + k 2 p 2 R = 0, < p < a ( 18 ) 

*<«,) = ( 19 ) 

|/?(0)| SoJu ( 20 > 

( 18 ) i)A*J\, Sili UaiP= OjV ( 20 ) A>SJl Uil . 

/?" + - R' + \ 2 tf = ' ^ 

P 

U«J P = J J7 = 1 -a = -l ^ U 6srd ( 1 ) <JaUJl ^ l^jliLwj 

• 18 )«bUJ r UI lMojC 

*(p) = P~ !/2 [A/ 1/2 (\p) + BY y2 (\p)i 
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, <jij£jp= Oi>» v./*^-; (*^** 

fi/ 2 (M ~ p" 1/2 x c-\J 




f « v _ 2 sin Xp _ 2 cos Xp 

wp) = ;w r,/2(p) ~ ~*W 



( 20 ) , ( 18 ) ^LJ\ J*- o^i WiJ 



sin Xp 



p 



4 ilLjl >j . X „ 2 = (^/a) 2 Ux* Ji-= ( 19 ) SbUJI ulj 



sin X 

n=l p 



U*^ js»w" ^ UjUs-l ri ■ & , cs c^UJ\, 

PRESSURE IN A BEARING J-***!* <) -C 



<j<fc, -c<y<c (23) 



3jc V a*/ 3/ 

/Ka. y) = 0, />(&. y) = 0, -c<y<c (24) 
-c) = 0, p{x, c) = 0, a < Jt < (25) 



Tat 



LjaS o^Z ( 23 ) *bUJ\ ( b = a + ljlj CA*r.y 6^^b,aj! ) 

, iLjl v(x) . p{x, y) = v(x) + u{x, y) 

(*V)' = -1. a<x<b (26) 

v(a) - 0, v(b) = 0. ( 27 ) 



d_ 
dx 



a < x < b, -c < y < c 



(28) 



u{a, y) = 0, u(b, y) = 0, -c<y<c (29) 

m(x, ±c) = -v(jc), a < x < b. (30) 



tfX')' + \VX = 0, a < x < b ( 31 ) 

X(a) = 0, X(b) = ( 32 ) 



Y" - X 2 y = 0, —c<y< c. 



( 33) 



, ii^oi^ i^>j ^ ( 31 ) y^uj^ 

A"' + -X' + k 2 X = 0, a < x < b. 
x 



. ^ ( 31 ) JJAiJj f Ul 



X(x) = -(A/,(Xx) + flKiC'A*)). 



, ( 32 ) iJiljJJ LijJuJI ^>jjZS\ JSsO • ^ t> • J^Jl 



AJ,(Xa) + fiy,(\a) = 0, 
AJtOib) + fli^M) = 0. 

■ 

too 
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> c«* J JjVi Ml ijUil -ill uli . = 2.5 
' 2.156 V / 4.223 \ 2 / 6.307 \ 2 



/2.156V /4.223V /6.307V 

{—)■ {—)■ {—)■ 

x„(x) = ^ - y,(M)y,(\^)) ( 34 ) 

. ( 30 ) _ ( 38 ) oVoUJI J». J3 



(35 ) 

« = i cosh \„c 

fl^j • ( 30 ) XkU. j *iJ>jJbJl Jf'j^iJl as jU»-l ,J oil 



rb 

I X n (x)X m (x)x 3 dx = 0, n * m. 
• **k^J1 JijJ -f>*IL. J£!J ( 32 ) , ( 31 ) ^UJi C)\ Ja^^Li 



«= 0,1,2,000 <i 
* = X* Li, oj^t ifiN ( 1 ) j *):>UJ! . 2 

^ i> X 2 = 0Uu* SlUN , ( 9 ) XJjUJI JjW . 3 

. ( 4 ) _ ( 2 ) oV^UJJ J* y n . ( 12 ) y^uji 

«(p, /) - - (<{>(p + ct) + ^ - ct)) 
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. JiVl J* l^J 4, , <f> c-iW 13! ( 13 ) ibUJJ ^ 

oViUJl ji^ ( 4 ) j US' «(p, /) 

.(16) _(14) 
. ( 12 ) ibU. J bs , as Jacl 
J S ( 20 ) _ ( 18 ) oVjUJJ tjUJI JVjjJJ 5j JL.l«aJI *£k ^ L 
. ( 22 ) ikU. j is , as iUoV i^dl oi* 
( 20 ) _ ( 18 ) o^UJJ JijVI iiui JljjJI olkU- rj l . 8 
. ( 27 ) , ( 26 ) oV^UJJ g* vW . 9 

, ^ sjL. ji uvi juLji c Ji. j ^s^\ 10 

d 2 « d 2 a " - - r 

^2 + ^ = -/(*), < * < a. < y < &, 

• ^j*^ j « = 
s f(*. y) -> /to UjuiJ lit ^j-o <iL£dl ^| J* . 11 

J** 5 - fLr- *jL, U ( 32 ) , ( 31 ) ^iUJI ^ usi -'12 
. J-w Jljj SjjuUj (Ij^cJj djj, ijUJI JlyJI ij, juW 

. ( 35 ) ibUJd a„ J ii^ j^j. . 1 3 
. ( 30 ) _( 28 ) oVjUJJ ^ ^ ( 34 ) 0» 0- • 14 



r 



SPHERICAL COORDINATES; LEGENDRE POLYNOMIALS 

0^ ■ M>^1> Ujl&afl oLSU^ oL^k- Ui> J j« 




\A/\A/\ 



jc = p sin <|) cos 6 
y = p sin (|> sin 6 
z = p cos <j>. 



. jk-. jj < p, < 6 < 2-rr, < <\> < TT -J Olj-jiljlj 



V 2 « 



1 d 



du 



+ 



1 d 



p I dp \ dp/ sin (j> d<|> 



du 



1 d 2 u 



l]Lj\j . ^yjJI ^JuU J-ai a~ i^Jl jl " j\j^\ i>» ^ « ( 1 ) 

. aJL. <> ,> ^ ( 2 ) 

JLiliJI UfJl SJUllj Ja_Si P aM-Aj ^ M dj& ( 8 ) 

. e ,> * u dj& UjOc . ( 2 ) ijLjl 



j^i xusa\ h>j^\ ^ w r *i^ *jL. j^ji <->>- 



< p < c, 0<4s<ir 
u(c, 40 = /(<}>), < <f> < it. (2) 

(p 2 *W + (sin » 3>'(<j>))' = Q 
tfft) sin <j> $(<t>) 

i>^JI • »t 2 .U- OA yr^ ol> <^ t5jl- 

(p 2 R'Y - p. 2 /? = 0, 0< p < c (3) 
(sin (j> 4>')' + M- 2 sin 4> * = 0, < $ < v. (4) 

<Lu yj»p= 0<j& • iS^s^- M _P »^ Os^UJl o* ^ 

i ^» ^ Jl^JuSI J» jjaj , Bali)! J»\JL]I ^* 4jaij ^ Juc ( . Ijli^>l C-«*J 
/f(0) 4>(0) 4>(tt) 



d<$> dy 

M = - sm *dx 



— I sin 4> — • j = sin <(> —5 — 2 sin <}> cos <j> — . 
09 \ dty/ dxr dx 

cfy dy ■, 

sin" <{> -4 - 2 cos (j> -r + y = 
dx dx 

(1 - x 2 )/ - 2xy' + p, 2 y - 0, - 1 < x < 1. (5) 
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, ^ u 



y" = 2a 2 + 3 • 2cjx + 4 • 3a 4 ^ + • • • + (* + 2)(* + l)a t +2 x* + • ■ • 

-*V = -2a 2 Jt a ---- -jfc(* - Da»x* + • • • 

-2xy' = -2a,* -2a 2 ^ - • • • -2*a t ** - • • • 

= j*, 2 a + \j?a x x + iSctjX 2 + ■ ■ ■ + ji 2 a*** + • • 

iJjUuJl \ jiu> (5jL«j ci^Wl cA* • oVA«JI oJ* U**?- 



2a 2 + iL 2 Oo = 
6a 3 + (jjl 2 - 2)a, = 
(* + 2)(* + l)a k+2 + [p? - k(k + 1)K = 0. 

k(k + 1) - p, 2 
°* +2 " (* + 2)(* + 1)°* 

* - 0, 1. 2, . . . . J53 ^ 



a 2 = 
a 4 = 



-V 

— ao, 


«3 


2-^ 2 
= 6 «' 


6 - (JL 2 

12 ° 2 ' 




12 - p, 2 
" 20 ° 3 


6 - — jx. 2 
12 2 a °' 




12 - fjL 2 2 - 
20 



L 2 



•Ah cr 11 *d-»A S=r^ cU*J1 0» J <f>~J* <> 

** = H* 2 = »(« + 1), n = 0, 1, 2, . . . 




U> VUi ^ij VJuj ^1 o^LUJI ^ Jja 5 = OoU . W 

(1 - *V - 2ry' + 12y = 
* = ±1 x*. saJu ^ «U ^ >Vl JJ! fll (jt - 5* 3 /3) JLoybJl j» 

iULjl JjU Jb-I O^i < ^ <3j0,2,6, . . .,«(» + 1) ... aU*Vl 

j . P„(x) ^Sz^hegtndre paly- nomials ) jJJj^J cAj 

( 5 _ 12 ) JCsJIj . jXj»J oU AjJk»- ^ Jjl Ju»-jj ( 5 _ 3 ) JjOaJl 



( 5 _ 3 ) JjJ^ 



/"o (*) = 1 

* W = * 

^ W = (3^ - IV2 

^3 to = (5* 3 - 3xy2 

P* (x) = (35** - JQx 3 + 3V8 



- 

TAN 



\a/\a/\a/ IWottoh r*r\ 



^-UH v^UJ! ^ aJj*- Wj 6^. ( 5 ) ^sM^ yiUJ! ^ ^ 
((1 - jrV)' + »t 2 y = 0, - 1< jr < 1, ( self -a<Jjoint ) 

- 



J_ PJ(x)PJMdx= 0, n * m. 

( Rodrigues' formula j 

^> = ^5^ 2 - i)n] - (7) 



\A/\A/\A/ CI I \( C\ 



*» U* ,j! UJ <J??±\>-=n(n + 1)^0^3 . ( 5 ) S-UAiJ! SjiUJV j 2b JjJ^JI 
Cr*j • ^* iW jii^J ij.ij.Aw- cX>jj^3js ^ , dUi] . ^U^j «VJU j*j J*J1 

.jiUswy ' C*S*5*^ o . ' *- rt ^ ij\ t jSC»JI , 4i\>U>- ^ j^-jj 

(2n + j )/>„(*) = - {8 ) 

+ + >iPn-i(x) = (2n + l)xP n (x). (9) 

S-jlJJl J'jjJl Uas-j jl juj . iX>"il UajL«* Jl 

(sin <H»')' + M- 2 sin <J>4> = 0, < 4> < it 
/? • jVsii'tfl ^ jsr^ oju . /f -1(3) ihUll Jj«j ^* 

p 2 /?;' + 2 P /?/ - «(« + n/?„ = o, o < P < c 

X* -4*" J& t^^' OJ^i ^•■^ UajU«j^ p-(«+D ^"oOjJbJl . a Ju,A?vj 

- ^V 1 JS^JU 6^" J^l y^UJ *U*)I J>- = p" «iAJI] p = 
u,,(p, 4>) = *„(p)«J> n <<S>) = p"F n (cos (}>). 

^(K^ < Wi 0< P < cfcfciji j sjlJJIj iJj^Jl UiUJI y^UJJ r U1 JJ\ 

"(P, 4>) = 2 ^p"^,(cos <(>). 



u(c, 40 = Z *W„(cos cj>) =i /(d>), < <{» < TT. 

= 
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2c" Jo 



/((t>)/>„(cos (j>) sin (f> </c}>. 



(10) 



zona/Ziarmon/cj) X^L. oLiily Salt ^^^^P^cos^jjijjjJ cAj JjJ^-j 
\J (( 3i,L. Jl S^^(P„(cos<t>)=0) J>J ^JL^JiJ^Jl) tfjjfcjl JwJI 

. ( 5 _13 ) J£U! j ^ 






1 



^ 1 

* 

sin cj> sin k<$> = hcos(k - 1)<J> - cosOfc + 1 )<)>]. 



Jcr y(x) = l(p. 2 = 0). (1 - *V - 2*y' = Lui JjUH jbJ . 5 

qr*^) =P„(cos 4>)L;UJ| JIjjJJ ijuUI ii^UJI 6^-6 



(<j>)<t» m (4>) sin (}> d<j> = 0, n ^ m. 



-><3m 



+ 



1 d 



du 



i h i i sin4>— - 

dp V dp/ sin (j> 3<j> \ d<p 



< p < c, < 4> < -rr 
m(c, cf>) = 0. 



( 1 ) . (.8 ) J* Ja^ . $ ^«(P- ^^(P)^*)^ yPjil 

. R Jo Jiad 

(x 2 - 1)F = 2nxF. 
LjuUdl pxicJj 1 Jl - 1 j» J-ASj ( 9 ) yj>l*JI • a. 



. ( 8 ) ibUJl <kJ* (2n + \)P n JjuiJ . b 



yLji J*- . 11 

V 2 U = 0, < p < 1, < <b < 7T 

'l, < <|> < ir/2, 



0, TT/2 < <|) < 1T. 
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oLJta^-Yl j r ) SJai /j* AilLil ^•• A ^ ^o.* ■ ^ ■ 

j\i ^JaJl . fWl> -V"^ VCS*-^ ^ ( <>X^\ oLjUs-YI ,j p jl <-Jia]\ 



iiku j HjLjl oja ^ J 1 ■ *j<^\ = 3 V 2 <j> - -x 2 <f) 

Feshbach 3 Morse t. a.J\j Methods of Theoreticalt*hysics 
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£ C — J (-fc ^1 J^UJI (ja«j j Aij^ LjUJI ijUJ! JljJlj . 1985 

. ( 21 ) j ( 20 ) Ji^V ) . J,,U:„..H 

rfs] > ^jJl ,> ol> ^ UjjJ , dUi ii'U»V'o ^ , ( 3 ) J-ai ( 5 ) 

(j^l I4J . jy«J\ J^4,= 0j R V<f>=— \ 2 <(>J Ji 1 ^? 

. Aik^ jk^>\ ) . XI & K', jjlj . /? J^-U /? u,lS" lil /? l5 iijaiJ 
Methods of ci_^?-^ oUji*Jj ( . <L>1i Jj^ 

<3j , 1953 1953 , Hilbert j Courant «_iJ'c; Mathematical Physics, 
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^6- ^ ^> juJ( oti . iX^.V! 

( 5 _0 ) J£±Jl ^ fc^* US' *liiiJ XjjjuJl oU^Jlj 
t>SC*j *liiD tjSjUj-iJl f ' ^y**^ «j* • ^ij^iv^ 

xJI-.l^ i]UJI ^ The Physics of Kettledrums" (J ^Wi* 

. 1982 file Scientific American, • j> . Thomas D. Rossing 



yL,j^ .1 



v 2 « 


l 

~ it dr' 


< x < a, 


< y < ft, 0<t 


-(0, j, 
ax 


du 

= 0, —{a, y, t) 
ox 


= 0, < y < ft, 


< f 


u(x, 0, 


= 0, u(x, ft, t) j 


= 0, < x < a, 


< / 


«(*, y, 0) 





<x <a, 


< y < b. 








< ( 1 ) Jj^*^ • 



u(x, y, 0) = ~, 0<x <a, < y < ft. 
o 



j JjVl Ai>J! ^ iy^JI l-^Ij . "(«/2, ft/2, /) J _^dl 




a = ftiiU 
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1 du 

V 2 u = , < x < a, < y < b, < t 

k dt 

J* " = 0. 

u((x, y, 0) = T, 0<x<a, 0<y<b 



i l jjj^i ill— j*- . 5 



I r — I = - 1, < r < a 

r dr \ dr) 

u(0) t oJui- «( fl ) = 



. 0< r <a 



u(r) = 2 C n J M, 0<r<a 

(' 

00 

1 = X c„MKr), 0<r<a. 
«=i 

t>r^i>»Jl ( j = ^i>lijl ^j^iUJJ u%- U* v(>>, t) j iv(ar, f) 0^ • 6 

d 2 >v _ 1 dw d 2 v _ 1 dv 
i? " A 3l ' dy 2 ~ k dt' 



oli lj\jab\ itaU* JisC {/(jf, /) = W (x, I) v(y, t) OX 

d 2 u _ 1 du 

a* 2 ay 2 it a/ 



\a/\a/\a/ I L^ottoh r*n m 



. ( 1 ) jjjj-JI S VLj\ J^J 6 Csts^ s ^ f oicJ . 7 

3* 2 + dy 2 " °' 3z 2 ~ c 2 a?' 
<?-jJl aJA»c Jipw «(jf, y, 2, - H*, y)v(z, t) 0^ 6^ 




1 d ( du\ \du 
r dr \ drj k dt 



- 

r — > t» r —* U-Ce. SJulJl 



((1 - x 2 )<|>')' = -Jfr), -Kx < 1 
<{>(*) Jl^ SJui* x = ± 1 

-1 



^ ) = Ir^?r /(z) ^^ 



[ JU)dz = 0. 



, &U\ t5 /(*) ^ ^ • 11 

CO 

/(*) = 2 - 1< * < 1 



Jfc = 



4>oo - E w). -i<*< i. 



V 2 H = 0, o < p < a, < 4> < it 



sin <J>(sin <{>$')' - + \l sin 2 4>4> = 0, 

. 6(8) t> ^ m = 0, 1, 2, . . . o\ 

j SJ^UJI $(<})) = ' * = cos <J> olj-*l-JI Jo J-o 13 



y(x) J UiUJI XJaUJI^j • ( 12 ) 



dr 



u(r, 0) = T - A 



< r < a. 



fcj^kJ 3 V"^ ^ ^ ^ • 15 



< r < a, < z < 2> 



TV. 



\A/\A/\A/ 



u(a, z) = 0, 0*< 2 < b 

u(r, 0) = 0, «(r, b) = U , < r < a. 



(-a- 


1 du 

jfc a/' 


< r < a, 


u(a, t) = 


To, 


< f 


u(r, 0) = 


T u 


< r < a 



SjL-JJ cljcdl J>L- •sWi^J &Shj kl^k-V jljlfc^l oUlji (jtfwj . 17 



l a / du\ d 2 u \ d z u n . 



«(r, 0, = 0, «(r, fe, = 0. < r < a, < t 
t<(a, z, t) = 0, < z < fc, < f. 

V 2 m = 0, a < p < fc, < 4> < it 

u(o, 4») = /(cos 4>), <}>) = 0, < <{> < TT 

b 2n+l _ p2n+ i / y+! 

n = 



, V.. ~ P I a \ 



In + 1 f 1 



<Jb <K*. y) = sin it* sin 2ny - sin 2ttjc sin Try ^| 0=i • 19 



V 2 4> = -\ 2 <j> inT 



or- 



Lg» ( 19 ) ud^ 4 <£> ilWl • 20 

• 19 otJ* 3 T iS 5 -^ 1 

j v = V3x 6s* :- " " ^* V^L? x- < .t < l 

yU!\ . n = 1, 2, 3, . . . JSC! ^ • y = V3(l - 



(j>„U, v) = sin^^™^ + sin(2rtir (x - >'/V3)) 



- sin(2rt-rT (x + y/V5)) 



, (3oj^i — i-«-JI <3U.^ — M <"The eigenvalues of an equilateral triangle", 
J 81 9 _ 827 < oUi-all 1 980 < SIAM Journal of Mathematical Analysis 

(• Mark A. Pinsky 

,(1)4 Jaj> ^J\ji\ ^f> j&\ J*£j <*J ^ual £. ( 1 9 ) 



r dr \ dr / r 2 38 2 4 



d>(. 0) - - A| r, j\ = 0, < r < l 



IT 



<j>0, e> = o, o < e < -. 

4 

( 21 ) ens* 4 « ( 22 ) OiJ* 1 4 US' 23 

. ( 1 ) o jas i A..-!. ^jjU utf^S u - -^ J*^J 
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olS SjljaJ! SJiUJ ^p- «(r, /) = t e -#i*t JjcjJ ^1 ft w ^ U. 25 



i a / du\ l a 2 « 



: vi^jjjjl J? ^ijlj j^wjl 



w(fl, r) = U + h cos cof. 




opj-xpJ! Jj^I jis^j ^1 iijjrJl Llildl ibLJJ juaJ! JjJI j^. 



«(*, t) = U + y{x) cos cor. 



oU*i*»JI , 1945 , Lamb Hydrodynamics <-A^£ Ji^-V ) 

( 275 _ 276 



j*j£j> . 4jLoX- (*^***# CPj*" *^ ( 26 ) (jj^aj (3 W . 28 

d f du\ a d 2 u 

_i x __\ = 0<jc<fl, < r 




. ( ( 8 ) lo (11 ) iJ^U. Ja^V ) . 4^ jZiJl 



3r/ ~ c 2 at 2 



, V ( 29 ) j 5k\iufl ,j\ fa . 30 

«(r, r) — a(r)(j>(r - cO 

. n = 3 j n = 1 

TomoUl; "A simple proof that the world is three-dimensional" Ja^V ) 
. ( 69 _ 71 oULo!! 1985 , SIAM Review . j . Morley 
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LAPLACE TRANSFORM 



DEFINITION AND ELEMENTARY PROPERTIES 

ijaLi-VI LU>U$ oViUJl J^- ifcj-^J stafc ^osw-ji Ji_p« 

V* cdij . . >i ^ /(/> yui j»U • 

(j-^V cA* < o < r < r o^iJS"4 Luki* /(/) 

. <>is^l a . f(.vi j\ $(f) . / J 

2(f) = = | o e ~7(/) rfr. (I) 

rvo 
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f 

Jo 



1 dt = - 
s 

— e 



- (s - a)i 



W) = e~ st e at dt = 

Jo s - a 



l^J ^.J exp(f 2 ) . v ii»i . tjjliu ^* o>^d 6^*d <j v**^ 

I -Sh 



lim e- b f(t) = 0, 



• Re(j) > k tyrs* f StJ*» o\» * *^f^ 



#(</(/)) = cX{f(t)) t c constant ' (2) 

+ g(0) = <£(/(/)) + 2(*(0). (3) 



X(cosh a/) = S 



1 



- / a/ , — ah 

-(e + e ) 

7 

1/1 i 

+ 



2(sin a)/) = # 



2 \j - a s + a 
r 1 



J „ 2 
s — a 



2i 



2i \s — i'u) s + /u> 



a) 



S 2 + <o 2 ' 



. oJula* J^j^j Co Iji* 4-Ja»Ji cAiuxlt j»!jj>C*J Ja^-V 

0^-*i a""^ oUj^-a* < a"^i^ tk->^ j e -1 ' J-Wl jjj>-j 

"shifting theorem" xjjl ot^* " <kJ^ l^L, 



rvn 
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2(«7(0) = I e- s 'e b 'f{t)dt 

= [ e - <s ~ b) 'f(t) dt = F(s - b) 
Jo 

. • F(s) = <£(/(,)) 

r £{e b ' sin w/) 



(i - ft) 2 + w 2 r - 2^ + + w 2 



S(sin 10/ ) = w/(r + o) 2 ). 




<jl (ji^ijj o lillj l jf. jjjj AjjS" <_r^>^ d-dJ*"^ 4JLJbJI lj 



2(/'(0) = J o e-"f'(t) dt. 

: J* . ^i^i J-*^^ 'l/T^J 



i£(/'(r)) = ^7(0 



(- S )e- M f(t)dt. 



= 



I 



0) + 5 e" s 'f(t) dt 



= -f(0) + s!£(f(t))- 



, ^li , LJ t-Jj oli JIjjN fctf 



rvv 



\a/\a/\a/ 3 1 Leo ft oh f*om 



2[f in) (t)] 



W'(0) - -/'(O) + s5E(f'(t)) 

= -/'(O) - jf(0) + * 2 2( /(/))■ 

~f ( "- y> (0) - ^/ (n - 2) (0) - • • • - 5 "-'/(0) + s n £(f(t)) (4) 



/(O) - /'(O) 



. O^ji 

= / ( *7"(0) = 0, f m (0) = k\, f ik+]) (t) = 0. 



= -*! + s t+l 



C^l£ lil . 0%1&J\ ck^pd {JiJ£~J olillJI ^jji) iil^JI 

. *iU jj . /(/) lylilLiJ . 



#(/(0) = *2 



f 1 1 



1 



2( /(/)). 



(5) 




- 



TVA 



a*-* r° i 

de _„ I e -s', ds , = i e -s, 



= te -*\ f c 

■— , = rwA'. (6) 

ds \t ) J* 



J /(/)// J Ji^cJI ^ -/(0) = C^. flU *il 



<£(/ sin 



^-fFTi-I--"".'-""©- 



/(/) = j « Ji^l » 3>j ■ ' J aUI lj* 




a. sinh a/ 
c. cos 2 Oit 

,2('+ 1) 



1 

b. cos atf 
d. sin(a)f — 4>) 
e. e' v ' ' " f. sin 2 (at. 

a. to* c> ^(e at ) 

b. sin wt <>• ££(cos wr) 

c. cosh at Cy i ^(sinh at). 

■ 



a- /(/) = 



b. /(/) 



c /(/) = 



0, < t < a 

1, a < t 

0, < t < a 

1, a < t < b 
0, b < t 

t, < t < a 



a, a < t. 

ii~o!l> ei^J ((Heaviside step function) ^ >jL J\ jyU ^ aJI^ 

- *-s - 

H a (t) 



1, r > a 
0, ? < a. 



a. + 2j) 

c. l/(s 2 + 2as + fc 2 ), 6 > a. 



b. 



(r + 2s) 



no 



1, < x < a 

0, a<x<2a> /(* + 2*) = /(*). 



\A/\A/\A/ 3 I otto h 



= E fit)e- s 'dt.) 

„ = J2na 

^ _ Uj» J5" J^^^ o-J^ J Wd^ ^iJ^ 9 fAilJ . 7 




1 



(s - a)0 - f>) - a ) 

* 2 . 1 

C (s 2 + u 2 ) 2 (J ~ a) 3 

" (1 - O 
e. 

1 - cos i»t , [ ' sin at' , 

a. b. ~~, dt 

t Jo t 

c. t 2 e~ al d. / cos i#t 

e. sinh a? sin a>/. 



t 



2. ELEMENTARY APPLICATIONS; PARTIAL FRACTIONS 
AND CONVOLUTIONS 

M r + AM = 0, «(0) = 1 



rf/ - 1 + at/ = 

W,^" ,w 1/ j . 1«" * W^J • U = <£(«) J ^ 

, ^-aJ Aja-~o ^dj-r=r ^^^-^ 
1 



(s + a) 



TAN 
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Jj^*3 ( 6 - 1 ) Jj*!- 



= F(s) = | o *-"/(/) dt 

<£<</</)) = ci£(/(f)) 

^(/(') + g(0) = ^(/(O) + 
^ /'(/)) = -/(0) + sF(s) 
2</"(0) = -/'(O) - 5/(0) + s 2 F(s) 
2(/ w (0) = -/ <n ""(0) - j/ ( "- 21 (0). - 
2(e*/(0) = F(5 - A) 



s(|>>*') = 



-F(s) 

5 



^ 7 /(r) 



y-'/(0) + 




o-^* oX»^3 ( 6 - 2 ) Jju* 



/(O 


1 



F(s) 



1 



cosh a/ 
sinh at 



1 



j — a 



J ~ 2 
s — a 



s 2 - a 2 



COS <D/ 



sin cof 



J 2 + u> 2 



1 



5 



e b ' cos cof 



e h ' sin h>t 



e b, t k 



- 



e a ' - 1 



t COS bit 

t sin tof 



5 - 



/ - lbs + b 2 + w 2 

s 2 - 2Zw + b 2 + a> 2 
it! 



(* 


- 2>)* +1 




a 


s(s 


- a) 


s 2 


- a> 2 


(s 2 


+ to 2 ) 2 




2sw 



(* 2 + a) 2 ) 2 



u{t) = e "' o\ JjJlwJI fU^cJo j 



M " +■ <o 2 u = 0, h(0) = 1, «'(0) = 



/l/ - i • 1 - + <a 2 U = 0. 



(.S + U> ) 



■ COS (0/ Lk-J 5 ^ J* J 
oljol J^LiJI (3 'IjilrJJ A^wj^H J?jJ*?JI £aS (jl jj^-sJ ,_)£JLjj 



eg-. 



ST'foF.fc) + c 2 F 2 ( 5 )) = c,2- 1 (F,(i)) + c 2 £r'(F 2 (5)). 

(J*«*^>- ti^ (Jo Sj^sel) 4jj[j^JI LjJajJ A^jljjl oJjb 



ijljCj^ (vJjl 5jL*» <J1 (^ip ija^ujl yr^jjWl (jOjUi L.^kL. 

u" + au' + to 2 w - 0, «(0) - i/ , «'(0) = "I 
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2 2 

5 U — su Q — M| + a(sU — u ) + u) U — 



U ^ = 7 — ~ ■ 

5 + ay + <o 



qpk»J Jo-i*I^ ^"vt* <->^* jj^f- • ^.>^>* U^i^^ j'^ju Oj^-i 

! ^j-k x^Ulj -^yj "(0 

^y^juk l->L~»- (3 u° j** |( " < -^-^-' 



U(s) = 



r + as + b 



- 

s 2 + as + b - (s - r x ){s - r 2 ) 

</(,) = £L±iL_ . 

(s - r t )(s - r 2 ) 



o~J jil^oj ^Vl <_i>AJ f Uu)1 Uj^j Ijlj . a 2 j A, oljLa.l ^ 

" + d = Ms - r 2 ) + A 2 (s - r,) 
(s - r { )(s - r 2 ) " (s - r,)(5 - r 2 ) 



c = A\ + A 2 , d = -A x r 2 - A 2 r x . 



C^- W — ^li , _^2_ 



s - r t s - r 2 



+ T _ I I = e *P V + A 2 exp r 2 t. 



C/(i) = — — 



s + 3s + 2' 

2 ' + 4 = _i*L_ + _i2_ = (A. + A 2 )s + (24, + A 2 ) 
s + 3s + 2 s + 1 , + 2 ~{s~Tl)(s~TJ) ' 

oU dlij A, = 3, A 2 = ~2 J* J^>j 



-2/ 



= (j - r,)(j - r 2 ) • • ■ (j - r 4 ) 
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M , A 2 , A k g(s) 



U(s) = — + — + • • • + 



s ~ r, s - r 2 J - r t 

(s - ri)q(s) , J - r, 5 - r, 

— = A t + A 2 + • • • + A k — . 

p(s) s - r 2 s ~ r k 

(j&j o/O j-i^ <*jj^\ • ^' j* o*i^ CM . s = r \.\j^i>j 

•. IjLslaju JLjjJ tjjjli 

(5 - r^qis) (s - r^ q'js) + q(s) <?(?y) 

km = Iim — = -r-T- 

^r, s^n p (s) p (r,) 

" ?'(r,)' 

: (J^liSlj *»~»»uJl aJIjJ^ oj^*> ^♦'j 

9^1 = 1 + . . . + i- 

P'(r t ) s - r, p'(r*) j - r* 

■ 

■ * 



2 I T\J = ex P r > f + • ■ • + "TTT ex P V- ( 2 ) 



( JoL. L? iu* l*^e> ^Xi <_» ( 2 ) aJ^IjlJI ) 

utt • p'O) = 2j + 3 J = s 2 + 35 + 2 

V 2 + 3s + ? ' 4- I) + 3 2(-2) + 3 ^ • 

TA"\ 
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. U,l i\JS r ^c^_ U;Ux^ ^ jsLJi 

«'+««= /(/), M(0) - «o 



= — + f?( y 

s + a s + a 



e"V + am) = e"'f(t) 




f(t')df + ce 



£6 



s — a 



F(s), 



- 



G(.v)F(.v). 



(3) 



www.alkottob.com 



I 

■ 



g*f = f*g (4a) 
/* (g * A) = (/*£) * ft (4b) 
f*(g + h)=f*g+f*h. (4c) 

qr^j ' w^i^ < - J *^d^" (J-^S^juJ <U4-» staL UjjJJ ijlidVl ^-fcj-j* 6^ 

W " - <JU = /(/), H(0) = M , «'(0) = M,. 

U{s) = _l — _J + ^_^ Fls)- 



l^U u (jl <J^J1 ^ , sinh \fatl\fa Ji>*u J*i/(s 2 - a) ^ 
= h cosh Vat + ^ sinh V^f + J[ - "/({') ( 5 ) 

u" + o) 2 « = /(/), «(0) = "o, "'(0) = «i 

tAA 
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U & = -TZ f + -2 iFis). 

s + a> 2 s 2 + w 2 w 




«(0 cos «* + «,-— + J o L_ 



^Vtf Sjj^ 4;U SJUII ^ j cjlidVtj 

0, 



f siir io(r - t') 
Jo ~^'><*' 



1 - cos (Mt - ; ) 

^0 2 ' 



t < t 
t < t < t { 



COS 0)(r - tj) - COS 0)(f - to) 
to ~2 ~ ' /, < t. 



(J) 



a. u' - 2u = 0, «(0) = 1 

b. u' + 2u = 0, «(0) = 1 

c. u" + 4u' + 3u = 0, k(0) = 1, «'(0) = 

d. u" + 9« = 0, «(0) = 0, M '(0) = 1. 




w" + 2a«' + m = 0, h(0) = wo, ^'(O) = u, 



«>I,fl=l,0<a<l, ti^l oVUll j 

J=»j^ i~;UzJ1 ^ JjLJI . 3 



www.alkottob.con 



b. u" + u = t a. u' + au — I 

d. u" + Au = sin 2f c. u" + 4u = sin f 

f . u" — u — 1 . e. «" + 2u' = 1 - e~' 



[Ft$ - a) = 2(^7(0)] JoJuJl j .j l ^l J , JLJ1 £ Cj J1 J^l . 4 

smo + («i + 2aji ) 

s + 2as + a) 



(o 2 - a 2 > 0, =0, <0. 



1 



(s 2 + 4) a - (s a _ 4) 

d. 



f c. (i + 3) 



+ D* * 5(5 2 + 2) 



. ijUlS'iU (4c) j (4a) yflyJ! C~jl . 6 

a. /(/) = Ug(0 = sinr 

b. f(t) = g(0 = cos wr 

c. /(r) = t, g(t) ~ sin /. 

a. i*/'<0=/0)-/<0) 

b. (* */(or 

c. (f* g\ if/(0) = 5(0) - 0. 



TV 
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APPLICATIONS TO FARTIAL DIFFERENTIAL EQUATIONS 



2(<r<* sin ttjt) = 



s + a 



sin 7TX 



«v ■ , u ' s sin .r + cos x 
!£(sm(x + r)) = — 3 — 5 . 



r + 1 



\dxj Jo dx 

= - «(jc, J/ = - (U(x, 

ox Jo dx 



s)). 



au\ du 



dx dx 



SjL> j)zu « jjjLJI & . ojUjjI jj^-AJ ' -! <^31j <sil*n ukj 3 ^ u^^* 



= 0) - «(*, 0). 



.1 Jilt 



^ = ^ o < jc < l, o < r 

dx 2 dt' 

u(0, /) = 1, "(1, o = 1, .0 < / 

u(x, 0) = 1 + sin ttx, 0<x< 1. 



J£) Jisw t.^ ^ . <j\ d>\) S>jjZS\j lXoUd\ JJiUJ! 



d 2 U 

-jT =- if/ - (1 + Sin ttx), < X < 1 



U(0,s) = -, U(l,s) = -. 

s s 



: ^t> J-^astJ ftJUb 4j JjJjJI pJib\ (3^J 



1 sin itx 

t/(jf, 5) = - + — ; j- 
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s. J olS S i n nx 6/ . J yUT y J* V1 UUI ^ 



«'(jc, f)=l+ sin to exp (-it 2 /). 

.2 JUL. 



dx 2 dt 2 



,2> < X < 1, < / 



«(0, = 0, «(1, = 0, < t 
u{x, 0) = sin roc, < x < 1 



^x,0) = — sin ttx, 0<x<\. 
dt 



ijL~*Jl ^ < K^ . ' (Jo JJ«lJ\j_J 




d 2 [/ 

— 2 = s 2 {7 - s sin ttjc + sin ttx, < .r < 1 
dx 

t/(0, s) = 0, 17(1, 5) = 0. 



s - 1 . 

5) = "J 2 Sin lr * 



*, = sin rodeos tt< - ^ sin tt^. 



. 3J&4 
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tl = — < x < \, < t 

dx 1 st' 

u{0,t) = 1, "(1,0 = i. 0</ 



«(*,0) = 0. 0<*<1. 



^ = sU, < x < 1 

1 1 

[/(0,i) = - 1/(1, «) = -■ 

. cosh Vsxj sinh J lt^*^ <-r^ J* LLAiJl aJjUJJ fLJ\ J^JIj 

■ 

1 n (1 - cosh Vi) sinh \fsx 

U(x, s) = - cosh Vxr + — — - 

« s sinh Vs 

* 

sinh \/sx + sinh Vs(l — x) 
s sinh Vs 

i/(jc, s) = 2 — • 

s - r„ 

ei* ^yj . s J fj-Jj x J J^jJ A n o\j . j± \U(x, s)\ ojfc 

"(Jt, = S ^«(-«) eX P r «'' 

. ^JjUliJ 4^~jJ\j <Ua?*j jj^AJ Jj*M IJ* 




C~~J ^ ( S^-VI JljjJlj sin ' cos « cosh ) v~»J^ ilia 



L ^ jit? g sinh = o ^ . ^ sinh ^ ^ s ^ 

J $ )\/s = £ + k) <» «4) Sj oJl*J) jji^l ^1 d^i , <J| 



cosh /A = cos A, sinh £A = / sin A. 
sinh(^ + iti) = sinh ^ cos t] + i cosh £ sin 



■ 




U» uVjjLo JUNj ^l o^i iji ^ «U)I oi*, 



sinh £ cos = 0, cosh £j sin tj = 0. 



qrk~" JaSi sin ri = j sinh £ = - *U^J1 o^l ^| ^ 

= 0, 1, 2, . . .),, = ±nir ; £ = • ^ 



: inir, .s = — n 2 ir 2 . 



I - W 



A n {x) 0*5 ^(11= 1,2,... ) rn = _„V uljr = 00^ ^u'-^j.^lj 



n = 



J - r„ 



V^r*d t>i^ . r 4> j UjCt SjUJ\ . s - r 



A i> 



T5« 
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sinh Vlx + sinh Vs(l- — x) 

lim s — r " ' = x + 1 - jc = 1 = A (x). 

s-~»°° ^ smh Vs 



. j\ _^s1m.V1 aJW- l^i! jjt. 

^ A?4 oVUll ol^in = 1, 2, . . ,, rn = -nV)b*>l' 

■ 

" P'(r„) 



p'(s) = sinh Vj + s cosh V* 

1 1 

2 2 

<y(r„) = sinh irmx + sinh_//nr( 1 — jc) 
= i[sin nnjc + sin /m(l - or)]. 



:j*r n Ji" ^ ^^jk, t |jJ\ t) ^ .jjl Si^j j 

sin mrx + sin «ir(l — jc) , 2 2 



mr cos ntr 



exp r„/ = 2 — exp(-nVf). 

hit mc fl-W * 



u(x, 0=1+-^ — exp (-nV;). 



ir i n cos mi 
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.4 Jli* 



"(0, /) 
u(x, 0) 



a 2 w a 2 « 



o, 
o, 



ax 

du(x, 0) 
3/ 



.2 ' 



< jc < 1, </ 
= 0, < t 

= x, < x < , . 



^ = S 2 U ~ X, < X < 1 



1/(0, 5) = 0, [/'(l, *) = o 



£/(*, s) = 



sx cosh 5 — sinh sx 
.v' COSh 



^JtiCL-j (jy-j . (_« = i, 2, . . ■)• s - ±i{2n — 1)tt/2 5 = 

■ 17 Jj>*^ j-^JU 0*sj t _ y SCi JbL, 

... 

jSCw s [/(jt, 5) J i>» ^ *d^N - ( r o = °) a 

j^, S^VI ^yj . cosh j sinh -J iL-L, ^a^L jl Jljj) 

t ^ 




\a/\a/\a/ cj I ottoh m 



sU(x, s) 



sx\ 1 + — + 



l + 2 + 



S \2-6 



l + 2 + 



u{x, t) 

±i(2n - 1)tt/2 = ±ipj = -* 

, ^ Ja_Jl iill* jj^S UfJj 



p'( s ) = 3s 2 cosh * + sinh s 
p'(±/p„) - ±/V sinh (±/p„) 



= P« 3 s« n P« 



^j^U CSJ^ <>> vj^iJ •( ± ') 4 = 1 J S'nh 'P = ' sin 



^exp(/p„r) + ^-exp(-/p n O 
/A'pJ p(-»P«) 



. - sinh(/'p„jc) exp(/p n Q + sinhpp,,*) exp(-/p„Q 




P„ 3 sin p„ 



sin p n x f ■ ,w 

3 " j(-expOp n /) + exp(-jp n O) 



p n sin p„ 

2 sin p n jr sin p„t 
Pn sin p„ 



*>JI j ikfoM iiUL UaUol (W ^jdl «(jr, /) J Ul^l JUwJl . c *><N 



.. (_Jl ,,..., « ,..aJ 




00 

A sin p„x sin p„f 

u(x, = 22, 

i Pn sin p„ 



* 



b. cosh s a. cosh 

d. cosh s s sinh j c. sinh 5 

e. cosh s + s sinh 5. 

^ J~*J1 ^ V^ 1 J'jjJJ Ji^ 1 o-j£~ J^r ■ 2 

,sinh sx 1 

b - . a _ tan j, j 

J cosh j 5 



a 2 « d« 

71 = — , < x < 1 , < t a. 

dx dt 

«(0, = 0, «(i, = /, </ 

«(jc. 0) = 0, < x < 1 

—5 = —, < x < 1 , < t b 

w(0, = = < ' 

«(*, 0) =1, 0<x< 1. 

JjL iA*^> yifjj Ji,* 5 *^ (j-^*^ • ( 3 ) Odj-" JjL-i J*-',.. 4 
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d 2 u du 



dt' 



dx L 



< x < 1, < t a. 



3x" 

h(0, 
u{x, 0) = 0, 
d 2 u du 



0, «(1, = 1. < ' 

< x < 1 



af 



< x < 1 , < t b. 



«(0, = 0, h(U) = < / 



«(x, 0) = 1, 



< x < 1. 



MORE DIFFICULT EXAMPLES J ^ S^Afc* Xll^ .4 

i^Uj^ j\ ,>jJV> U*J^ SjijJijJl }>jjZ3\ Ujuc . 
(i^Jp 5j5 jyJiJ ^ UJj < iibk* oily fjlj Jo>*j 

.(1 ) JUL. 



l_ wall I Sjl/'" ^"J- 1 (j^ 6^*° Lf^lj ' ^d**^"^ ijUlj VI SjjjJjJl 



d 2 u 


a« 


dx 2 


~ dt' 


du(0, t) 


du(0, t) 


ax 


= 7 


dt 




u(x, 0) = 



< x < 1, < t 
, M(l, 0=1, < f 



< x < 1 




\A/\A/\A/ 3 1 1 



—2=sU t < X < 1 
dx 



dU 



au 1 

~7~ (0, J) = ^tf(0, j), t/(l , j) = - 
or s 



U(x, s) = cosh ^ sx + Vs-y sinh yfo = ^ 
j(cosh + sinh p(s)' 



<> d^w A*, m . iJL^ ^ «j r UUi iVi . , = 0c^ 

H**** 5 ' »j»Jij . V» = € + nj 5J^«il jjJ*JI 

cosh UUVI ^i) f U*L.L dJij L^L*. ^ J»_)l ^ JUJI 

Li«i . jUjU JUJI ^ gs s s sJ| ft> )l . sinh j 

. ..Oi . j.i ii ti - * 



(cosh £ + £y sinh cos -n. - rj-y cosh £ sin tj = 
HTf sinh I cos n + (sinh i; + £7 cosh £) sin -n = 0. 



(1) 
(2) 



jJj«1I \&\ l^J i^klJI ,jU « sin 2 Tj + cos 2 t] = loj^j cos i] 



(1 + |V + TlV) sinh 4 cosh $ + £-y(sinh 2 £ + cosh 2 © = 0. 



' fj = L«J^C- jy&> t£& «**»-J^ (J*^l> 



tan T| = 



J r = <4* pt*) JJ«W J • TJ,, Tl 2 , . . . . 

\2 



• h(jc, • e ' = 1 j» j-M U» cA» ^ • 1 ^ 
fy-(r* = -V)- b 0*N 



/>'(*) j i 

= cosh Vs + Vh sinh V* + -Vs(l + 7) sinh V* + ~ 7* cosh V*- 

2 2 



<j£*d . cosh V7 k + VF k y sinh \/7 k = 6^i XSJbJl fU*C-L_> 

/>'</*) = ~~ (1 + 7 + %V) cos tu- 
2-y 

u(x,t) J h r \+J 

gird . - cos t^jc - %7 sin -n.^ 2 

— — exp /y = -27 — ex P ( _ % 0- 

p'(r k ) r (1 + 7 + m 7 ) cos ^ 

o Jk*VjLA*A f .r ■* 1 1 ■ - ^ 

^ >>i - *jLji] J*lS3l JsJU V cAs^ <j> • 2 JWLi 
SjLjl W-!J • ^IjM iirj^J JU*i ^jiuw ^ j jUU 



d 2 « <3i< rt „ 

— = — < jc, < f 



«(0, /) = /(f), < / 



u(x, 0) = 0, < jc. 
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A/ 

<£t 2 



= sU. < 1/(0, j) = F(s) 



U(x, s) = A exp (-ViJt) + 5 exp (Vsx). 




x "-^r* 1 ^•-^ «(jf, /) ! Vj^ 



J**J ^1 , A = F(s) j g = o J^*" u' S-*d - t>r~^> o£* 
tffcr, 5) = F(s) exp (-VSx). 



AO = 1 - 



1 - e~* + a sim 




s s + B j 2 + w 2 " 



' c<» S*^ ^ 1/(jc, s) = exp (- Vsx) J**J ^1 S ^ 0^ 
0- tMj^Ji oii ^ • UU 5^ VI .-b ±m, 



A = lim [sF(s)exp - V~sx] = 1 

j-*0 

A, = lim Mi - UiFU) «P (- Vb» - J «* <" ^ 
*—►—«<> 

V? = ^5(1 + 0. v^7 = ^(i-o. 



l + 



| exp [to 




= 1 + a exp 



d 2 u d 2 u 



w(0, = 0, = 0, 0< / 

du 

u(x, 0) = 0, — (x, 0) = 0, < * <' 1- 



4 . 
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^ = S 2 U - -5 J, < * < 1 

dbc 2 r + co 2 

1/(0, s) = 0, £/(l, j) = 0. 

to cosh is - cosh s(£ — x) 



s (r + u> ) cosh is 



v(*, f) = ^ 



i 



c osh gs - cosh - a :) 
s 2 cosh 2S 




n(jf, = f sin io(* - t')v(x, t') dt' 



ft, L Ux* (^1 . cosh (/a>/2) = *^ 

. dlU3 LOII oil ill 

n cosh y - cosh $(2 - x) 

U{X ' S) = S 2 (S 2 + IT 2 ) COSh hs 

^wJ U(x, s) (jli /i = 2,3.s = ±(2/i - l)nr,j = ± ilt y = J,LlJ| j^. 

,w ±'1T Uc J?UiJ JjUJI Jjjaidl tr-J^- ,> tJ->j .Xsjaa jj, 

to 
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A_, + A, 



c + /'it j - nr 



<j£< l^jji*- jlzil q\ * V****^ lSj* - "^ ijjtsjlj 



A-jjs + mt) + fl- t A t (.s - nr) 4- B] 
(j + in) 2 1 (s - mt) 2 



: jA [/ J Jj^dl ^fjfcjLtl (jj^-i 



Bi = Hm l(* - i-afUOc, *)] 



A ( = Hm ^ - iir) 



!it cosh {s — CO 
J 2 (J + iir) (cosh 



j, , lim «»hs<i-x) \ 
I j i j + /irt rcosh £*)/(.* - /it) 



tt cosh £iir - cosh rrr(£ - x) 



it 



- it (2i'tt) £ sinh £jtt 

-1 , -1 

— j" cos tt(£ — x) = — J" sin irjr - 



Ujlli fljJC-U I^jL-s- tj^*; ,j£Jj 5-Vi** Ai Ajlp 
•. j^Jl Jc. c5>*j u(x, t) <j\ 6^ 6^*d ' B,, = B. 



2t 

Bite™' + B-ite = j sin ™ x cos 1T ' 

IT 



d\ du 

T2 = —> < x < I, < t 

dx dt 



du du 

7-(0, = 0, — (1, /) = 1, < / 
dx dx 

u(x,0) = 0, 0<x<l. 
J^ifl _^ U . ibU. ^ ( 2 ) J\JU J*J J^ljlJI jl^ .2 

cosh js - cosh s(j - x) 
s 2 cosh 2* 

> .4 



d 2 u d 2 u 

- 2 = - 2 , 0<x<l, 0<i 

u(0, t) = 0, u(l, = 0, < f 

m(jt, 0) = 0, — (jc, 0) = 1 , < x < 1 . 
dt 



t.V 
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» * * J J*- a .5 



dx 2 ~ dt 2 



- sin ttjc sin 



ut, < x < 1, < t 



k(0, - 0, h(1, = 0, < t 
u(x,0) = 0, ^U,0) = 0, 0<*< 1. 



. <ri = IT i^UJl AJUM gOJrtl *> 



ax 2 ~ 

h(0, = 0, "(1, = 1 
u(x, 0) = 0, 



< x < 1, < * 
< f 



x < 1. 
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:S 



. L^i <*> JoL. ^ ,JUI W ^ t-ldl *dV 4 

JoL ^ ii> Oli .1920 f \t Jlj»-j .Kj>\iJ\ •UjjiU LaLtoVlj 
J*\&j J^U oV-^> . (1940 ) <ujj^ j Jljlji *i>i CJ\S* ps-dl 



Uilidl oViUJl Ji^V ) . jf\ ^Vlj . ( 1950 ) JLijL. 

. 1954 . « J-.t£3l oijxj S-oUJl JjtajJl » j 



- 2 -7 2 («-r) = -, o<,<i. o<, 

^(0, /) = 0, ^(1,/) = 0, 0</ 
dt dx 



t) = 0, 



u(x, 0) = 7"o, < jc < 1. 



< r < 1, < t 



dx 2 dt ' 

— (0, /) = 0, /<(!, /) = /, < / 
dx 

«(x, 0) = 0, < x < 1. 



. ( 2 ) j yLjj ja&i ^ . 3 



dui 
dt 



= - « 2 ) 



dt 

«l(0) = 1, « 2 (0) = o 



~ ~ - i 

«(0, /) = 0, m(1, 
u(x, 0) = 0, 



< x < 1, < r 

0, < f 

< Jt < 1. 



dx 2 ~ at' 



< Jt < i, o < t 



t 



U(0, I) = 0, m(1, 0=1. < ' 
u(jc, 0) = 0, < x < 1. 



«(0, = 0, < t 
u(x, 0) = sin x, < x. 
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a « du 

- 2 = Jt , U^x, 0<, 

u(0, r)=0, 0<t 

u(x, 0) = 1 < ^ 



VU ,J Ai d*\ SlLjl , [ 7 ) ^j^J . ( 2 ) J-ai . I 11 ) xjl j . 10 

* m 



= 4 1 - erf fe)J- 



complementary error ) |u*ljl SJb 5 ^Vl flUM ) 

erfcto) ^ 1 - erf (9) ^ /uncfion ) 



5) - e"^. 



sinh \/sx JL 
sinh V* „=o 

iJVo, i 6 ) j flLjl jU^V ( 12 ) jj^r j iLXJ\ fJ *cJ . 13 
S J v-JU Jli^VUj in) jj^j ^jal-U oUj! ^ .14 



I /-*" 



177 



-tv7 



t\\ 



\a/\a/\a/ ci I L^ottoh pnm 



f(t) = IT - /, < t < Tt 



/J Jjj^ ^6-; • 2a Sjjj ola /(/) flljjl • 16 



F(s) 



G(s) 



1 - e 



-2<u» 



^i-aJU Jjjs^dl ^j&jd ifc-jjl OjL, LjiuA *J»Jji> j»Jt?Cl . 17 



G(s) 



1 - 



2a.i 



. S 



iilkJI /(f) ijjjJI yijJJ Osf -18 



c n = — G 
2a 



a ) 



. SaLcJ! o^LU. yj» ( 16 Odv*^ j US' ii^*, (G(s) ) 

<_Aa^ . 19 
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s + a 



J hjjjR Jij^J ( 16 ) **d^ f 



21 



/(') 



_ r i, o < / < tt 

~ \ -1, IT < t < 2tt. 



. J ( 16 ) Od>J^ j iL>» • 23 



fit) = |sin r|. 

: ijLjl JsJ Jj j^JI J^- .24 



to 2 " a/ 2 ' 

u(0, = h(t), 



<x, 0<t 
< / 



du 



u(x, 0) = 0, — (x, 0) = 0, < x 
dt 

x — > oo. UjCc SoJu M (jt, f) 
( 6 ) . ( 3 ) J-ai UUj*- j gjdl ly- iu SjLjJ Ji*)l f Jbwl 



- jc), f > JC 
0, f < jc. 



o\ o*0»l> liijJj-Jl Vj*^ J*- • 25 
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ft) * mt, n = 1, 2 

— * =■ — o < x < i. n < t 



u(0, /) = 0, m(1, = sin cor, 0< / 
0) = 0, ^(jt, 0) = 0, < x < 1. 



w = tt. UUll iJUli (| ( 25 ) ^ j ilLjl . 26 

■ 



Numerical Methods 



pJBl .1 



2,kr: T H j± ji>UJ\j SjjJlUJI c^LUJ\ j .^J* 0*"*d 

SJkJm <jj>A> ^jjJ AjajuJ\ 3j^j . JUJl *V*o ^^"J »-A-»«M 



d* 2 



- 12xm = -1, < x < 1, 



w(0) = 1, m(1) = -1 



(1) 
(2) 



/vw. a I kottob.com 



w (*t* ■( Air y Unctions, ). J| j3 l^l^ 



= /A*, Ax = -. 



( 7 _ 1 ) J JJU( . 



Jt «(*) 

l 
0.2 0.643 
0.4 0.302 
0.6 -0 026 
08 - 0.406 

1 -l 



w, = i = 0, 1, . . ., ii. 

j> J-^ ^1 oV.>LJ! <y Xc^, , jju; Ulk3 aWVI oi* 



tn 



{ 7 m.2 JjwJjf- 

* 



— 

u(*) ~> u (0) -* uq 

^ r 



«o = 1, m„ = ~L (4) 
J-»UI u^i ^01 /= 1, ..-,«- 1 J£ jfc* (3 

lilj . A* = |/5 U SIX « = 5 Uj . «. W ^ ^ 

. jw* ( 3 ) <bU! o^* (' = I, 2,3, 4) Uii-I 

25(« 2 - 2«, + wo) 

25(« 3 - 2m 2 + M|) 
25(« 4 - 2« 3 + w 2 ) 



12 




"7"' = 


-1, 


24 




-y«2 = 


-1, 


36 




-y«3 = 


- 1, 


48 




5 " 4 


-1. 



(5) 



tW M» JIU. TV / f 



, 2L^!\ ^j-^ ^jJJL-i 
u = l,u 5 = - 1 ( 6 ) 



52.4m, + 25m 2 - ^26 

25«i - 54.8u 2 + 25u 3 = ~ 1 

25m 2 '- 57.2w 3 + 25« 4 = -1 
25« 3 - 59.6ii 4 = 24. 



(7) 



^ L\ =100 f Lixii -W-a W* U~ (7 - 1 5 ) 

, Lrtl aJLj! j Ujus >V\ JiJlj 



<i 2 w 



j - lQu = fix), < jc < 1 



du 

«(0) = 1, —(1) = -1, 
ax 



(8) 
(9) 



/(*) = 



0, < jc < - 
2 

- 1 
-50, x = ~ 

-100, - < x < 1. 
2 



( replacement equations ) • Jiju^VI oVaU* 

.7-2 JjJtfJi fUiZ-L *Jj4-j UJc Jj-«Jl 



^ - 2«,- + «,•-> _ = y (x) 
(Ax) 2 



■■(¥» 



t\A 



"b-1. 2AX =-I. (11) 



(J^, ^ijjj , J^UH ^ jjtf j ^ X , 1 

J* ^ i = 1, 2, . . ., n ^ ( 10 ) ibU. r j^L-j o> 

«*«+! = «„-| - 2A*. (12) 



* 

(Ajt) 

. ^-^J ( 12 ) aJaUJI £. 'l^k jj 




- 10m,, = /(*,). (13) 



JmS ( 13 ) SljUt, i =«,-.., n - /. J ( 10 ) feUl ^ ^ 

oVaUJI Ajr * 1/4, •> = 4 ,>>i Ua . ^1 jj-Ua y^j 

^ ( 10 ) feUI 0* (« = I, 2. 3) 



lOu, 


= 


(i = 


1) 


10« 2 


= -50 


(/ = 


2) 


10u 3 


= -100 


(/ = 


3) 



16(2u 3 - ^ - 2k 4 ) - 10« 4 = - 100. 



-42«i + 16« 2 = - 16 

16« t - 42« 2 + 16w 3 = -50 (14) 

16u 2 - 42w 3 + 16w 4 = -100 

32« 3 - 42u 4 = -92. 



X il >U - 1\ Ms : — LJ — s— m p — t— * £r— * 1 14 ) 



„= 100 



( 7 - 3 ) Jj*t- 

( 9 ) j ( 8 ) nrriL^ >^ 



X 


u[n - 4) 


u[n = 100) 




0.25 
0.50 
0.75 
1 


1 

2.174 

4.707 
7.057 
7.567 


I 

2.155 

4.729 
7.125 
7.629 



* c 

, olSUL. sj* ota ?Jb «(*) c*^ W . olstiJJ viv* 



+ - (Ax) 2 (3) n ,. 
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u(x i+l ) - 2u(x,) + Ufa-,) (Ax) 2 ^ 



(16) 



d 2 u 



dx 



.du 



2 + *(*)— + p{x)u{x) =/(*), < x < 1 



(17) 



a«(0) - aV(O) = a, M (1) + p' M '(l) = (18) 



*I*UI l^li*,- = iA* <U LI . U\i" oliJL. «(*) J ^ lilj 



«(*,-+ 1) ~ 2llfo) + H(jc,._i) ,«(*,•+,) - M(^ f „,) 
^2 + 



+ p(x i )u(x i ) = fix,) + 8, (19) 



8, = ^« (4) (f,) + kOcif^P^d. 



■ ~ a J^° ^ x ojfc ^»-^ Ia>- 5 l^li (Ax) 2 £» Ulj 5, 
y » M 7 _ 2 ) JjaJt ( 17 ) XJiUJJ JIjl^VI alu* 

(A*? + *^ 2A* + Pfe)M ' = ^«>- < 20 > 

« «o. «i, ••.,«„ ^JcV! ' (^j-CJUj i ( 20 ) itaLJl L>^£ 

> c>j ■ ( 19 ) iJ.>LJI L^c ^ l^U , , 20 ) JU^VI oViU 
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oj£ u»j vi»* J** v« ctfaM, _( 7 ) y^u 

^ uiyuj i *JaV»J1 ij j. ef>-N <j Jj4**N J*^J • '-J*-* 
ffcUl $ A(3, 1) = jA(2,2) = -54.8^ . A(I, J) ^ ^ 

. ( 7 ) y^u (j, . ^ . Ad, n+ i) ^ ^ j>>ji . ( 7 > 



1000 REM GAUSS- JORDAN ELIMINATION 

1010 FOR K=l TO N 

1020 REM PIVOT SEARCH 

1030 KPIV=K 

1040 FOR I=K TO N 

1050 IF ABS<A(I,K))>ABS(A<KPIV,K>) THEN KPIV-I 

1060 NEXT I 

1070 PIV = A(KPIV,K> 

1080 IF PIV=0 THEN PRINT "SINGULAR MATRIX": END 

1090 REM ROW INTERCHANGE AND DIVISION 

11O0 FOR J-K TO N+l 

1110 TEMP « A(KPIV,J) 

1120 A(KPIV,J)"=A<K, J> 

1130 A(K,J>"TEMP/PIV 

1140 NEXT J 

1150 REM ELIMINATION 

1160 FOR 1=1 TO N 

1170 IF I=K THEN 60T0 1220 

1180 MULT-AC I, K) 

1190 FOR J=K+1 TO N+l 

1200 ACI, J)=A(I, J>-MULT*ACK, J) 

1210 NEXT J 

1220 NEXT I 

1230 NEXT K 



-^jtf Jiml OL* J,U^ p WJ . ( 7 -1 ) Jfd 



N U ^o-l _ 1 

AuJ r Nx(N+ 1) Juo _2, 

JL^fcJ J-mJI ( 7 _ 2 ) j 100 _ 170 Jui^Jl ol^UI . 

£ri <-r^ o^j>r -u"J^ s^-tf «^ J*- Jj-^j 

a j ^yi ^1 <3 OJJ^ <-ij- JaJ^ ■ <*>l»iJI 



« 4 - A(4, 5).« 3 = A(3, 5) '"2 = A(2, 5) . «, = A(l, 5) UjJ 1230 




100 N=4 

110 DIM A<N,N+1> 

120 DATA -52.4,25,0,0,-26 , 25, -54. B, 25. O. -1 

125 DATA 0,25,-57.2,25,-1,0,0,25,-59.6,24 

130 FOR 1=1 TO N 

140 FOR J=l TO N+l 

150 READ A(I,J) 

160 NEXT J 

170 NEXT I 

. ( 7 ) «*W)1 >l &U\ <JM) J4*i frUj ^ . ( 7 >2 ) JJJl 




-5 = -1, 0<x< 1 
fix 



u(0) = 0, w(l) = 1. 



. t 16 ) j ( 15 ) ^^J\ <> . LLU ( 1 ) oi>fl j *>Lj\ > • 2 
S JuUJl J*J\ ^ ±>jJ*> J5^o liiL. JJI uj£; Zr ] 

aJL-JJ n = 4 Jljul-VI oxalic J*- <J J* ■ 3 



^4 - h = -2x, < x < 1 
tit 

«(0) = 0, «(1) = 1. 



^=,x, 0<,<1 
■du 

.ii(0) - —(0) = 1, = 0. 



d 2 u 



^ + 10k = 0, < x < 1 
dx 

«(0) = 0, w(l) = -1. 



- 32x« = 0, < x < 1 8 
M(0 ) = 0, «(D = 1 (« = 4 ) 



—2 - 25u = -25, < x < 1 

dx 9 # 

m(0) = 2, «(1) + «'(!) = 1 ( n = 5) 

rf 2 u 1 rfii 

ax I + x ax 10. 
h(0) = 0, m(1) = (n = 3) 

2 

5? + & - M = 



^(0) = 0, «(1) = l („ = 3) 
dx 



11. 



^ij *U^J . 12 

h 2 n 3 /i 4 

u(jc + h) = u(x) + hu'(x) + — u"(x) + —u°\x) + —u (4 \x) + . . . .12 

" 2 6 24 



(x, + Ax = jc (+] , x, - Ax = jr f _|) ij = ±& x j x = x . £, 

( 16 ) , ( 15 ) ^ArJI ^ JJUJ J^lpJJ 



HEAT PROBLEMS .. . „ 



- 

= /Ax. f m - wAr, 



UJ . &U\ j US' Ax = Urn = 0, 1, ji= 0,1 ' 

tfji— Jl tfjflj Os-j» 3a,J l> Cf^ otr 1 tW^ 1 f**^ 

«,<«) = fj. 

S^l ijL. j ( s P atial derivatives ) . t 

d X (Ax) 2 (1) 

— * * M, + i (m) - H,--,(ln) 

dx (x h t m ) - — . (2) 



— rr t " i(m + '> ~ » -< w ) 



a 2 « a« 



dx 2 at' 

"(0, = 0, w(l, /) = 0, < / (5) 

m(x, 0) = f(x), 0<x< l ( 6) 

oi*, .|3) _ I 1 ) c/^LJI JU^VI o^U, j*! ^ 

Uj-iim) - 2«,-(/w) 4- u i+l (m) Uj(m + 1) - u,{m) 

(Ax? A~ t ™ 

■ 



x < 1, 



= 77. < * < 1, < t (4) 



m = 0, 1, 2 • i = 1, 2, ...,«- 1 -I Ji*Sj Uj 

jjC^ oViUJl »i* j! j>jJ1 jiLJl J yi\ {\jSc~.\ ^ cijyJij 

, u,{m +1) J 

M<m + i) = ru^m) + (1 " 2rWm) + n, I+1 (m) 8 > 

. JjfcL«J\ 3 < ( 1 ) Jj*>' 

^\ ■ r=V2 fAr = l/32)->x = 1/4 j^k , J* J!.*, 



1 

M,(/B + 1) = ^Wo("0 + M 2 ('«)) 



1 (9) 



u 2 (m + 1) = ^".("0 + « 3 (m)) 
1 

M 3 (m + 1) = d,u 2 (m) + H4(m)). 
. i = 0,1.2,3,4 . «,<0) = m, J^i ^jm= 01,2 

^ y jj • V- ^ ^ * 1 1 } 



ITV 



(7_4) Jjjus- 








J 


2 


3 


4 








0.25 


0.5 


0.75 


/ 


1 





0.25 


0.5 


0.75 





2 





0.25 


0.5 


0.25 





3 





0.25 


0.25 


0.25 





4 





0.125 


0.25 


0.125 





5 





0.125 


0.125 


0.125 






jj-fe JU^VI oVoU. cM A ' = 1/I6 > r = 1 W < 

«,<m + 1) = - + w 1 + i(m). 









1 


2 


3 


4 








0.25 


0.50 


0.75 


1.0 


1 





0.25 


0.50 


0.75 





2 





0.25 


0.50 


-0.25 





3 





0.25 


-0.50 


0.75 





4 





-0.75 


1.50 


-1.25 





5 





2.25 


-3.50 


2.75 






. Ajji^iL-Vl <jL^> J! o JS$] J»lji < £>\ijLaJ\ 



ijl . JjU ^yj c5^— « iJVjb h,.(w+ 1)J& oVjUJ! <_-^i 4 

, w(m) J i_JL. J*«^»j» -^Ji — 1 

Ul {m + 1) = r Ho (m) + (1 - 2r)«,(m, + ru 2 (m) 
M2(m + i) = rUl ( m ) + (1 - 2r)« 2 (m) + rn 3 (/n) 
M3(m + i) = rw 2 (m) + (1 - 2r)M 3 (w) + ru^m). 

J/tf\ i*^ l jS3r+(l-2r)+r = 1 i$*"=i l^ 1 «^U*^J 



^ = ^ 0<*<1, o< f (»o) 



dx 2 bt 



BU,. . . ,. _ n n ^ , (H) 



w(*. 0) = 0, < x < 1 



(12) 



(13) 



+ 1) = ru (m) + (1 - 2r)M,(m) + ru 2 (m) 
« 2 (m + 1) = ru x {m) + (1 - 2r/w 2 (m) + ra 3 (m) 
« 3 (m + 1) = ru 2 (m) + (1 - 2r)u 3 (m) + rw^/n) 
n 4 (m + 1) = 2rw 3 (m) + (1 - 2r - H)"^). 

^.Juj IJyjj . Vj^v . « 4 J^^i Uf^ ' ') j*-* ) 

Ulill ^JyC-V! oLUc . i5>» s>» .^(w + D.) J AhUJI j liAjo^l 



tX5 



\a/\a/\a/ I l<otto h f^o m 



1 - 2r - iry > or 



1 

(2 + ft)' 



(14) 



.(Ajc = 1) j|j f{x) = x ^ . l*te ( 6) _i 4) oViUJI J*. .1 

(r = 1/2) " 

( 7 _ 4 ) JjOijJ! £. «il»&3 oj^ • MO) = yi ^ j 
Ax = 1/4 lj /(x) = * ^ . L ^ 16) -14) oV^UJI > . 2 

. « 4 (0) = 1 

VsJl iijli. <> j&j . I 7 _ 4 ) J^oJI ^ . ' >>j 

. iujVI Ate 

Ux* s^ii— j>.j s> J>l jb. . (12 ) - (10) oVaUJ! j *Lj\ J^V ; 3 

* 

. r J UJdl ^jjuJI JJI J . y =1 

t = . r = 1/2 Ax = 1/4 • ( 12 ) - ( 10 ) OJaUJl S XJLJ1 J*- . 4 

' m $5 J 



a 2 « 


du 




u(x, 0) = 






ax 2 


~ dt' 


u(0, t) = u(l, = /, 




5 


a 2 « 




du 


= 1, «(x,0) = 







dx 2 


— u = 


— , m(0, = «(i, 


6 


d 2 u 


_ dx 




= 0, «(x, 0) = 







dx 2 


~ dt 


- 1, «(0, r) = «(1, 


. 7 












d 2 u 












dx 2 


~ er 


«(0, 1) = 0, ^(1, 
dx 


+ «(i, = 1, 


u(x, 0) = 


• 8 


d 2 u 


du 










dx 2 


~ dt' 


^(0, = 0, ii(1,0 
dx 


= 1, u(x, 0) = 


x 


. 9 



WAVE EQUATION 



3b U* .3 



a 2 " a 2 " , „ 

^ = ^ 0<x< 1, 0<f (1) 

m(0, O = 0, w(l, = 0, < t (2) 

du 

u(x, 0) = f(x), -^x, 0) = g(x), < x < 1, (3) 

*bLJI j\i . c$>^ - t -1 " (jc > {) J*- ^UsJ s^iL.j Xkj-j 

*i*jjbJ! J^l cuitf til jl . vjUj^JI j! « J* 6^ Uj*JI LUUI 

. j^l ^ J»~J\ tfxuJI <2l~S3! • oVUJI oJ* 

«U, t m ) = u,{m) a} i^jS <±~j*> t m =m&t <i.jVlj(Ax=l/rt) 

ta _ »n-i(w) - 2u,{m) + 
3jc 2 ~* " ~ (A*) 2 



c^u «,("» + 1) ~ 2m;(/m) + Ui(m - 1) 
3f 2 ~* (Af) 2 



. <*I_>s»J\ J^aJI JJaUi ( 1 ) Ajj-^Jl *ii\*Aj 

u,- +1 (m) + 2t<,(ff') 4- «,-i(m) _ ti,(m + 1) - 2u,{m) + Uj(m - 1) 
(A*) 2 " ' " ~ (AO 2 

w,<m + 1) - 2w,(m) + »,<m - 1) = p 2 (« i+1 (m) - 2 U ,{m) + «,_,(/«)). 
ufyn + 1) = p 2 w,-i(m) + 2(1 - p 2 )«,(m) + p 2 « 1 + 1 (m) - Ui (m - 1),(4) 
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l 4 ) ^LJ! ^ ^_aJ! ^ . ^(m) = o, «„(m) = J^- 

",-,(0), ^ «i (1) J, J^i^ <lS >l c^Lo ,m' +1 

4Jtfj ^biVI J^iJI & J^l ^ _ Ui+1 (0). M ,<0) 

" J^. ^ (3r^ (*J u^l J*J . jJJUj *v ( _ 1 ) 



du 

~(x,0) = g(x), < jr < 1. 

- J 1 

^ ) ijy*L\ ( 4 ) ilsU, ^ ( 5 ) ShU! =,1- 2, . . ., „ - l J5CJ 

. S^kJI J! tfajjj M| <0) = fa) m = 

h,<1) + «,(-l) = p 2 /(*f-i) + 2(1 - p 2 )/W + P 2 /U + .) (6) 
«,<1) - «,<-!) = 2A/g(Xi), 



,„, ;v , i _ 1 ) + (1 - p 2 )/U,) + 
2 ^ 



VI j. ^ f .AiiJ . I , JJ* ( 3) _(1 ) oVjU-II j AjLil qr-^-Ij 

J^kVI SJA*, r aiw-i ,J . Ujj^ ^ JjVl ^LJl *JJ m,{0) = fin) 

starting equation , 

. ifc-^Jl jJa^VI * JJ ( 4 ) ( running equation ) aU»J! SkUJI 

O^J •<- Jf < 1 CU*s- £(.v) = Jojiu Ua~-J aJL-j. J*- Jj\^> UtJ 

. J f(x) 



\A/\A/\A/ CI 



m = 



2x, 



< x < - 
2 



(8) 



2(1 - x), - <x < 1. 



ij^ 5J*U!ljAf =A.v^ 1/4) <£\ ) P = I .« = 4 t-jj- 



u,{m + 1) = H,-_i(»j) + - - 



(9) 



»,(;)]) J Ajj— (vJi^ JioJ ( 7 _6 ) JjJjjJ^j 



( 7 _ 6 ) Jjost- 
( 3 ) - ( 1 ) oViljui] liAJuJl JsJl 








1 


2 


3 


4 















l 




0.5 

5 


/ ' 
0.5 


0.5 
0.5 






"» 



















-0.5 


0.5 


- 5 





4 




1) ^ 


- 1 


0.5 





5 




-0.5 


-0.5 


- 0.5 





(. 













1) 



^-J Ar . A.v 6 1 Ulw-V . I 2 _ xJl ) ^ SJoUJ 

[ 4 ) ibljjl oU Alii! . t 2 )^jLo"(r - (A//A.v)-,»j . o%.\ US' 

ITT Ii»jjmA\ pJBI JIU* TA / r 
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iiiim + 1) = 2(« < _,(«) - «,(/«) + tt f+ ,(#«)) - «x m - l) 



l 2 



. t 2 ) cSjuiiV w(mj o^L.U. . 2 



( 7 - 7 ) JjJ^J 



X 





J 


2 


3 


4 







0.5 


/ 


0.5 





I 





0.5 





0.5 





2 





-1.5 


1 


- 1.5 





3 





4.5 


-8 


4.5 





4 





-23.5 


33 


-23.5 






1" !" l6cosirf, 0<x< l, 0<l (10) 

«(0, /) = o, o = o, o < / (ii) 
u{x, 0) = o, 0) = o, o < x < 1. (12) 



. J* J-o^ . jjUl i US' Lj>J1 oUtUI J 

u i+t (m) - 2Uj(m ) + «,- t (m) 
. , 

(A*) 

_ + 1) - 2n,(m) + u£m - 1) 



2 ■ - 16 cos trr m . 

(A/) 



i jjl Jj>«j , + I) J JcsJI Ujunj 
Uj(m + 1) = (2 - VW"!) + p 2 «i+i(«) + p 2 « f -i(m) 

- w,(m - 1) + 16(Ar) 2 cos (irmA/). (13) 

, jwjj* ( 13 ) ibUJ\ ul> P = 1 < <i>"' «j-»Ajc = A/ =1/4 J»-(i l^J 

ufjn + 1) = «, + i(/«) + w ( _,(m) - «,(m - 1) + cos (14) 



m = J»-V I 14 ) 

w,(l) = ~ Mi (-l) + 1 

■* » J a ,.. : *— tjS^ ^ . M( .(0) = 0) 6^ ) 
«#,{!) ~ u,{-\) 

«XD = «,(-!). 



^ ) i 14 ) oV^UJI f ljj£-U U^u ^ ^Ulj 4 i 7 _8 ) JycJI 
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'•slLJl oULJI i cos tt/4 = o.7i 

( 7 -8 ) Jjj* 
. ( 12 ) - ( 10 ) oVaUJU (|*d*lt J*Ji 



\ / 





1 


2 


3 


4 




















I 




0.50 


0.50 


0.50 





2 





1.21 


1.71 


1.21 





3 





1 21 


1.91 


1.21 





4 





0.00 


0.00 


0.00 





5 





-2.21 


2.91 


-2.21 





6 





-3.62 


-5.12 


-3.62 





7 





-2.91 


-4.33 


-2.91 







f{X) = 0C^ I 3 ) j l 2 ) j l 1 ) oVjUD ^.jfcM J-^ . 1 

. p = 1, A.v = 1/4 ii- . g(x) = 1 > 

/(.v) - 0C^|3)j|2) jl 1) oVaLJd Jjl J* J-wl • 3 

. p = .1, Ajt =. 1/4 ii» . gU) = sin iw, 
w(.v, /)=(1/tt) sin tt.v sin m. t 6 ) ^^JlJ^Ji ^ ( 3 ) ijiv*-^ Oj^ • 4 
= d^|3) J (2) J (1) oV^UJJ yr-^&JI J* J-^ • 5 
. p 2 = 1/2, A.v = 1/4 f.i^cJ . | 8 ) itaUJIj L^/UL 

. o ^*Jta l^p- i 7 _ 6 ) JjJjJI j*o\±c . 6* 

Ax = A/ = 1/4 



= — r , o < a < I , < r 

«((). = 0, «(!,/) = /!(/), < t 
ihi 

u(x, 0) = 0, (a , 0) = 0, < x < 1 
/)/ 



/;(a) = 



1, < / < 1 
1, I < t'< 2 



. h(0) = h(\) = Ojh(t + 2) = h(t)o\j 

^Ju ( 0.7 ) fjicj h(t) = sin -nt ( 7 ) C?.^ US' U-ii 1*^11 . 8 

■V2/2 0* 

-kj- <AJC= l/4fJi^cJ . oljil ijL~JJ SJcyaiJl SJaLJIj J^ja^Vl Stain* JL^- . 9 

J>1 



2 2 

i± = 1" + i6«, 0<\c< 1, 0<f 
3x 2 at 2 



«(0, o = o r o = o, < / 

«(jt,0) =/(*), -<x,0) = 0, 0<x<l 
at 

. [ 8 ) StaUJl t| slk** f(x) 
t 9 ) Cs.j+^ (J ^^-^ ^• SJjJ ^ 'P 2 = 1/2jAx = l/4(Ui£-U . 10 

POTENTIAL EQUATION J^JI XtaU* . 4 



^» (J-'Aj V JljulJ (jU . mesh Jl» (3j 



txv 
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d 2 u 



d 2 u 



dx A + 3/ 



u w - 2uj '+ u E u N - 2U j + u s 



(1) 



i. iiaid) (jj^JI Jl jLJl ^ SSLiJl i»liJ ^jJJj £ <i~p- 

<_ r *~J i»~uJl . ( 7 _ 3 JCiJI Jas-V ) UiJIj ij^U! o-ikSdl S j N 

Jl |( fi ve-p oint approximation ) I - JAiJI t-o ^JE jL»- V! j 

3 oUau-~J Jc <-i>~i <Ax = Ayo^ ^-»/» J^fJ^J • 



b 2 u 



+ 



ar ay* 



U N + U S + M £ + Mh, - 4m, 

(Ax) 2 




w 



N 



(2) 



a 2 « d 2 « 



a? + V = 0, 0<JC<1 ' ° < >' <1 

w(0, y) = 0, ud.y) = 0, 0<y<l 
u(x, 0) = /(x), u(x t 1) = /(*), < x < 1 



2x, 



o< x < 1 -, 



2(1 - x), -<x< 1. 



(3) 

(4) 
(5) 

(6) 



\a/\a/\a/ I L^ottoh f*/~\m 



U 1 X1 gjft Ji-U iSLtJl J»lfi Ax = A>> - 1/4 

(7_4)J£iJlj 



- 



u N + u s + u E + u w — 4uj = 0. 



(7) 



V4 1 V4 





7 


8 


9 




4 


5 


6 




1 


2 


3 











• Ml, "2, 



., U 9 



H 2 + £l 4 + | " 4ll, = 

u, + « 3 + u s + 1 - 4k 2 = 

«2 + «6 + i ~ 4u 3 = 
«, + M 3 + « 7 - 4« 4 = 

Il 2 + «4 + "6 + "8 ~ 4 "5 = 
M 3 + U 5 + M 9 — 4% = 

w 4 + u 8 + 4 - 4n 7 = 

«, + M 7 + + " 1 - 4« 8 = 
«6 + «8 + 4 ~ 4u< » = °- 



(8) 



Jj^lJ l^u ^ . u oVoU. i*jku. ^ U,L^ ^ 



«2 « " 



J « 4 j 



«5 J^«j 



(9) 



3 2 « a 2 M 

^2 + - 16(M - I), 0<JC<1, 0<J 

0) = 0, u(x, 1) = 0, < x < 1 

«(0,>>) = 0, u(\,y) = 0, < y < 1. 



(10) 
(11) 



y' 


1/2 


1/2 









5/16 




5/16 


















1/4 


,3/8 


1/4 















< 




t 5/16 


1/2 


5/16 















1/2 


1/2 


X 



{ 6 ) - ( 3 ) o*>ujJ (jf 4 j«>l ( 7 _ s jijyi 



JS" . t 7 _ 4 J£i ) JjVI JU1 ^ US' Oil ^1 ^j^c-J j,SC«j 



% + u$ + u E + u w ~ 4u: 

- ,2 = \6(u, - 1). 



(A.v)^ 



(12) 



Cr* ul> >(l/kxf = 16<lA» >Ax = 1/4.6j*j 



u» + u s + u E + % - 4 Ui = u, - I 



(13) 



u N + u s + u E + u w - 5U, = - 1 , 



. . f = 1,2,3,4 i 13 ) ibUJI J, lis , ^\ oVjUJI 



H 2 + «4 
U\ + M 3 + M 5 



M] + M 5 + W 7 



5m | 
5u 2 
5u 3 
5u 



= -l 



- 1 



(14) 



u 2 + u 6 - 5« 3 = - 1 



— 1 . 



i2 
d U 



+ 



d 2 u 



dx z dy 2 



- 16 in /? 
— 



M — 



(15) 
(16) 



u N + u s + u E + M|V - 4w ( - = -1. (17) 



, ^ l«U V 1 cA-iN oVoUl! < l 7 _ 6 ) J5^3I j ^1 ^ 



u 2 + «4 — 4«| 

«! + « 3 + M 5 — 4« 2 

U 2 + «6 ~ 4« 3 

«1 + U S + M 7 — *4m 4 

« 2 + M 4 + M 6 + Mg - 4« 5 

«3 + tl 5 — 4tt 6 

M 4 + H 8 — 4a 7 

M5 + 1K7 — 4«g 



(18) 





7 i 


,8 






a—, 




6 




i— « 




,3 


1 









. ^ JSA J* Ufeu J U^Jl ULfJJI . ( 7 -6 ) JON 



w, = 0.656 

„ 2 = U4 = 0.8 13 

« 3 = « 7 = 0.616 

« 5 = 0.981 

u 6 = «g = 0.649 



(19) 



tlx 
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<sl . c>\ ^ . t 1 ) jcJ j gA^Jt fUicJo , _ ciUl. 
6* -vjJj sajsJI XSLjUI US' , J5j Jj^m»JJ sju>- i^Li j^SUj 
^jt*JI J*J! jAx=Aj= 1/ioUi, . J5^ oViUJI 

( 81 ) ,> UU VJ U>J\>jMt. uli.(5).( 3) oVjUJJ 

<$jk> Silt ULp- ,w JLjVI oVaUJI j> Sj~£)l oU^kJI 

• *5*L^-M' JjWl ^ Jjj g^llj . {iterative methods ) 

'*SLX\ ^ U> . { 6 ) _( 3 ) oV.UJI J j^ll a a u tf> l ^ 
. <4Jil . ^> Jjo, J,Ui ^ ^ , Ajr = Ay = 1/jV 

«(*,, Jy) = By. (20) 



(A*) 2 (Ay) 2 = 



M <v = 4^ + i, y + + u iiJ+1 + u-i (21) 

J^i » Vii ( 7 ) ^UJl ^ oi* )a? - ljll CS J ■ i -J Jfc* 

. JJbJ . | 5 ) j ( 4 ) oU-sUJI . hi^\ 

"o.j = 0, u Nj = 0, j = 0,...,N (22) 
».-.o = /(*/), m<.jv = /(*,), i = 0, . . ., N. (23) 

Jc- o^Jaj (j^^ • (J-V" - lTJ^ *-*d^» <_r*~^ ' **djJ» Jx-oij 

.( 21 ) y 4 ui u*>ji jp« s ^ « f , ( „ s ^ 

ttt • 



_ i 3 ) oVaUJl 4 U^M ;)LjJ U>- Jl> : V Jbui^l oV.UJ 

. JIjl^VI o\bU) £^ JJl J* J^ 0* *^ 6> Ul ,>» • I 6 ) 

*)LjJ Jju-.-o.jtf ^ 6tr: I 7 - 7 ) ^ 4 ^ E* U ^J 

. ^\ ^ 270 .150 ,> jjiaJj 



lO REM GAUSS-SEIDEL FOR POTENTIAL PROBLEM 

20 N=10 

30 DIM U<N,N> 

40 T0L=*.001 

50 REM BOUNDARY CONDITIONS 
60 FOR 1=0 TO N 
70 XI = I/N 

80 U(I.O>= 1-ABSC2*XI-1> 

90 U(I,N>= 1-ABS(2*XI-1) 

100 NEXT I 

110 FOR J=0 TO N 

120 U(0, J)=0 

130 U(N,J)=0 

140 NEXT J 

150 REM GAUSS-SEIDEL ITERATION BEGINS 
160 FOR T=l TO N*N 
170 STP=1 

ISO FOR 1=1 TO N-l 
190 FOR J=l TO N-l 
200 V=U(I,J) 

210 U=.25*< U(I-1,J)+U(I+1, J)+U(I, J-1)+U<I, J+l) ) 
220 IF ABS<V-U) > TOL THEN STP=0 
230 U(I,J)=U 
240 NEXT J 
250 NEXT I 

260 IF STP=1 THEN 280 
270 NEXT T 
280 END 




Jju- - J-Uj* ( 7 _ 7 ) J&ilt 





ttt 



>UJ! f ^lj . JjUJI ^ Jij^VI oV.U J~ ^ ^ 

.Ax =Av = l/4 3j^Jl J*V 2 «=-l,0<.v<l,0<y<l, « - .1 



. J,UJt o>> A.c = Ay = I/8. ,»j i 1 ) j«I . 2 

V 2 m = 0, < x < 1 , < v < l . h(0, v) = 0, u(x, 0) = 0, «( I , v) = .3 
y, «{x, l) = .v. Ax = Ay = 1/4. 

.Ax - Ay = 1/8 J> { 3 ) CjIj^\ J*l ■ 4 
. jS^J\ ,j* <ui*o Jjjs jjj^> SJIjl jwj IV? 4*Li Jjjs> jjy ^yb R <ilaJ_J1 . 5 

. Ax = Ay = 1/7 

V 2 m- -l,cj*J ^ii^ LUjU^ y^UJ^ Jo jh . I 5 ) OdJ- -^ ^ • & 

1/4 !*• • 1 1 ) ^-^^ lj* L- JSCi ^ AiklJI . 7 

. Ax = Av = l/4ijJ^l jL /? jV 2 »=- l . li^-J* ULH O jlj 

_ 



TWO-DIMENSIONAL PROBLEMS 



^jUaj U~ijl _Uiij (jj^ . Jau_Jl Ja ^jjl Ijjb . Jju oii JjU*» Xj- 
Xjl j_j US' « oULJS jj jJ^J ), JjJ-Xaj C^S Jji»Uo (J*- °Ar*^J ^"J-*^ 

.14) 

• . ( 4 ) jjjl j US Jlui^l f jjc-J ^ U ^ V JxsJ 



d u d u _^ » £ (m) - 2uj(m) + u w (m) u N (m) - 2u,{m) + us(m) 
dx 2 dy 2 ~~* (Axf ' (Ay) 2 



^«ckj Jljui-iVI (jl* Ax = Ay, j , iju^J! *5Li]l 



d 2 u ou UNpri) + tf 5 (ffl) + usjm) + uw(m) - Aujjm) 

dx 2 + ay 2- * (A*) 2 ~ ~ 



<| . i JJjJ^ oli UaiiJ ,jUJl M\ SJil JU 5, £, W 



■ 

2 2 

£i! + < ^ < 1.25, 0<y<-l, 0<f (2) 
dx 2 dy 2 dt 

u(Q,y,t) = 0, «(1.25,y, /) = 0, 0<>><1, 0</ (3) 

u(jc, 0, = 0, «(*, 1,0 = 0, 0<jc<1.25, 0</ (4) 

n(jc,y,0)=l, < jc < 1.25, 0<y<l. (5) 

J£ill j US' UkJl i| i-U-UI JalJl (Jji ^ Ax = Ay = 1/4 

. ( 7 _ 8 ) 

















9 < 


10 


,1! 


12 








6 


7 


> 8 




c 


1 


2 


3 , 


4 
















X 



tfV 
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s «( / 4 , V 4 , tj, U2 (m) = «(V 2 , V 4 , /„), u 3 (m) , oL, Jd! • }j 

= «( 3 / 4 , V 4 , tj, ... - 



p U*l.L l^Jc J^Jl ^ JIj^VI oViUy .m=I, 2, . . . . J53 . jj! 

4- Us (m) + + M)V (m) - Aujjm) = ujm + 1) - 

(A*) 2 A/ • (7) 



J*. J,*^ «,<m +1), J SJaUJl oj* Jj>«J UjCtj 
«,<m + 1) = du^m) + u s (m) + w^m) + w„<m)] + (1 - 4r)«,(m) (8) 

Ar A' ,^ * 
AjT A/ 

. A/ < 1/64 3UII ^ . jl , 1 - 4r a 0, r ^ .j^ 

oV.UJl J«jJ ^Ij . r = J . A/ = gL . ^ ^ 5> JjJfl jTfe ^ 

uVi .« a 1. c^tf lil, . , 1 ) 0^" Sjl^J! oWji ^ m = 0, 

. , i ) ^L, tti<nl) ^ ^ ^ 

. , m = 2 c*jl$" 

"•(2) = \{u 2 {\) + u 5 (l) + + 0) = I 

M2) = ~ („,(]) + Ml(I) + H6(]) + 0) = 3 

"5(2) = ^ («,(]) + « 6 (i) + M9(I) + o) = - 

4 

ttv W6(2) = 4 (W2(I) + + "7(D + «,„(!)) = 1. 



, jj-tssi^ s__jlj>s)l cA^-ji J£*j cjVjUa!! ojjt jIa^W (j! 



«,(m) = « 4 (w) = u 9 (m) = M| 2 (m), M 5 (m) = w 8 (m), 
« 6 («i) = « 7 (m), m 2 </w) = M 3 (m) = « 10 (w) = u u {m). 



. sot j 3j j-«j»J1 Jiuj t 7 _ 9 ) JjA^jlj 



^ ^ = ^ ^ (9) 

ftv 2 flv 2 dr ' 

u = /(O 4 C, (10) 

w = ()J^y?j/ = 0. (in 



( 7 _9 ) JjJ^t 



( 5 ) _ ( 2 ) oViUJJ (iiJ^JI J*JI 














n. i 


1 


2 


5 


6 















i 


I 


1 


1 


1 


1 

1 


3 


3 


1 




"> 


4 


4 




2 


3 


y 


1 


13 




X 


16 


2 


16 




17 


7 


25 


39 












64 


16 


64 


64 



ttA 
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JL^VI oVjU* ^ • JAiJI pjjj Ax = Ay = 1/5 ^ oliLJlj 

^ ^ . uU-pJl (3 ^ ,JJ • ' 8 ) j i 7 ) j slk*- 

. f{t) j slU, sJ^JI cu^ aj jbJl J*Ui! - 0jJ U, J*UlJI 

= ( 8 ) ibUj! j r U A* = Ay = 1/5 



r = — ~ = 25A/. 
Ajc 



• r = 



1/4 J iLUJlj . At = 1/100 ^ i>j •> J>1 c^!*!! 



u,{m + 1) = -(kjvOm) + h 5 (w) + u E (m) + u w (m)). (12) 
4 



(11 )_(9)C 








ti 


12 




9 


10 




5 


6 


7 ( 


8 




1 


2 


3 


4 


1 












\a/\a/\a/ cj I ottoh m 



«,(m + 1) = ^(«2("«)'+ «5(m) + 2/('m)) 

u 2 (m + 1) = ^"iM + u ^ m) + " 6 (m) + /(,J) 
_ 10 ) JjJ^lj . Ljj^ «8("»). • • •. M"0 v 1 -' J**d t 7 ) J 



o^jLI j US' Jji-i-J . oli ^->*M i3jL- JpJj 

: t 3 ) JuJl j U*i US' . ,yjJI ii^J ^jS" ^ i3 



d 2 u itjim + 1) - 2w,(m) + m,-(i w - 1) 
dt 2 



( 7 -10 ) JjJ«s- 
. ( 11 ) - ( 9 ) oViUJJ gjaajJI J*J\ 




hU, 0. I ) = 0. //(.v. I, t) = 0, < x < I, < / 



(15) 



«(0, y, t) = 0, m(1, y, t) = 0, 0<y<\, 0<t 
u(x, y, 0) = f{x, y), 0<jt<l, < y < 1 



(16) 
(17) 



du 

—(x, y, 0) = g(x, y), 



< .* < 1, 0< y < 1 




(li 



«,(w + l) - 2w,(m) + «,(w - 1) 
(A/) 2 



_ Mw) + w 5 (m) + M A (m) + u^im) - 4m/wj) 
< ,9 > 



jwd p = At/ Ax jU^VI (U^o, „,< m + 1)J 5 *Utf , 

* 

w,(w + 1) = p 2 [a £ (/«) + uwim) + M/V ,(m) + « 5 (/n)] 



+ (2 - 4p )m,.(a») - M/ ( OT - J). (20) 
p 2 ^ • J-J»=N SJbVi <yLJ o%\ Slk-Jl iij^V! j*^ ^ 

■ ^ )Ajr=A>=l/4,p 2 = 1/2 Jt(i ti^-i . iij ^1 o^So ^ Uojl lilj 
: gr» ( 12 ) , | 11 ) ^UJI ^ cJIjc^I oUUI u' t>>jAr = V2/4) 



4' 



y) = 0. 



M,(m + 1) = 



^ P = 1/2 ^» ^1 . ,; 20 ) ibUJ! ^ y^uji^ 
1 



u E {m) + u w {m) + U/v(m) + u s {m) 



- u,(m - 1). (21) 



\AA\A/\A/ 3 I Lcotto h C^CxYY 



«;(l) + «;(-!) = 



Mf ;(0) + M W (0) + MO) + «s(0) 



- m,<-1) = 2 Ar <?/ . 

« £ (0) + « w (0) + u N (0) + « 5 (0) 



W,U) 



. oUjl SJ* j JaJJ ^LLJ | 7 _ 10 ) JSCiJlj . Ja& 



^UdJ 4ii>kr V-J^ ^ ^ 
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sUa*J\ SSLifl Jbui-^ oVjU c& i5 - 1 ) ^ j 



V 2 * 



< x < I, < y < 0.75, < / 



«(0, v, = 0, «(1 , v, /) - 0, < y < 0.75, < / 
u(x. 0, /) = 0, «(.*, 0.75, /) = t, 0<jc<J, < / 
m(.v. y, 0) = 0, < x < 1, < y < 0.75 
Ax = Ay - 1/4. (See Fig 7-1 la.) 

aw . _ _ 



\ 2 u 



in R, Q < t 



u = on boundary, < / 
u — 1 in /?, r = 



1/4 



Aa- Av l/4oi. . ^^-Jlj L yU^\ u~>^ OrdA^ \ * 4 

. \ 7 _ 11 b ) Jw-V ) 

J£iN i^V ) . ^Xo JS^ J* UkJ\ tj* ■ ' 2 ) udv^l ^ ■ 3 

i 7 _11 c 
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fa = Ay = 1/ 3 g^ULuH Oti iikUl ( 7 _ 11 ) JJL*Jl 



u = 1 ^jjjjl >_j±Jl U ,(11 ) _( 9 ) oVal*J! jJ . 4 
. ( 7 _ 9 JSJl Ja^V ) . ^AJi M = , (_y = 0) 

V 2 u = ~, 0<x<l, 0<y<l, 0<f 

w(0, y, = 0, w(l,y, /) = 1, 0<><1, 0< r 
«(jc, 0, /) = 0, u(x, 1 , /) - 1 , < x < 1 , 0<r 
w(;t, y, 0) = 0, 0<*<1, 0< y < 1 

iUiJ ^jjH jS^i j jS^> o,.^ M = o ijJjOjJl ^>U-j m = o 

• ( car* ■ j ) • 1 > ') = 1 a 



p 2 



1/2 » A* = Ay = 1/4 £• . ( 18 ) _ ( 14 ) oVA*Jl Laj* J*. .7 

/<*. v) ^ ji. . 

• a* c5^ Ljr*f j-J' jl)^ M ^J^Jt*J 

.(18) _(14) oVjWJ ^ J* . 8 

Ax = Ay = 1/4, p 2 = 1/2 ji. g( x , y) = 4\/2 

«| J) = , fiXt V ) = J , ^Vl . , 8 ) ^^Jl . 9 

2LSUf*1 . ^1 JiJ! ^| j ( 1 ) ^U- iJU, VI WjVI 

Ax = Ay = 1/4 ^ . 5,^1 ( o ) juIj^ ( o ) ^ Lj 

P 2 = 1/2, 

. oi^j ( 3 ) ^ ^ -c l^i j ^.jji y^uj Vj i . 11 

100 
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. JJi ^ ( ) j hJJ\ lSjLj h J LiU^l 

p 2 = 1/2, Ajc = Ay = 1 Mr r 
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jj . \jLij jiS"! -c53j 1 ^iL^j Uja , ic^Jl JU. oj^d J^— ^ "-V 3 

JJwCjl » y> JjVl ^j^** ob^-^* ^L»J . o^S^lJl joLoJl {jA AjJjJ! 
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Ix = 



</-// 



- v'24.v it 0. < x < l 



clx 



(0) - l, H(D - l 



t«"\ 



Jo _p^J v(r) = u(x) , x = (r - a)l(b - tOol^Jull f^^*^ ■ 2 



~ ~7\ r ~T~ ) - 4<'-> v =/ (r )' 
r ar\ dr > 



< x < l o _^aH (3 « Jl 

: (J} JjSfcO 



2 r , , ^ = "(I + X), 0<X<1 



<£c 2 1 + a dx 



n(0) = 1, «(1) = 0. 



a* = i/4. Lj^. aLji J^J j\jui.vi oVA~ & 



Id/ rfv 



r dr\ dr 




- -y 2 v = 0, a < r < b 
v(a) = 1 , v(b) = 



dv 2 



1 </h 



+ A dt 



- -y : L 2 u = 0, < .v < 



»(0) = 1, w(1) = 



A.v= 1/4. r \j^\, Jbuz-Vl o^U. > ^ ^« = ^.j^-^O 1 ^ 

7L = I. a = 1 

t<JV 



\a/\a/\a/ cj I ottoh m 



A/ = 1/32 , A* = 1/4 >o*cJ -> 

r 



- 2 = ~, o<*<i, o<< 



"(0, /) = u(\, /)=l- o < r 

«(jr, 0) = 0, < j < I. 



«(0, r m ) = 1 - (0.5)'". 



d 2 u du 

71 = r. < jr < 1, 0< 
or 3/ 



m(0, /) = 0, n(I, t) = 0, < r 
«(jr, 0) = 1, < x < 1 



d 2 w <9w 



—5 - 16;/ = — < x < 1, < r 
dx 2 dt 



US' jA/ = 1/48.Ajc=1/4 (.Jl^^ . Utauj^j AjJjJisJI i>j^ <_r^ U*) 

S ^Ljl ^USCl 5 jil— » S JjJ»l . ( 7 ) j • 8 

r = 1/2. j Ajc = 1/5 Ujl^I—. 0^ J-*" • 9 



-^ = — , < x < 1, 0< r 

«(0, = 25/, k(1, = 0, < t 
u(x, 0) = 0, < x < 1 



tflA 



duldx (1,0=0.^ ^jjjLsJ* }>J^)\ tjj£ \jc . [ 9 ) ( j tJ *3\j^\ . 10 



ax 2 a/ 
m(0, = 0, m(1, = 1, < f 

kOc, 0) = 0, — Or, 0) = 0, < x < I. 



jA ,3JjJl*J1 J»jjJ1 ,>jV1 (J^JaJI ^ Ijtt , ( 11 ) Ocl .12 

= ^ ^ «(l, = h(t), < f, 



hit) 



l, < / < 1 
0, 1 < / < 2 



f J Utf f jJAjt=A/=i/4 c 




Ujj* J^-/i(r + 2)=h(r)j 
j^p-Ax = A>'=l/4 .fOiiJ . 13 



^ + ^ = 0. 0<,< : l, 0<v< l 



2 , l 

w(.r, l) = - tan 1 -, < x < 1 

7T .V 



«U. 0) = 



m(0, v) = 1, h(1, v) = - tan v, < v < 1. 



«(x, >')= (2/ir)tan "'(>•/*)•.>» I 13 ) j l* 1 ^ • I 4 

, IM ^jjJI JaJl A*- Ax = Ay - 1/4 J r = 1/4, f^- 1 • 15 



du 

V 2 u = — , 0<jc<1, 0<y<\, 0<i 



dt 



u(x, 0, t) 
«(0, y, 
u(x, y, 0) 



u(x, l,f) = 0, < x < 1, < f 
h(1,>, = 0, <> < 1, < f 
1, < x < 1, < _y < 1. 



«(*, >', 



00 oc 



x , „ 4(1 — cos nn) (1 — cos mir) . _ fm 2 + „2 W j, 

m = i „ = i n mn 



R 



u(l t, t m + l ) 
m(4, 2, / m ) 
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APPENDIX 




TRIGONOMfciRIC FUNCTIONS 

sin(A ± fi) = sin A cos fi ± cos A sin B 
cos(A ± fi) = cos A cos B + 



sin A sin fi 



(A + fi) (A — fl) 
sin A + sin fl = 2 sin cos 



(A + fl) . (A - fi) 

sin A — sin B = 2 cos sin 

2 2 

cos A + cos fi = 2 cos cos 

2 

(A + fi) . (fi - A) 

cos A — cos B = 2 sin sin 

2 2 

sin A sin fi = ~(cos(A - fi) - cos(A + fi)) 




sin A cos fi = ^(sin(A — B) + sin(A + fi)) 



cos A cos S = -(cos(A - fi) + cos(A + fi)) 



cos A = + e' M ), sin A = -^e" -. e~ iA ) 
2 2* 

cos 2 A + sin 2 A = 1 
HYPERBOLIC FUNCTIONS <»J$\J\ JljjJl 

cosh A = U<f + e~ A ), sinh A = \e A - e~ A ) 
2 2 

d cosh u = sinh u du, d sinh u — cosh u 

sinh(A ± B) = sinh A cosh B ± cosh A sinh B 

cosh(A ± - cosh A cosh B ± sinh A sinh fl 

sinh A + sinh B = 2 sinh — - ^ cosh 

2 



sinh A - sinh 5 = 2 cosh 



2 



■ 



cosh A + cosh B = 2 cosh cosh 

2 



cosh A - cosh B = 2 sinh sinh 



(A 


- B) 




2 


(A 


- B) 




2 


(A 

— 


- B) 




2 


(A 


- B) 



sinh A sinh B = ^(cosh(A + B) - cosh(A - B)) 

sinh A cosh B = ^(cosh(A + B) + sinh (A - B)) 

cosh A cosh A = ^(sinh(A + B) + cosh(A - B)) 
cosh 2 A - sinh 2 A = 1 

calculus JjAidl u^~*- 

1. Derivative of a product »U*1! is?.y. 

(ttV)' = u 'v + uv' 
(uv)" = u"v + 2u'v' + uv" 

(«v) <n) = u ( "\ + (><"-V + . . . + (^ I ) M v ( "- ,) + «v<"' 

tw 



\a/\a/\a/ a I ottoh m 



i 



2. Rules of integration C*l>» 

a. f (c,/i(-r) + c 2 f 2 (x))dx = c, f + c 2 f / 2 (jc)<fc 

r 

b. = 

c. = - [mdx ^ 

d. I f(x)dx = I /(jc)rfx + 

Ja 

3. Derivatives of integrals O^L»l£> olili* 

rb rb 



C. 



- /(*, t)dx = /(v(0,0v'(0 - /(«(*), *)«'(*) + t; (Jt, 



4. Integration by parts XSj^Jlj J*l£dl 

a. J uv'dx = uv — j vu'dx 

b. uv"dx = v'u - vu' + vu"<£* 

5. Functions defined by integrals O^Ul^IL JljjJI 

a. Natural logarithm jJjUjIM 

f dz 
ln(*) = - 
Ji z 

b. Sine-integral function ~ ^ 

P sin z , 

Si(*) = dz 

Jo z 

c. Normal probability distribution function aJL^-IM £jj>» <Jta 



\a/\a/\a/ ci I L^ottoh m 



d. Error function 



f tun yi a 



erf(jt) 



e~ z dz 



Vtt h 
erf(jc) = 24>(V2t) - 1 
e. Integrated Bessel function iLUl5cJl 

IJ(x) = j o J (z)dz 

j 



TABLE OF INTEGRALS 

1. Rational functions 
, . f dx 1 

! 



JljjJI 



kx k 

dx 1 

T~ — 2 = - tan 
x + or a 



- 1 



, _ f jr dtt 1 7 
L3 J ,J7J = + a 2 ) 



x' + a* 2 

<fc 1 

~2 "2 = r~ In 
* - a 2a 

1 
2 



jc - a 



jc + a 



2. Radicals 



21 J a / 2^ f = ,n (* + V* 2 + a 2 ) or 

/ 



sinh 



- 1 



x 



23 
2.4 



f * dx 
1.5 j * 



2 2 
- JC 



ln(x + Vx 2 - a 2 ) {x > a) 
Vx 1 ^ 2 

i) 



\x\ < a 



t"VA 



\a/\a/\a/ o I L^ottoh c*r\x^r\ 



2.6 X dx = -Va 2 - x 2 \x\ < a 

J Va 2 - - 2 



3. Exponentials and hyperbolic functions *d-^!^l> J\>aJI ) & \jJ^ ^ 

kx 

3.1 | e kx dx = e — 



3.2 f xe k *dx = k -^- T ±e k * 
J k 

3.3 f sinh kxdx = 

J k 



3.4 I cosh kx dx = S1 "^ 

, _ f . , , , x cosh kx sinh kx 

3.5 J x sinh kx dx = ^ — 



1.6 | 



3.6 x cosh &x dx 



it k 2 
x sinh £x cosh kx 



k 2 



4. Sines and cosines f^ 1 V^rj S-L"-^ 

cos Kx 



4.1 sin Ax dx = 



/ 

4.4 x cos Ax tic 



4.2 j cos Ax iii = S ' n 

. _ I , „ , sin kx x cos kx 

4.3 x sin Ax dx = , 

X' A 

cos Ax x sin Ax 
" A r " + ~^T~ 

. _ f 2 • x , 2x sin Ax (2 - A 2 x 2 ) cos Ax 

4.5 x sin Ax dx = ^ H , 

J A A 

.. f 2 , , 2x cos Ax (A 2 x 2 - 2) sin Ax 

4.6 x cos Ax dx = j + 5 

J A A 

. , f . . , sin (|x - A) x sin (|x + A) x 

4.7 I sin Ax sin dx = —— (A * ji) 

AH - A) 2(fi + A) 

._(".. , cos (jjl - A) x cos (jjl + A) x 

4.8 sin Ax cos ilx dx = 1:1 — (A ^ ix) 

3 , 2(|jl - A) . 2(|i + A) ^ ^ 

f . ' sin (jt — A) x sin -f A) x 

4.9 cos Ax cos (ix dx = - + — — (A ^ ul) 

J ^ 2(|x - A) 2(ul + A) ^ J 

4.10 sin 2 Ax dx = - 
J 2 



sin 2\x 



2 4A 



\a/\a/\a/ I L^ottoh r*r\ m 



4.1! sin Xx cos \x dx = 



sin 2 Xx 



2X 

x sin 2Xx 



1.11 J 

4.12 cos 2 kxdx = J + „ 
J 2 4X 

f tx e*'(fc sin Xx - X cos Xx) 

4.13 e sin Xx dx = -5 -5 

J r + x 2 

f tr e**(Jt cos Xx + \ sin Xx) 

4.14 J e cos Xx dx = Jt 2 + X 2 

f Jt cosh Jtx sin Xx — X sinh kx cos Xx 

4.15 I sinh kx sin Xx dx = ^ rj 

J * + X 

.16-/ 



4.16 sinh itx cos Xx dx 



Jt c osh kx cos Xx + X sinh kx sin Xx 

¥T~k 2 



f k sinh itx sin Xx — X cosh Jtx cos Xx 

4. 1 7 J cosh Jtx sin Xx dx = p — ^ 2 

f Jt sinh Jtx cos Xx + X cosh Jtx sin Xx 

4.18 J cosh Jtx cos Xx dx = p — ^ 2 



. Bessel functions 

x/,(Xx) 



».1 j xJ 



5.1 x7o(Xx)dx = 



X 



, 3 J «m> 



5.3 J,(Xx)dx = 



5.4 I x J n (\x)dx = 

C C f J \ ^.-l(Xx) 

5.5 J„(A.x)— — t = — ; — 

5.6 j J 2 (\x)xdx = |[^(Xx) + y 2 (\x)] 

5.7 Jy 2 (Xx)xdx = ^[J 2 (\x) - J n . ,(XxV n+1 (Xx)] 



2 

|W*)] 2 + - ^Wx*)] 2 



jiJ^ *t*w» 



<{>(-*) = c, cos Xx + c 2 sin X* . 1 
* = 0,p ^ 0; u(t) = c, + c 2 ,. ^ ^ y<>U jj 3 

= Cl r K + c 2 r~ K . 5 

v(-r) = c, + C2 \ n \h + kx\. 

U{X) = C, + C 2 /X 2 _ g 

= c, + c 2 In r .11 

/n = x ( 1 ± /)X./V2 (.jft « m 4 + X 4 = S^»J1 L jjOsJl . 1 3 

«U) = e* x (Ci cos jjut + c 2 sin pjr) fUM Jj*)I 

+ e'^ic-T, cos |ju + c 4 sin pjt), p. = X/V2. 

• ( ) m = ±/X L2» JJ-M •■ {m 2 + X 2 ) 2 = S^JJ hiyX^S . 15 

= (c, + c 2 .r) cos \x + (c 3 + c 4 jt) sin \x. >* i_M 

y(t) = Lnt,u 2 (t) = t*Int. - 17 



m" + X 2 h = 0; /?(p) = (a cos Xp + b sin Xp)/p . 19 

ffu/dt* = v" - v!; / rfitAfr = v'; v" + (* - l)v' + pv = 0- 21 
«(/) = c { e p ' + c 2 e-"' fUl JJI , «" - p 2 u = ^ a^LJ! . 23 
• = lilj . c 2 = -<:,<>' . «0) = 0^ W 

j u(/) = . l^-y. oljUL « lil . c 2 - c.e 2 "' 

SjUVI V cs coif IS! . ^jL, 6^. * «'(0 • 
tijLo jl t ^l» i V , oUs-^ j ii'(r) = , l^ 

Ol jjCw V «'(/) j , i5jUj c J! &*.\ colS" lilj . 

. 



www slknttoh pom 



1 



u(l) = T + ce-"' ■ 1 
u(t) = te~ m + ce'"' . 3 



u(r) = -/sin t + Ci cos / + c 2 sin f . 5 



-2» . 7 



«(/) = — e' + ' + c,e ' + c 2 e 

«*P) = -gP 2 + 7 + ■ 9 
320/ + c, + c 2 e~° c, = Aq + 3200, c 2 = -3200 . 11 

v(i) = Mip(0 - fe-".13 
v,(x) = sin jc — In | sec x + tan jc|, v 2 = — cos j; 15 
u p (x) = — cos x ln|sec jc + tan x\ 

v,(/) = / 2 /2, v 2 (r) - «,(/) = -/ 2 /2 . 17 
v,(f) = -1/2/, v 2 (/) = -til, u p (t) = -1.. 19 



4j*A+0 < 3 J»^J 



u(jc) = B sin jr . i5jW^ B a " 1 

1 - cos 1 . 
m(jc) = 1 - cos * ; sm x ( J-^j ) 



sin 1 



. fc-b 



7T 



K = (2n - O a ■ 3 

X = — , n = 0, 1, 2, . . . c 
a 



= -a/2, c' 



-icosh^j 



m (jc) = 7 + C| cosh 7* + c 2 sinh y*, where 7 

~y cosh ya + sinh ya 
y sinh 70 + cosh ya 

1 — cosh ya , 



/ — and 




c 2 



u(x) = T + T* [\ - cosh yx 



sinh ya 



sinh 



, 9 



e/ 2 /? 



hC 



T* = ^— and 7 = / — 
hC \IkA 




u" + - u' - u = 0, r = 
r 



2v 



«' = 0, ^ = ± 1 



• ex. 



1 - ✓ - -• • k> 

u" + cot 4>«' - « = 0, 4> = 0, ± it, ±2ir, £ 

«" + - u + X 2 u = 0, p = \ 

p . U 



M (0) S.uiy 

// 7 7 He 

«(p) - — (c 2 - p 2 ) + — + r 

6k 3n 

w(o) = -(A cos p-p + B sin p,p). w(p) = Cl 
p 



.a 
.b 
.c 
.d 



TT, 2lT, 




. 5 



_ (z(fl - x)l(-a), < z S x 

G(x ' z) " |.v(fl - z)l{-a), x < z < « 

cosh sinh -Y(« - ~ "Y cosh < z < x 

G( *' z) " cosh -ix sinh 7(o - z)/( -Tf cosh a), * < z < a 



C(p, 2) = 



-c/z 

(c - r)/z 



C(x, z) = 



-elz 1 ' 
sinh yz e~^ x 



z < p < c 
, < * < z 



sinn- vc £ 



z s * 



«(p) = (p 2 - c 2 )/6 



tVT 



www.alkottob.cor 



u{x) = I G(x, z)f(z)dz = I 2{Q _ Q X) f {z)dz + [ * a _ a Z) f {z)dz.. 11 

Jfo 2^ 
dz; 
an —a 

f a x(a - z) 

(ii) x > a/2, so u(x) = - -dz. 

j* — a 



: u(x) = 



-axlS, 0<x<aJ2 . ^ i^lji 

- x(a - x) 2 /2a, all < x < a 



iJiUJJ ^liJI jkJ\ cA» ■ ^JjJ • x = / < 2 . «5>-J' ****«M (i) -13 
_> JL* <>H v ^Ji* ( 2 ) tfijjbJI • ( 17 ) 

. ( 17 ) XJjUJJ JjVl jjajl fUilJ , ^^uJI J>jJbJ! Xc . M| 
l^Ju 4*2)1 ^yLu ( 17 ) *JiUJ\ igjj*^ , * = z jut (ii) 

(iii) v'(z + /i) - V '(2 - A) = U](:)U ' 2(Z + h) ~ " 7|(2 ~ 

W(z) 

• W{z) o* k,...H , /: ^jr*> ^• J -**- 




tvt 



\a/\a/\a/ C3 1 L^ottoh r^r\tir\ 



u(x) = T cosh yx + (7, - T cosh 7a) 



sinh 7* . 1 



sinh ya 



. 5 



«(jf) = 

u(r) = p( a 2 - r 2 )/4 
«(p> = //(a 2 - p 2 )/ 6 + r 
«W = T + (r, - D cosh 7^/cosh ya . 9 

. 11 



-yx 



u(x) = T + (T - T )e 

h(x) = Vex(« - x) + ft 2 + (A, 2 - A 2 )(x/a) 

h(x) = w(l - e~ 7 * cos yx)EI/k where 7 = (£/4£/) 

u(x) 



1/4 



.13 
. 15 



A = 



\T + Ax, < x < aa 

[T, - B(a - x), aa < x < a 

k 2 



K,(l - a) + K 2 a 



K 2 



a 



-2a 



l- e 



1 - «- 

u{x) = sinh px/sinh pa 

. . , cosh no . , 

w(x) = cosh px ~ sinh px = sinh p(a 

smh />cz 

w(x) = cosh px/cosh pu 

u{x) = cosh p(a - x)/cosh pa 

u(x) = - cosh p(a - x)lp sinh pa 

u{x) = cosh px/p sinh prr 



- Jc) 



«(*) 



In 



1 + x 



w(x) = 1 + (1 - x) In 



1 - x 



19 
21 



.C 

d 

.e 
.1 

. 23 
.a 

.b 



dj^t 1 M '(jr) 







25 



X ~+ oc \j,Xt. m (x) — » 
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(-3/2)t/~ 3/2 

u{x) = (U' 3a + (3/2)V2?75^- 2/3 U»( 



J/N J-*Jt 



i^sin x - X ~ sin 2x + ^ sin 3* - + ■ • -J 



2\ sin x - - sin 2x + - sin 3* - + ■ • • J a. 1 



TT 4 / 1 „ 1 

cos x + - cos 3a; + — cos 5x + 

2 tt\ 9 25 

1 2/ 1 . „ 1 . c , 

- H 1 sin x + - sin 3jc + - sin 5x + • • 

2 ttV 3 5 



) 



2 - ! 5 

TT TT \3 



{- cos 2x + ~ cos Ax + ~ cos (>x + ■ • ■ ) • d 
\3 15 35 / 

• x JS3, p >J . /(x + p) = l = /to • 3 

1C + P 



/(*)<£* + f(x)dx = f(x)dx + I ftx)dx 

c Jkp Jc* JO 



c* = c - (k - ])p. d 



cos 2 jt = z + z cos 2x • 7 

2 2 

(tt\ it it b. 

jr — — I = cos — sin x — sin — cos x 
6/6 6 

;in x cos It = - - sin x + - sin 3x C " 

2 2 m 



i i 
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cos nx + ~ cos 3ttx + — COS 5lTJC + 
9 25 



. irx 1 . 3itx 1 5-TTJt 

sin 1 — sin h - sin h 

2 3 2 5 2 



l_ 
12 



cos 2ttx cos 4-nx H — cos 6-nx 

4 9 



/(•*) = /(x — 2nd), 2na < x < 2(n + l)a 

oo 

/(x) ~ a + ^ a„ cos (/mx/a) + sin (mrx/a) 
i 

1 f 2a 1 f 2a 

a o — ~z~ \ f{x)dx, a. = - /(x) cos(/i"rrx/a)dx 
2a Jo a Jo 

,. = i/ 

a Jo 



/(x) sin(«-7rx/a)dx 



. 1 
0. a 



• c 



|b),|c) . ^jjJl. |a),|d)[e) . 5 



2/ . 1 

— sin ux — - sin 2irx + — 
it\ 2 



) 



.a7 



—I sm itjc — - sin 3ttx + — sin 5irx - + , ■ ■ . 

it \ y 25 



3<x d 



/(x) = /(a - x) 



J /<"*> = ~/W o\S \>\ .9 



/(*) 
/(*) 



= 1 

a 

~ 2 



tw 



2^1 — cos mx mix 

— Zj — sin 

it i n a 

_ 00 

2a yr\ 1 — COS HIT rtlTX 
~2 2/ 5 COS 



ir i « 

2a ^ —cos HIT . AITTX 

2. sin 

ir i n a 



sin x 



1 



El + COS «7T 
— 2 ; — cos nx 

i n - 1 



.0 



,d 
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,/(0) = /(a)= OUjC* Jbuu». . L . piu , VrjjJ^ • 13 



x = 0; c x 



-; b * = f-*~^ • 

. (3 /(*) 



3 Jm* 

... 



, 4 jJj 



fifciii ^ J-^- < ^-tfr J-*- • 3 



(a},|c) . 5 



00 1 * 2 

n= i n 6 



t^-j . lyililil V *Li« . < x < n • f'(x) = 1 

u^i fUl iU- • lr*=r- crt3 / -5 ^ s Cj-j^ 



*LU ■ /(«-) = j /(0+) = , *LU . 5 



ln|2 cos - 
( 2 



oe 



lj>^ • 1 — * 00 



->^**l> ^Ait.u j (t>o) k 

J 



IVA 
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A**A*JI . JLwCS (a) , 7 O^Jl fluAlA; . n -*■ » 



« 6 ju 



iL ( ln j 2cos ^) 



, V 1 IT 

= 1 1 = -r 
n=i n 6 



sin ^ + i. cos ny ) = sin(N + *»• 



2 sin£y ( - + 2 cos ny 



= siniy + ^ 2 sinfj cos ny 

= sinlj + ^ ^sin(/i + i)y - sin(n - foj 



N 



N- I 



« = i 

= sin(JV + %)y 



n = 



(^^p-Vl 

<J>(0+) = l, 4>(0~) =-i.3 
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1 



. ( hij y\j /' j\j ) o < x < it fix) = h~ VA 




y, 

<Kj) = ~-—r coshy, -tt < y < tt 
2 sinjy ^ 



.13/4 



siniy 



- 1/4 



¥(y)dy 



i 8 

d 6 = -0.00701, a 6 =-0.00569 • 1 



1.367 
0.043 



a, = -0.844 £, = 

a 2 = 0.208 S 2 = -0.115 

<S 3 = 0.050 S 3 = -0.050 

4, = 0.042 fe 4 = 0.00 

o 5 = -0.0064 b 5 = 0.043 

4 = 0.0167 



www.alkottob.com 



/(*) 



-f 

Jo 



A(X)cos Xjc dk 



-f 



B(X)sin Xjc dX. 



A(X) = 2/tt(1 + X 2 ), 
AtX) = 2 sin X/ttX, 



B(k) = 2X7tt(1 + X 2 ) 
B(X) = 2(1 - cos X)/ttX 



A(X) = 2(1 ~ cos Xtt)/xV B{k) = 2(itX - sin Xir)/irX 
1 



1 + x' 



e x cos Xjc dk 



.a 

.b 




sin x 



r 

= I A(X) cos Xjc dX 
Jo 

A(k) ■ 



1, < x < 1 
0, 1 < x 




^ / W J f U)l ^ Jl j3 . 5 

^1 J* _ xfi(X) j-xa(X). 

■ Xr. x J* JjilSoll _^J£. J-U . 7 



a. A(X) = 0, B(k) 



2 sin Xtt 

1T(1 - X 2 ) 



1 + cos Xtt sin Xtt 

b. A(X) = — — . B{\) = 



tt(1 - X z ) 



tt(1 - X z ) 



2(1 + cos Xtt) „ /s , 
c A(X) = ri— i , B(X) = 



77(1 - k 1 ) 



£3 B(k) jMk) 



- 



|_ |/(.V)|^X 



.a- 9 
.b 

.c 
. 11 



\f(x)\dx -» 0. 



1 + 



r cos 



= Re 2 (re*)" = Re 



n — i 







1 - Kp" 



x inx 

V = i m X = Im exp(e fc 



.10 

.*> b 



.a 
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_ sinhonr / 1 ^, (-1)" v \ 

* - 2 I — + 2j ~2~. — 2 ( a cos /u — n sin nx) I .3 

ir \2a n =i a + n J 

fix) = f C(A)e** dk 5 



2ir(l - X*) 



/(•*) = S sin /tc -I 
«= i 

0, rt cjrrjj 

£>„= 4 sin not , • 

1"- « 

I- iron . 

LtJUc. . A*i . 3 

a — * 0, (sin na)/na — *■ l . ' 

w i- 
x-i ■ 5 

/(*) = A, b n sin(nirjc/a) 
/i= i 



2ft sin mra / 1 1 \ 

= — — ~ + 

it n \a 1 - a/ 



b„ = 0, a n = 0, a = 1 a 

S H . . , , . , 2(1 - cos wr) .b 

6„ sin(mrjc/a), f>„ = 

n = l 



a **£J d jc 

+ 2 a « cos (rrnx/a) + ft„ sin(nirjt/a) f. 



1 „ 1 - cos nir 

oo = v = 0, i„ = 



nir 



fix) = oo + 2 a « cos(nirx/a) + b m sin(flirx/a) 

n- I 

1 2o(l - cos nir) , 2a cos nir 
°o - r<», a» = r~2 . fr« = 

2 /i ir t nir 

* = -a, -a/2, 0, a, la 
= a, 0, 0, a, 

. 

tAt 



/(*) = <*o + 2 a n cos nx 11 

n= 1 

3 sin(mr/2) 
°o = ~, a„ = 

4 nir 

x = 0, tt/2, it, 3tt/2, 2tt 

3 1 ^ 

fc-s-N" 1. 5. |. 1 

^ 4 2 4 



/(*) = 2 sin fr„ = 2(1 + cos mr)/mt . 13 

n= 1 



/to = 2 *nsinnr 15 

n=l 

, 1 , , 4 sin(mr/2) 

bj = -, other = ' 

2 tt(4 — n ) 



1 - e" e' M - e" a 



2 cos nx = Re 2 = Re ~7~ ~3T = Re ~ 



-2/sin(jc/2). >* »^ f^* 11 

V . i 2fl sin(nu + it) .19 
/to = Z sm nx, b„ = — 2 — 

in — tt 



n=l « - TT 



, sin Xa v 1 - cosXa . v \ , v -21 

f(x) = I cos kx + sin X* aX 

Xtt Xtt / 



[ x 2 sin Xtt 

r sm Xjc t/X (jc > 0) • 23 

Jo tt(1 — X ) 

[ x sin X/ n . | • . I „„ 

dk = - C-^u-,! . 29 

Jo X 2 

2 *n sin mix, b„ = 2/«tt a - 



/to 



1 

«o + 2 a„ cos mtx, a = -, a„ = 2(1 - cos /nr)/«V • b 

n = I 2 

I fl(X) sin Xa- </X, B(k) = 2(X - sin X)/(nX 2 ) • c 
Jo 

f A(X)cos kxdk, A(k) = 2(1 - cos X)/(ttX 2 ) • d 
Jo 
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8 7 *Si\*a j i ■ = 6 fj&J . 33 
do = 0.78424 d 4 = -0.00924 
di = 0.22846 d 5 = 0.00744 
a 2 = -0.02153 d 6 = -0.00347 
d 3 = 0.01410 

a 2a / 2nn nir\ • 35 



6 M TT \ 3 3 ' 

- , . mr \ .37 

a Q = o- a « = "Tl 3 cos — - 2 - COS KIT I 

8 rt IT \ Z / 

12 30 

a = -, a n = -2-5(1 - cos /tit) 

,2 _o„2 



a' -2a z yi , .41 

r-r(l + cos /jit) 

IT 

1 . . mr • 4 3 



ao = "7". « n = 2 2 U + cos niT ) 
6 n it 



l i ft 11 

a = -, « n = 2 sin — 

Z AITT Z 



1 4- cos — — 2 cos nir . 45 

2 



. b„ = a 



mr 

2 sin(nir/2) cos niA • 47 



2 2 

n it hit 



_ . mr 3mr\ . 49 

p„ = — I cos — — cos I 



/ITT 



4 4 ; 



(1 - e*" cos nir) . 51 



b„ - 2mr- 2 2 2 2 
(ak + mr) 



A(X) 



tt(1 + X 2 ) 

A(X) 



2(sin XZ>) 55 



AQ) 



2(1 ~ cos X) • 57 

*X 2 

2X . 59 



i - cos \b) 61 



Xit 



tAt 



B(X) = 



2(X - sin X; 
X 2 ir 



63 



65 



Sn 4 jth a m cos iu + fr„ sin /tt o^il . 
. 66 j sljLJIj 7 JU> ( 13 ) iJaU. fJu*lJ . 67 

«(0, f) 



du 

T{t). frjf^oy 



-k— (a, = a(K 4 (<J, I 
ftc 



. T Q X* cSj-^ <dW^ ^ "A^ • <Ji>» <*k->j 

/(*)• 



3 
5 



e-ff ( 4 ) a*ui . w ^ c o\j 



AUx K = K7Ajr(t/ - u(jr, 0), . 7 



-! + —((/-«) = 
dx kA 



1 du 

* a? 



v" - 7 2 (v - T) = 0, < x < a 
v(0) = T , v(a) = 7, 



, 2 Ju 



. 1 



v(jr) = T + A cosh 7.x + B sinh "yjt, 

at to (Zj_l7> - ( J o - r) cosh ya 
A = T - T, B = 



sinh "ya 
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OilS" \i\ u - T. £• v-^i Jjjuj -dyS oj^pjl . v (jt) = T. -3 



vfr) = A lnO> + tic) + B, A = (T, - r )/ln(l + adlb), • 5 

B = T - A In 6 



v(jc) = T + r(2a - x)x/2 

V ( X ) = A + B.sinh $x + C sinh 0(a - *) 

A = o/(3 2 , B = (T, - a/p 2 )/sinh p<J 

C = (r - a/0 2 )/sinh pa. 



a .7 



■ 



*JL* 3 



2 . 1TJC / 1T 2 fcA 

(jt, = (7o + 7-,) sin — exp r 

tt a \ a ) 

)2irx 
sin 
a 



. 1 



2(T - TA . Inxx ( 4"rr 2 kt\ 



. . . - exp I y , 

u\ 2 / a \ a ) 



OjC u(x, t) = Ufa t). J ' 5 = t = fa/a 2 , ^ • 3 



dHj_ _dU 



2 = — , < € < l, < T 



nirjc -> 7 7 . „ 2 1 — COS MIT c 

5. w(x, = 2 fe„ sin exp(-n 2 ir 2 fa/a 2 ), = T • 3 

» = i a it n 



flo = 772, a„ = 27", (cos mr - l)/(nir) 2 
ao = r + T./3, a„ = 4r,(- l)'*/nV . 5 

V + X 2 «M0, 0<x<a, .7 

<K0) = 0, $(a) = 

4>. = sin x,*, X n = W7r/a (/I = ! 2> j , J^Jl 



£ j JJwm ^tfjdl Ufc-lj* < x < 2a Sj^H £ C J^Wm . 3 

/ \ V ■ . (2» — l>nx „ c 



»-i 2a 

. M-ir' , 

= ^2* - I) 2 

ft, = . o 

ir(2n - 1) 

u(x, t) = To +"2 K sin X„jr exp( - X„ 2 to), X„ = (2n - l)ir/2a, - 7 
■» 1 • 

_ v«+l 



sn-i)"*' 4r 

w 2 (2» - I) 2 <n(2n - 1) 



/ 

Jfcw Jl£oV\ v(x) = T -'T{x(x - 2o)/2a 2 ) jiyON *JW . 9 

^ ( 5 ) . ( 8 ) c^VaJ! 



tAV 
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Tx(x — 2a) 
g(x) = T - v(x) = — 2 . 



u(x, t) = T + X c n cos \„x exp(-X„ 2 £r), -H 

4(7", - r )(-i) n 



X„ = (2/i — \)ir/2a, c„ = 



7T(2rt - 1) 



< 6 -*JJ 

r* = r + -— — rr, - r ). 
* + l" 

. SJuJks- JLj iJUl JjUIl . 3 

... ^ 

_ 2(1 - cos X m a) 
m ~ \ m [a + (K/h) cos 2 \ m a] 7 - 

- 2(k + ah) cos X w a 9. 
= KJah + k cos 2 X m a) 



3 
.a 



X„ - nir/ln 2, <)>„ = sin(X„ln x) 

sin X„jc, X„ = (In — l)tt/2a 
cos \ n x, X„ = (2n — l)ir/2a .b 
*ia k„x, X„ a s o l u t ion of tan Xtr ■ ■= c 

X„ cos \„x + sin X„jc. X„ a solution of cot Xa = X .d 

X„ cos X„jc + sin X_x. X„ a solution of tan Xa = 2X/(X 2 — 1) ,e » 

a Jl i> 1 + jc ■ a 

2 Jh 1 > 72 

tM 



\a/\a/\a/ cjll^ottoh r*r\ m 



8 uJU 



1 . 



* = 2 c n4>m I < X < b 

. (1 - &cos aitt) 

. C„ = 2/177 3—7 5 

(nV + ln 2 fr) 

00 

1 =' 2 c fl cj) n , < x < a 3l 

n = 1 

„ (1 - e" 12 cos ntr) 

= [ f(xm*)p(x) dx 5 - 
ji 

1 and \/2 cos nmc, n = 1, 2, . . . 




► 4 9 JuJ 

* 

vfi) = constant .1 

v(jc) ■= y4/(jc) + 2* ' b. 



< 10 jjj 



, x 2 f 1 - cos Kb . , 
/) = - sin kx exp(-X 2 to) c/X 
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27*o\ 

u(x, o f ( 6 ) ^^-Rf 5lUB(\) = w(a2 - x r y 



= £ *00 cos ^ exp(-X 2 fa) <iX 



2 

A(\) = — sin Xfr 
ith 



u(x, t) = T + I B(K) sin X* exp( - X 2 */) A 7 
B(X) = - [ (/(*) ~ 7"o) sin Xx <ix 

IT JO 

I. «(x, = f cos Xx exp( - X 2 *0 A . V 1 



1 jle^^^wUh^O). 



. U «(*, j /(© ( 3 ) 4 . 5 

. 3u/a< jd 2 «/dx 1 ^Wi^ si-A-tt 6 r**~^ • 7 

. Ijk* rfajj^ V« ,> J« : i^Si* ^ 6 C** 5 ^ ^* 



1. SS: v(x) = T , 0<x<a 

EVP: <j>" + X 2 c|> = 0, <|)(0) = 0, <M 
sin X„jc, n = 1,2,... 

oo 

w(x, = r + 2 b„ sin X^e" x! * 
i 

, 2 f" . nine , 

&„ = - I (F, - 7 ) sm dx 

a Jo a 



1 



= 0, X„ = nttla, 4>„ = 



SS: v(jc) = 7 + - x(x - a), Q<x<a 

EVP: 4>" + X 2 <J> = 0, <t>(0) = 0, <j>(a) = 0, X„ = nttla, <j>„ = 
sin \„x, n = 1,2,... 

> oo 

u(x, t) = T + r - x(x - a) + £ b„ 

b„ = - J 7", - r - ^ ac(x - a) sin tit 
a Jo L 2 J a 



. 3 



.... „„ sin X„ * exp (-X„fo) 

2 i 



SS: v(jc) = 0, <x < a 

EVP: <J>" + (X 2 - 7 2 )(t> = ff, <|,'(0) = 0, v v > = a 
K = Jvj) 2 + 7 2 . « = 0, 1,2, 




<P0 =1, <Pn = COS 



mrx 



u(x, t) = a exp(-X6fo) + £ a„ cos exp(-X 2 fa) 

i a 

2 f* 

a = Ti/2, a„ = - 

a Jo 

h(x, =s r 

00 

o = r + 2) c„ si 



Ti(x/a) cos d!x 




1 

(2n - 1)it 
2a ' 



c m = 



ip(-X„ 2 fc), 

(r, - T ) • 4 
(2n - l)ir 



"(*, = T + j[ B(X) sin Xjr exp(-X 2 fr) rfX, 



. 5 



. 7 
. 9 



. 11 
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u{x, I) 

M\) 

u(x, t) 
u(x t /) 



A(X) cos \x exp( - \ 2 kt) dk, 
2T sin Xa 



Jo 



itX 



(/1(X) cos Xjt + B(X) sin Xx) exp(-X 2 &) d\. 



T sin Xo r^l - cos Xa) 

". o(K) = — 



ttX 



TlX 



. 13 



15 



q(a,t) o*) J^**j v^ill Jff-o; Sjlj*J\ ' o*i^ 4 



- k~-(<j, = - kS 
dx 



2 a» 

(x, = ~ '£**»-'-■«(■*. /) = a + fln 'cos «7rxexp(-n-ir i; . 21 



a* - 



1 — e 1/2 cos rt7T 



4 



a = 2(1 - e~ m ) 



2 h + ^2 , Ul p, + p 2 

where V = 1 - exp(-(Pi + -> ft = A/c,- 

1 " 

«(P. = ~ S b n sin X„ exp(-X n 2 */), 
P« = i 



mr/a 



a Jo 



pT sin X„p dp 



, ^ r. „ „ sinn -y;c 

v(x) = 1 + Sx - S — 

^cosh ya 



. 23 



. 25 



27 



^ j^/ j & MM=*r m ' siDatdt .31 

TT JO 

< /, «(0, /) = f(t) g 



«(■*, /) = - JO + I5erf(jt/V4yt/) 



33 



[«] - L, [c] = L/r 



v(*) = 



(r - ax)g 
2c 2 



. 3 



^ . / nirx \ 
u(x, t) = 2j B n sin ) 

2a(l - cos nir) 



sin 



2 2 
M TT C 




4 2 JwO 
I 



A / mrcl\ , ( mrx\ 



2a z 
nV 



sin— sin- 



3nn 



«TTJC . 

a. sin — b. sin 

a 



4 """ 4 / 

2n — l itx 
2 a 



4> n (x) = sinM, T n (/) - exp(-*c%2) x 



X„ - = ^ - /x'c* - JtV 



1VT 
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^„(x) = sin 

T„(t) — sin or cos 
nVc/a 2 Hz. 



/ w 2 ir 2 cA 

v * 2 r 



* 



11 



0=2) ( fl » cos M-n* + sin jt„0 sin \ n x: 



.13 



n = l 



\„ = nnta, |X„ = A/^n + *y 2 <\ a « = 2^(1 ~ cos nn)/mt, b„ = 0, 



n = 1,2, 



u(x,t) 










0.4alc 


0.8a/c 


1.4a/c 


at = 0.25a 


0.5 


0.5 


0.2 


-0.5 


-0:2 


x = 0.5a 


l.O 


0.6 


0.2 


-0.6 


-"0.2 



a(0, 0.5a/c) = 0; «(0.2a, 0.6a/c) = 0.2aa; «(0.5a, l.2a/c) = 3 
-0.2aa. ( .GW= <xx,0 < x < a. ) 



G(x) = 



0, < x < 0.4a 

5(jt - 0.4a), 0.4a < x < 0.6a 
la, 0.6a < x < a 



7. 



H h 



0.4a 0.6s 



in 
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.9 



Q/2c 



t = 



t = 0.1 



t = 0.3 



t«0.4 



u(x, t) = -c 2 cos r + <J>(x - c0 + iKjc + rt) 



11 



A 



t = o 



.13 



AA 

— — \ > j — 



A A. 



t =0.6 



V 



-www.3lkottob.cor 



T" + y T + A 2 C 2 T = ••• ( 11') 

( S ( x ) )' - q(x)</) + A 2 P(x)^ = (12') 

.7 > 

^ & T = a nns J r.t 4- h ein 3 t -J • 7 



Xnc 



t*1 m ^r^ 3 



pc 



r ' • 



m = 



PC \ a 



2n 



rn + q ) ^ tr*i "*j 



2n 



pc q 

a + n + — 



jj50 UjO. ^e-* ^ 771 0^-»d a J P ^ > i> 



<?Jlus 5 jJL> 



y = sin TiXtjA JjUJl Ju»-1 j* 2tt 2 /3 . 3 



^- 61n 2;N(y)/D(y) = 42.83; X, < 6. 




«C*,0 = 4[/,(jc + c7) + G (x + c/)] + llfeix - ct) - G (x - ct)), 



t=1/2c 



2 3 



5 x 



. 1 



t = 1/c 



t=2/c 



! t = 3/c 
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o* . X, 2 8.265 3}£ y(x) = (x-V4)(5/4- x ). , k i s g J24 15 

Looc AjUp. c^j, J^l&JI , SJUJl eJjb jyfr) = sin ufa - 1/4). 

. ( <J j*Cu>\\ &-iyi> ) 
f{q) = 12a 2 sech 2 (ag), c = 4a l .17 




v(jf, 0=2 cos \ n ct + fc„ sin k„ct) sin X„jc 
X„ = (2b - l)ir/2a 



o- = 



8ai/ (-l) 



n+ 1 



ir 2 (2n - 1) : 



-, K = 



160^—1)" 
-rr 3 (2n - if 



21 



23 



<J>„(- W) = 7 exp(X„%/2)& n , / > 



<J>„0> = J, exp(X/fct/2V 

00 



V)Z>„, x>0 



n=I 



a 2 / _ ai a 2 * _^ . 

-> — C/v , i — C7(~ 

a* 2 a/ a^ 2 a* 



25 



. 27 



2V(1 - cos «tt) 



*n — 



HIT 

(a - x) 



. 29 



e(jr, = V - 

a 



, X„ = mr/a 



+ 2 2>„ sin X„.t exp(-X„ 2 &) 



n= 1 



, 2V cos /iir 

o„ — , X„ = nir/a, k = l/Rc 



31 



hit 



0.\ 
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e(x, t) = V + -(/„(* + ct) + f a (x - ct)) 



. 33 




f(x) = -V(l - e'"), 0<x 

so 4><jc - rt) = ^ = e - "*e i(u "- px) ~ck . ^IJJ 

K4)(jc - ct) + <\>(x - ct)) = e' p \Cj^(o>t - px) 



37 




« 1 jJo 



/ + </ = . 1 
K(>>) = A sinh iry, A = 1/sinh it . 3 
v(r) = a In r + b . 5 



a« av av sin e . 7 

— = — cos 

dx dr a9 r 

du dv . a 3v cos 9 

— = — sin 9 + 

a> ar ae r 



« 2 dCL 



sinh Vy sinh X(fc - y) 

\ cosh Xy - X cosh \{b - 3;) 



- X sinh \b =t 



• w(a/2, a/2) = 0.32 <LUI ^ f jutL«| & = a, *JU j . 3 



, . ■ ( nifx\ sinh(wirv/a) 

u(x, y) = 2j K sin — ; 

1 \ a / sinh(/nr6/a) 



n tt 



sin 



gjftj JJLjl li* j ii^l liAji, U-iUjI ii-wjl WU, y) = i,a. 7 



, ^ V sinh \„y + sinh \ n (b - y) 
«(*, y)=L* n cos Kx 

+ 2b n cosh ^ 



«=i 



«=i cosh |x„a 



sin M,„y 



. _ (2n - 1)tt 

~ 2a ' a " ~ 



4 sin 



(2n - 1)tt 



tt(2/j - 1) ' 



mr 2(1 - cos mr) 



ATI 



# . AjUlt oOft j . JJ_J\ lift (j Ui>JU .jUjl ^ Uj y) = ylb, . b 



4 ^ (- l) n+ ' cos X„ y sinh X„(<i - x) 



.c 



tt 1 (2n - 1) 



sinh \„a 
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2 f ,, , . / mix\ 

2 r 

A ^ = ~ J Si(y) sin jij dy 



3 jlL> 



A(ji)= 2fi/ir (1 + |x 2 ).j fi(^) = d~?o ( 5 ) i^JU «(jc, y) . 5 



"C*. y) = 2 sin X n jt exp(-X„y) 



sinh fjui 



sinh 



A„ - nir/a, b„ = 2(1 — cos rni)/mr 
= B(n) = 2|x/ir (p. 2 + 1) 




• & ^j-J dUiS" Ji^V 



= 1 r 

TT Jo 



1 — cos \a . 4 sinh Xy 

x sin ■ u ^ dX 

a. sinh Xfc 



• a- 9 



u(x, y) 



= 2 r_ 

TT Jo 1 



A. . , sinh X(Z> - y) 
— 2 sm A* . dX 



«(•*, y) = I - 

JO 7T 



+ X sinh X£> 

2 sinh Xjc 



(1 + X z ) sinh Xa 



cos Xy dk. 



e ky sin Xar, X > 0. 

e"^ sin Xjc, e~ Ky cos Ax, X > 0. 



. 4 ju 



, ao = it/2, 6„ = Of ( 10 ) iwJU ^jjacl v(r, 6) .1 
<*n = -2 (1 - cos /nr)/imV\ 

v(0, 6) = ! v(0, 0) = tt/2,1 oi^-J .3 

9 JL* |Uau^» <_J>jUu)l .5 
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a, = - r /(6) cos n8 dQ, b„ = — f /(6) sin nO 

IT J-T TT J — it 

2 ^, 1 - COS /ITT 2 „ 

- Z Si r sm 2 " 9 = v ( r > e > Q 

it « = i nc 

v„(r, 0) = r""* sin (n9/a) n 



4a*i*> < 5 Juj 

|d) ^l*. ^ . (c) , (b) jafc « (e) j (a) j^j ^Ui .1 

. Sui |e) .3 

CO 

"(-*, y) = 2 a n sin nirjc e - "^ i ' . a- S 

i 

CO 

jO = 2 a « sin nirx cos /my ^ 



y) = 2 a» sin ww exp(-nVy) 



T V) = T b Sinh ~ *) . 

y) r K sinh M Sm A 
K - nrib, b„ = 2(1 - cos /m)//nr 

«0c,y) = V g" sinh X » x ± K sinh K(g - j) .-_ 
« = ' sinhA^ 008 5 

- (2n - l)«rr/2£>, a n = b n = 4(- l)" + %(2n - I) 
y) = w(x, y) + h-(^, X ), where ■ 

mjt, >) = y b sinh x - (a - cln , 

n ir 2 
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f" sinh \(b - y) . q 

«U, y) = A(\) . ' , cos kxdk 

Jo sinh Kb 

A(\) = (2 sin Xa)/Xir 

«(jc, y) = f /5(A) cos Xjce" Xjr 1 1 



13 



A(X) = 2a/-rr(a 2 + X 2 ) 
«(x, y) = 1 

«(r, 6) = o + X (") (a n cos n ® + sin « 8 ) 15 

1 (1 - COS /!TT) 

«0 = 7. = °> = 

2 HIT 

= 2/lT (J^J ' 1 5 jjjj^J (3 Aju-a)^ .17 

a„ = 2(1 + cos nir)/(l - /J 2 ), i>„ = (and o, = 0). . 19 

w(r, 6) = (In r - In fc)/(ln a - In b) 

«(r,6) = sin(n9/2) 
i ^ \c/ 

6- - - f /(6) sin (nQ/2) </9 

IT Jo 

2(D + F) = -1 . 23 

. y(& - v) ^ a„ sinh p.„.x + b n sinh ft n (fl - x) 

y) = ' + 2, * r~7 sin ?5 

2 i sinh jA„a * J 

mr x 2b 2 1 — cos mr 



M-/i ,i rt « b„ 3 
6 it n J 

<bUJI .27 

a 2 <t> a 2 <}> 2 s 2 <)) a 2 4> 

- — — ( (i _ m ) — j + —j — 0. 

dydx dxdy dx dy 

roc 

4>(jc, >>) = J o (A (a) cos ax + B(a) sin ajr)r fc ' da + c 29 

Otj . tijt^ ' 3 = a VI - M 2 , c 

fi(a)] 



A(a) j t/ f X ,, . J cos ax , . 



sin ax 
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SIX . C Li ^Ji -k^jjl JjuJ ^ (,t(s), x*)) W 31 



— rfv 

ox " dy 

du 



c dx 



dy - — dx = i-— + \ dA 

dy J k \dx 2 dy 2 / 



. R JL^pJI SJjU, J^J M ^ ^Ij 



,y5»c- .33 



oj^^t {joy- 



a 2 « d 2 « i d 2 u rt , .1 

— ^ + — ^ = ^ — 7 , < x < a, < y < £>, < f 



u{x, 0, f) = 0, u(x, b, t) = 0, < jc < a, < ? 

«(0, = 0, «(a, y, r) = 0, < y < b, 0<t 
du 

u(x, y, 0) = f(x, y), —(x,y,0) = g(x,y), < x < a, 0< y < b 

d 2 u d 2 u d 2 u I d 2 H 

dx 2 dy 2 dz 2 ~ c 2 dt 2 



V 
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U» J* («. »)\«IS* u**i ^ ^ U>j! O^i « - bctt W ■ 1 

- ( 2,3 ) . ( 3,1 ) - ( 1,3 ) ( 2.2 ) . ( 1,2 ) - ( 2,1 ) . ( 1.1 ) 

.(3.3). (1,4) = (4,1) .(3,1) 
U j$ UX\ ^ XL • X^ir (Hz) ^ cA^iN .3 

The \L = (/TiTT/a) 2 + («ir/fc) 7 , for m = 0, 1, 2, .... n = 1, 2, 3, 5 

«0t,y.O =l a 7 



oo <J* i> n J m j = (wiir/a) 2 + (irnlbf^f* 

{a t b) _ 2ft(l - cos m-ir) b 

2a(\ - cos wit) 
n it 



ab(l - cos irnr) 
a£(l — cos nn) 



4 m tt 



a 0n — " 2 7 

tt 



4ab( 1 - cos rcir)( 1 - COS WITT) 



™2 2 4 

m n tt 



m 



3 AjjjOsJI Jsj^iJI cu^ . y"/F jl X "/x J c^JI CoUJ! . 9 



. *ill3! JJI Jl . ( 10 ) j ( 9 ) ^UJl 
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ily . jw>; ij^jjipjl J» JV ±J1 , ^...i; LLAiJI oVjUJI . 1 

. #(r, 6) - v(r, 0) j g(r, 8) C-Jj-lJ *j:>j.a*JI Jsj^l 

+ k 2 kT < Sjl/Jl aJL. J . 3 

77 + xVr = o , i^jj] Sj 

_> JjuI~J (11 ) , ( 10 ) ^'iUJl . XjajJbJl j*,^! .5 

0(0) = 0, 0(ir) = 
0(0) = sin n6, n = 1, 2, . . . • ^ J^UM 

(X, 2 - x m 2 ) J j R 4>^„ 



tfijaJI J» • ^-d i>d^ W 

- 

Jj-^ . J SJIoJ ^1 ^ujl ^ a„ . \„ = a„/a . 1 

. iLAJI Sa*\S Jwi j» U .3 

<Mr) = -AA,/) 

.5_1 JjJc^lj 5 _ 9 J£i 

«(r) = T + (7, - T)I ( ir )/I (ya). 9 



< 6 jJL> 



v{0, t)IT = 1.602 exp(-5.78T) - 1.065 exp(-30.5T) 



x = \r -> u^tjix = £f . 5 JLb 7 ^ (3 . 3 

0.4 
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JT (r<]>' 2 )'(/r + X 2 | o r 2 (cf> 2 )' rfr = 0. 



r dr \ dr 



-\ 2 J (Xr). 



.5-1 JjJ^r ^ -(3, 1).(0, 2). (2, D-(0, W ■ 



54> 3<j> . 

<t>(a, 6) = and <j>(r, -ir) = *(»-, ir), - ^ 



.5 



(r<J>,')' = j (re}),,')' = 0^ • ^ ■ • / »( X ™ r > = £^ " 7 

. 7 JJo . 2 J-ai j cA* ^ 



«j»(jc) = x a [-4i p (Xx) + BY p (Xx)], where a - (1 - n)/2, p = |a| 

For *> = 0, Z = A + Bz. 

4>(p + ct) = FJp + ct) + G,(p + ct) 

iKp - = F„(p - ct) - G r (p - ct) 



•3 
•5 




. xf(x)l2 J 2a Sj^Jj ^>5* vijj^ fcrJ^ ^ /"„(.<) ^ 

/ (x/2c)g(x) dx J 2o Sjj^ t4 ^j j >5\ 4^ CT'^-lj* C «W 



t-fx) = (b - x)(x - a)/(a + b)x 2 . g 



r(.v)X„(.v).r 3 rf.r 



13 



f 

X„ 2 (.v)jr 3 etc 



[*<* + D ~ n 2 ]a 4+l - [*(* - l) - n 2 ]^, = 0, valid for * = .1 

/»5 = -(63x 5 - 70x v + !5.t) . 3 

v = ^ In f f^) 

U mn (p, (J>) = y m + , yrtm^PJCOS (j)) 

Ail ^j^ul Satis . 9 

<„.,*■ = i (;) 

V\ ^>JI 



«(p, cj>) = 2 ^,p"^n(cos <J>) where b {) = and .11 

o 2 

= l dP n -m - p n+i (0)) 

1 
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u(x, y,t)= X "« exp(-p, m 2 fo) • 1 



+ cos M sin IW exp(-(p m 2 + X„ 2 )&) 

|x m = mn^, X„ = «tt/o 

1 - cos mir 

a™ = T — 



miT 

AT (cos nir — - cos mix) 
it « m 

nir . mir 



m(o/2, 6/2, = 2> mn sin — sin — exp(-(X„ 2 + p m 2 )fr) • 3 



where X„ = mt/a, p m = rrnr/b, and 



h - 4jr ~ cos mir)(l - cos nir) 
p - — — — _ ___ 



'iwi 2 



(m,n) -( 1.1 ) j ( 1,3 ) j ( 3,1 ) j ( 3,3 j_ 

'0 iSjLj <^rjj JJa> 3jj*SI 



«(a/2, a/2, r) a ^?(V 2t - V 10 * 
ir\ 3 



t = ifcttT 2 /a 2 



"(r) = (a 2 - ?)12 and «(r) - 2 Cr«V>, with C„ - 



= ao + D fl» cos X„jr exp{~\„ 2 kt) 
(>. = E fe m sin p m >> expf-p^fo) 



- 

' x » = • p.* = mir/i 

v(>, 0) = 1, 0<y<b; w(x,0) = Tx/a, < x < a. 
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Jo(Xr) txp(-\ 7 kt) 9 

B t = bjWc + 1) for k = 1, 2, . .; b must be 0, arid is arbitrary . 11 

((1 -* 2 )/)' -7-^7 + ^ = -13 

1 X 

sinh X„z . 2U n -ic 

^15" V*\ Jp- ja i/(r, 2, r) = sin fj.z/ (Xr) sin vet ■ 1 7 



. - Sj \^ ^ o^j tfj^- 5 >' = x ^ ^ 

■v = 0<j* • V J <J> = -(]6tt 2 /3)c}) J£*i JS" . 21 

) = V5.vjk , c}> = sin (2wirjr) - sin (2ni7x) 

y= \/3(l - .v) J* «<t> =sin (4niu) + o-sir)(2mr • 2r) 
4> - sin (4nirx) + sin (2/m(l - 2r)) - sin 2/m. 
S» ^lj> M = 6.380 oli . dijij . y jn(X) = o J(j)n = j 3n(X r) sin 3n8- 23 

VW/3 = 7.255 ^ Jil 
6 = - 1 . 25 

ft = tafVgU . yW = hJ (kx)/J (ka) ^ . 27 

29. W (r, /) = /?(/)r(/); /?<r) = r^ m y m (Xr), ^ m - (n - 2)/2; 7(f) - . 29 
a cos Xcr + ft sin \ct. 
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s 2 + 2o> 2 , a) cos 4» — * sin <J> . q 




d. 



5(S 2 + 40> 2 ) " 5 2 + 0) 2 

2 2a, 2 



e. — - — f. 5- > 

5-2 - 5(5 + 4(0 2 ) 

e -as {e ~as _ e -b S) ( j _ e -a S) 

a. b. c. 5 

s s s 



. 3 



sin VV - a / 

a. <T' sinh < b. e" 2 ' c. e~ at y===- . 5 

a 



(e* - e»') fc f . . . *V' 

a. b. — sinh at d. — — 

(a - b) la 2 

e. /(*) = 1, < r < 1; =0, 1 < / 



4 2 JJJ 



a. <? 2 ' b. e 2 ' c. d. - sm 3/ • 1 

2 3 

1 

(sin t sin 2t) 

(1 - e~ a ') 2 

a. 1 b. t - sin t c. ■ 3 

a 3 

(sin 2t - 2t cos f) 3 1 „ , 1 _ 

d. e. -- + -t + e ' - -e 21 

8 4 2 4 

(<> 2 ' - <r 2 ') t 1 . "„ 

a 5_ sin 2? 5 

3 (V2 - 3 _ /V2 - 3 

c. - + — — exp(-iV2f) exp(iV2r) 

Z 4 4 

d. 4(1 - e ') 

(e' — cos cor + to sin on) 

a. 1 - cos t b. —5 c. 1 - sin / .7 

(w 2 + 1) 



a. s = - I — -- — it I , n = 1, 2, 



2 r ' 



• 1 



In - 1 

D. J = ±i — - — it, n = 1,2,... 

c. 5 = ±iflir, n = 0, I, 2, . . . 

- 1 

d. 5 = nrj, where tan tj = 

e. s = ir\, where tan ^ = ~ 

sinh Vsx i cosh Vj(£ - 

a. -5 7= b. - — -p — . 3 

s sinh V-y 5 j(j + 1) cosh(VJ/2) 

v« 2 sin «ttjl , , Z 

a. «(jf, = x + y exp(-n tt ■ „ 

„ - 1 HTT COS /ITT 

b. t) is 1 minus the solution of Example 3. 

Ji 

/ + - .1 
2 




. ,v _1 v cos (2 " ~ 'Hi ~ x) sin (2« - l)ir/ 

. / 2/I _ J 



(2/i - !)' sin I — - — tt 



a - " T" "■ ~ I - sin -rrr sin «/ J sin 

W - TT \7T (D 

1 

b. — — (sin tt/ - tt/ cos rrO sin Tr.r 
2tT 

a. U (.v. ?) = a - ^~e-«' + - £ si " H ."- v c x p(-»V0 7 

sin Vfl tt i /?(« - /; 2 - 2 ) cos im 

b. The term - — — — C xp( - nV/) arises. 

COS /!7T 

- 
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U(s) 



To 



+ 



y t 



Y + s sir + s) 



u(x, i) = T exp(-y7) + 7(1 - exp(--y 2 ?)) 
cosh \/sx 



1. 



s 2 cosh Vs 



u(x, t) = t 



- 1 



2 cos p n x 



2 „=\ p„ sin p„ 

p„ = (2/1 - l)7T/2 c^=. 



4 cos p„i x 



u(k, t) = 



41 - x) 



exp(-p„ t) 



3. 



S . - — exp(-p^r) 

„ = i p„ sin (p„/2) 



m(jt, = .v + X 



- 1)tt 
2 sin mxx 



hit cos HIT 



exp( — «'tt /) 



U(x, s) = -{1 - exp(- Vsx)) 



/(/) = — ^= exp(-jc74r) 



« = 



, 2n + 1 - Jf\ e (2 n + \ + x 



4/ 



F(s) = 2 2 



1 



2 , 2 

5 + n 



r, x V 1 /f I i>... - 



. 7 

. 9 
. 11 

. 13 
. 15 

. 17 




F(s) 



(l - <■ "V l - e 



s(\ - e- 1 ™) s{\ + e-™) 



\S T 



1)(1 - e~ 



. 21 

. 23 



sin cox sin tot v. (-1) 2a> . „ c 

u{x, t) = ; h >, —5 5—5- sin nra sin nut 2b 

sin a) n =i w - n tt 



** * -< • 

16(« i + 1 - 2u r - + «,_,) = - 1, / = 1, 2, 3, « = 0, « 4 = 1. '1 
u, - 1 1/32, k 2 = 5/8, « 3 = 27/32, 

16(u, + , - 2ui + «,_,) - Uj = -|/, i = 1, 2, 3, w = 0, « 4 = 
: Jadl : u, = 0.285, u 2 = 0.556, u 3 = 0.800. -3 

w = 0.422, U\ = 0.277, « 2 = 0.148, « 3 = 0.051 » J-^ ■ 5 



7 



^rJat Lil^ \$ . u(x) = -sin VTOx/sin VK)< 

50 
* 

: . «, = - 1.4 
«, = 1.382, u 2 = 1.146, w 3 = 1.057, w 4 = 1.023, u 5 = 1.014. 

■ 11 

u = 0-79J , Uj = 0-839 , u 2 = 0-919 ' ^ 



7 _ 4 JjJ-jJl j>m+l ^-ii u_j5^ ^ v=*d w JU^J^ . 1 

r = 2/5, A/ = 1/40 . 3 
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.At-; C) S- 3 ^ Jj-^ j Ate "if \ j--*^- . Af = 1/32 
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0.48 


0.16 
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0. 


4 
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0.56 


0.224 


0.064 


0. 
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0.6016 


0.2944 


0.1024 


0.0512 



- 



5. . Remember that 

table should be multiplied by 




1 numbers in the 
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All numbers in tl 




e should be multiplied by 
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■ Ar 
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3/2 


2 


3 


4 


3 


3/2 
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9/4 
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15/8 


9/4 


25/8 
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5/2 


25/8 
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4 3 JUJ 
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a/4 
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-a/4 


-1/4 


— a/4 






a = 1/V2 , Jja^li U j 
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0.177 
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0.354 
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0.530 


3 








- 1/8 








0.707 
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-7/16 


- 3/8 
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0.884 
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- 11/16 


-5/8 
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Run: uim + 1) = (2 - 2p 
p 2 u /+1 (m) - u,{m - 1). Start: u,{ 
pV, (0) + p 2 ", + .(0)). 




6A/ 2 )h,(w) + p 2 « 



,-.(m) + 
2p 2 - 16Ar 2 )«,(0) + 



Af = 1/V24 (p 2 = 2/3) •• 
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-0.19 


-0.38 
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0.45 


0.45 


0.45 
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0.49 


0.98 


0.49 
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0.21 


0.24 


0.21 
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-0.35 


-0.71 


-0.35 






or. 
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(1/2, 1/4), 14/256: .up, 



(1/4, 1/4), 1 1/256 ^ • 1 

(1/2, 1/2), 18/256 

^jjjjl JjjJ! J\j > u(x, y) — xy.j* jg«>«.<a.J^ Jj>eS\ l yx)U«N llK j 4 , 3 

•(2/7, 1/7), 30a ■ U/7, 1/7), 5a. gj» «,J iLliJl cUWVI . 

a =19/1159 U .(2/7, 2/7), 32a .(1/7, 2/7), 21a .(3/7, 1/7), 14a 

.. . 

(1/4, 1/4), 165(3 (1/2, 1/4), 2183; : l?* m < J r^l? ■ 7 

(3/4, 1/4), 1760; (1/4, 1/2), 174(3; (1/2, 1/2),263B 3 = 1/268. 
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r = 1/4 Jcj-V ( 8 ) ibU* . 1 
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1/16 

3/32 





1/16 
1/8 





1/16 

3/32 




1/4 
5/16 
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1/4 
3/8 
27/64 



1/4 
5/16 
23/64 



£waJ Jljw^Vl il-sU* . «| = i< 2 = H 4 = m 5 : <jl Jis-V . 3 

+ I) = «3(^)/4, u,(m + i) = M|(m) . 
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1/16 
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1/16 


1/16 



0l Jv^fr = 1/4 J^V ( 8 ) a^U. . 5 



U 4 - M 2 , U-, = W 3 , U g = Mfi . 
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1/32 


7/64 


3/8 


1/4 


17/64 


23/32 



■ 



Ui = K 3 = « 7 




M,(m + 1) = -« 2 (m) - u^m - 1) 

w 2 (m + 1) = ^Mi(«t) + ^"s(»0 _ «2( m ~ !)' 
« 5 (m + 1) = u 2 (™) _ "sC™ _ 1) 



m= 
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ifi+i - 2itj ~ «,., 



•"1 - "-I _ t . 
-^ r --i,« 3 =i; 

-18uo+ 18m, =6 
9«o - 20.83m, + 9« 2 = 
9«, - 22u 2 = ~9 
w = -0.248, m, = 0.08, « 2 = 0.44 

- 2u, + 1 - _ l '•■ 

(A*) 2 1+*,. 2Ax = (I+JC «>"3 

i = 1,2,3. Mo = 1,« 4 =* 0. 
— 32m, + 17.60« 2 = -15.65 

14.67m, - 32m 2 + 17.33u 3 = -1.5 

14.86m 2 - 32m 3 = -1.75 
m, = 0.822, m 2 = 0.606, m 3 = 0.335 

Uj(m) =-«,(m). J . M ,{m + 1) = («,_,(/n) + u i+i (m))/2. , 5 
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0.03 
0,06 
0,09 
0.12 
0.14 
0.17 
0.20 
0.22 






0.015 

0.03 

0.053 

0.075 

0.1 

0.122 

0.15 







0. 
0.03 
0.053 
0.075 
0.10 
0.122 



ti;(?n + 1) = (u, + l (m) + u,(m) + w,-_,(m))/3 ; JjVl .7 

+ i) = fi/ ;T ,(m) + M f _,(«0)/3 :L;Vil\ XjLj\ 
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u,(m ■+- 1) = (u i + l (m) + H,^,(/n))/2 .9 
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H,., = 0.792, m 2! 

W| = M.i 
~ «4 



. 13 

0.376. 



= 0.5, u n = 0.698, ,jU . « (> s Vy ) 
= 0.302, h 2 , = 0.624. !<2l = 0.209, w., 2 
= "7 = "9 6 U . diJJJ . 7 _ 4 J£i 4 U" jjuJI . 15 



m= 
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